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Numerical Techniques in Electromagnetics
Lecture 13




2D FEM

e \We consider a 2D differential equation of the form

O Op) O Op _ -
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where I'=T";u T, Is the contour enclosing the domain Q and
n is the unit outward normal

o Notice that the boundary conditions may be a Dirichlet,
Neuman or mixed Dirichlet and Neuman.

* a,, oy, and g are functions associated with the physical
parameters and f Is the excitation
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2D FEM (Cont’d)

e The functional associated with this problem is

F(p) = O.5g

(Prove it)!
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2D FEM Analysis

e The computational domain is divided -
Into triangles (elements)
e Each node has both a local and a £
global index . ,

e A connectivity array n(i,e), I1=1, 2, 3and e=1, 2, ..., M
stores the global indices of the nodes
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2D FEM Analysis (Cont’d)

e We assume that there are M, line segments on I,




Input Data to the 2D FEM Analysis

e The coordinates of the nodes ri=(x;,y;), I=1, 2, ..., N, where
N is the total number of nodes

e The values of «,, &, fand f for each element
e The value of p for each node residing on I',

e The value of yand q for each segment with nodes on I,

e The two arrays n(i,e), I=1, 2, 3and e=1, 2, ..., M and




Elemental Interpolation

e Over the eth element we utilize the linear approximation
o (X, Y)=a"+b X+c%y, (XY)eQ

e The three nodes of the eth element must satisfy the linear
Interpolation relation

o =a’+b xi+c'y, @i=a’+h xs+c Y5,
(02 a +hb xz3t+c y3
e Solving for a¢, be and ce we obtain ¢ (X, y) = ZN (X, y)gpJ
where NS (X, y)——(aj+b X+ciy), j=1 2 3
2 A
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e e e
=X Y, Y. X5, b=V, — V., Ci=X— X
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Elemental Interpolation (Cont’d)

o A, Is the area of the eth element and Is given by

1 I
Aezal X2 Y,




The Homogenous Neuman BC case
e \\e first consider the case (y=q =0)

e The functional is expressed as a sum of elemental
subfunctions

F(p)= 2 F* (o)
where _

F* (") =05 qy| 12
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The Homogenous Neuman BC case

el e 33 dNJOdNjS . cdN;dNj .
F(@)=05[] > > axo, J¢j+0[y§0i dy dy1§0j
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The Homogenous Neuman BC case (Cont’d)
N dNj  dNfdN;
Ty
dx dx dy dy
br = [ IN;dQ i=1, 2, 3and j=1, 2, 3

d e o
Kﬁ':ﬂax + AN NjdQ
Qe

e If o, o, , fand f are taken as constants over each element,
and utilizing the property
[Im!n!

IN(Ns) (NS (NSf dR=2 A ———




The Process of Assembly

e The process of assembly involves storing the local
elemental components into their proper location in the
global system of equations

s 0 [K]NXN[¢]Nx1:[b]Nx1

o B
e The element Kjj is added to K nieyn(i.e)




An Assembly Example

e o 2 3
1 2 4 1
2 5 4 2
3 3 5 2
4 5 6 4

e There are sixnodes ——> K e R®® and b e R®




An Assembly Example (Cont’d)

K3 KE 0 K 0 0 S
Ki Kip 0 K 00 ?
0 0 0 0 00 0
K=l 0 o ® - b=l
K23 K31 0 K22 00 2
0 0 0 0 00 0
0 0 0 0 0 0 0
e Evaluate K@ and b an add them to the proper locations
K KY 0 K 0 0 2

K(l) Kfi) + K(Z) 0 K(l) K(Z) K(Z) 0 bil) + b;_(:,Z)




Incorporating a Boundary Condition of the 3" Kind

e |n this case yand g are not zeroes

e The extra subfunctional F,(¢) = fiz (02—qq0}dl“is added to
- 1—‘ 2
the functional F

e Because F2 IS comprised of M, line segments, we may write

Fo (@) = ZFb(§0)

o \We approxmate the function gp over the segment s by the
linear expression ¢’ = Z |\|J goj N;=1-& N;=¢

\
rz‘\s

5_

e £is the normalized distance from node 1 to node 2
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Incorporating a 3"4 Kind BC (Cont’d)

Fi0)=1| Lot -ap jor
ﬂ Use the expansion
S ?/ 2l S S s S 2 s S
Fo(@) =] E%Zﬂ’i Ni N @} -2 NP, dr
S I=1 = 1=
@ Differentiate and use d I'=I5d¢&
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The Dirichlet Boundary Condition

e The Dirichlet boundary conditions are imposed by
eliminating the known nodes by substituting for their

values
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An Example: A Shielded Microstrip Line

e The microstrfp Is kept at potential g=1 while the external




An Example: A Shielded Microstrip Line (Cont’d)

with ¢ = 0 on the outer conductor, ¢ =1 on the microstrip
and de / on=0 on the plane of symmetry

o It follows that we have o= a,=¢,, f=0,1=0

e The electric field Is obtained through E=-V¢. But ¢ over

each element is approximated by .
3 -
O° (X Y) =2 NS (%, Y) @5, NS Y)=-—(@j+bjx+cjy), =123
J=1 ﬂ 2Ae
op. 0@ .

1 3, .. :
E=-FTl-———]=-— ®i+c% ) o,
OX oy J 2 A, jzzl(b‘ Cj J)¢, Over the eth element
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An Example: A Shielded Microstrip Line (Cont’d)
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An Example: A Shielded Microstrip Line (Cont’d)

The Finite Element Method
in Electromagnetics,
Jianming Jin




