EE750
Advanced Engineering Electromagnetics
Lecturel5



The Finite Element Method (FEM)

* The Ritz Method

o Galerkin’s Method

e |ntroduction to FEM and general steps
References

Janming Jin, The Finite Element Method In
Electromagnetics, 2" edition, John Wiley & Sons, Inc.

M. Sadiku, Numerical Techniquesin Electromagnetics,
CRC press

John L. Volakis, Arindam Chatterjee, and Leo C. Kempd,
Finite Element Method for Electromagnetics, |EEE Press.

EE750, 2003, Dr. Mohamed Bakr



Ritz M ethod

e This method aims at solving a Boundary Value Problem
(BVP) of the form L(®)=f, by minimizing a corresponding
functional F(®)

d’¢ _
=Xx+1

« Example: Solvethe BVP a2
subjectto @(0) =0, @(1) =1 using Ritz method

 Wedefinethe correspondl ng functional
1d
F(@) = O.5j d¢j dx + j (X +1)@dx

o\ OX
 Noticethat for every possibletrial function @(x) the
functional F assumes a certain value F (@)

O<x<1

EE750, 2003, Dr. Mohamed Bakr



Ritz Method (Cont’d)

 Wewant to show that the minimum of F isassumed at a
function @ = ¢ , the solution of the BVP

« |f atrial function ¢ is perturbed by afunction o¢, the
functional F changes by AF where

AF =F (¢ +0p) - F(¢)=F +0(d¢")
d(¢+39)

dx

g
F(¢+5¢)—O5j(d¢jd +j(d¢j (d5¢jdx

dx dx
dog
+051 dx+j(x+1)¢dx+j(x+1)5¢dx
dx 0 0
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Ritz Method (Cont’d)

e |f followsthat we have

_i(d(g)) (d(3p) 1 d(dg)) . .}
AF—g i j( o jdx+0'5£(—dx jdx+£(x+1)5¢dx
1l
5|::}(d(¢)j(d(5¢)jdx+}(x+1)5¢dx
0 dx dx 0

 For optimality, we should have d~=0
}(d(mj (d(‘w) dx + (X +1)3@dx = 0

o\ dX dx
\l Integrate by parts
14 2 ¢ 1

- 15 50pdx + [ (x +)Fpdx =0

1

5¢Ccil—f

0
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Ritz Method (Cont’d)

e But as o¢(0)= o@(1)=0 because of fixed boundary
conditions, the optimality condition gives

}(Oc'jzfz ~(Xx+1))3p dx = 0

 optimality condition hasto apply for any perturbation o¢,
It follows that the minimizer of the functional satisfies,

ddzx¢2 —(x+1) =0 whichisour BVP

 Thefunctiona F was formulated such that its minimizer is

the solution of the BV P we wish to solve
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Ritz Method (Cont’d)

o |f we assume a solution of the form
P(X) =t X+ X +eaxX
 Applying the boundary conditions we have c,=0 and
C=1CiC, ) F(X) =X+ (X = X) +ca(X = X)
 Substituting into the functional

F(g) = o.5i(‘(’@ dx+i(x+ 1) ol

1y

2 1 1 23 1 4

F(ca, ) =—=c2+=c2+= - = t—
(Cs,Ca) Cat Gt S CaCa™ (G Cat g
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Ritz Method (Cont’d)

« Applying optimality conditions we get

OF_1 1 1, OF_1 4 33
@acg 3929 1T 8. 2% 5% 60
1 1 1
c.=1/2, c,=1/6 X) ==y + =P+ =X
3 4 j>$() 5 5 3

General Stepsfor the Ritz Method

e Formulate afunctional whose minimizer is the solution of
the BVP

o Apply optimality conditions to determine the parameters of
the solution
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Galerkin’s M ethod

* This method seeks a solution to the BV P L(@)=f by
weighting the residual of the differential equation

« For atrial function @ (X) thisresidual is defined by
r=_L(@)-f

» The unknown solution is expressed as a sum of known
entire domain basis functions ¢ = iZci Vi) ¢=v'C
where V=[y, v, - -VN]T and C=[c; ¢, - -CN]T

