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Auxiliary Vector Potentials

• Auxiliary vector potentials are introduced to simplify the
solution of Maxwell’s equations

• A two step procedure is applied: First we find A and F,
the magnetic and electric potentials

• Second, from A and F we obtain the electric and
magnetic fields

• Starting with Maxwell’s equations we have:

HME ωµj−−=×∇
EJH ωεj+=×∇

ε/. qev=∇ E

µ/. qmv=∇ H
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Auxiliary Vector Potentials (Cont’d)

• utilizing the vector identity

we have

VVV ∇−∇∇=×∇×∇ 2).(

HME ×∇−×−∇=×∇×∇ ωµj

)().( 2 EJMEE ωεωµ jj +−×−∇=∇−∇∇

)/(22 εωµµεω qj ev∇++×∇=+∇ JMEE

(Vector wave equation for the electric field)

• Similarly, we obtain for the magnetic field

)/(22 µωµµεω qj mv∇++×−∇=+∇ µJHH
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Magnetic Vector Potential (A)

• A represents the fields due to electric sources only

• For regions where M=0 and qmv=0, we have

• Using the vector identity ( ) , B can be
represented as

• But for the case (M=0 and qmv=0), we have

• Using the vector identity ( ), we can write

• It follows that by knowing A and ϕe , we can evaluate H
and E How do we get A and ϕe ?

0. =∇ B

0).( =×∇∇ V
AB ×∇= AH ×∇= )/1( µ

)( AHE ×∇−=−=×∇ ωωµ jj 0=+×∇ )( AE ωj

0)( =∇×∇ ϕ
ϕω ej −∇=+ AE