* We define the ith weighted residual as
R=[wrdQ,i=12,---,N

Q

* We set the weighted residuals to zero to obtain N eguations
In N unknowns
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Galerkin’s Method (Cont’d)

* For this method we choose w,=v. to have
Q Q

2
Example: Solve the BVP 3Xf=X+1 O<x<1

subjectto @(0) =0, @(1) =1 using Galerkin’s method
As shown before we selected the trial functions as

F(X) = X+cs(x*=X) +ca(X° = X)

Theresidual for thistrial functionis r =2¢;+6¢c, X- X-1

We select as weighting functions w, = (x° = X), we = (X° = X)
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Galerkin’s Method (Cont’d)
 The wel ighted residual s are thus given by

1
xrdx——+E —=0
et
= —rdx=8+2% _22 -
I(x ) >t e 6o

0
» Solving these two equations we get c,=1/2, ¢,=1/6

General Stepsfor Galerkin’s Method

« Expand the unknown solution in terms of basis
functions

o Evaluate the weighted residuals using the basis

functions as weighting functions
» Solve the resultant system of equations for the known

coefficients
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| ntroduction to FEM

. We Introduce the FEM by solving the previous example

3X¢_X+1 0< x<1, subjectto ¢(0)=0, ¢(1) =1

o o o X
X,=0 X5 Xq X,=1
®
Xt >é
O
Xl X2
e
Xl X2

* We discretize the space into 3 subdivisions (elements)

 Notice that each node has both alocal and a global index,

|.e., there are two numbering schemes
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Introduction to FEM (Cont’d)

e Over the ith element, the unknown function is expressed
as an interpolation of the unknown nodes values

¢(X) :( Xi+l_Xj¢i +( X=X j¢i+1’i :1’ 2’ 3’ Xi < X< Xi+1
Xi+1— X Xi+1 7 X
* Noticethat ¢ ,1=1, 2, 3, 4 are not known in general. In
this problem only the boundary values are known (¢,=0

and ¢,=1)

 We can formulate FEM using either Ritz's or Galerkin's
methods
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Introduction to FEM (Cont’d)

e For the Ritz method, we utilize the functional

F(F) = o.5i(‘3@ dx+i(x+1)g‘5dx

F () = z[o 5“;”( ¢ j dx + X'Rx+1)¢'5de

L
[ is1 i \2 A
0.5 | (¢‘+1 ¢‘jdx

Xi+1— X

X

3
F=y

i=1 +xij+1(x+1)(( Xi+l_Xj¢i+( XX j¢i+1]dx
s Xi+1— X Xi+1 7 X J
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Introduction to FEM (Cont’d)

. Integra}ing, we get , \
Q...—0 2 1
O'S(Xi+1_Xi)£ o Ij +¢i+l(_xi+1+_xi+1j

Xi+1~ Xi 3 3

F=Y

=1

+9, (gXi +}Xi+1+1j
. 3

3
1L (p=0and ¢,=1)
F=3¢.+3¢.-3¢,0.+(4/9)¢,—(22/9) ¢, + (49/ 27)
o Applying optimality conditions for the minimizer of F

;F =64,-3¢.+(4/9)=0

afzz ~ ) ¢,=24/81, $,=40/81
=34, +6¢,-(22/9)=0 _

09,
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Introduction to FEM (Cont’d)

e The same result can be obtained using Galerkin’s method

with the weighting functions

(X —Xi.

Xll, for x1<XxX<x
X T X .
w=q_ 7 Proveit!
Xi+1_X f
, TOM X < X< Xis1
L Xi+1 ™~ X

e We shall focus on the Ritz finite el ement method
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General Stepsof theRitz FEM

e Divide the domain into subdomains (elements) Q, e=1, 2, ...,

M

e Over each element, expand the unknown function as an
Interpol ati on of the values of the element’ s nodes

$°(r) = ZN (r) @7, r 0Qe, Where@: isthe value of ¢ at
the jth node of the eth element and NS (r) isthe
corresponding interpolation function

e Formulate thefunctional 1N terms of the unknown
coefficients F = Z F(@°)

o Apply the opti maI Ity conditions for aminimizer of the
functional o0F/ 0¢.=0, 1=1,2, ..., N

e Solve the resultant system of equations
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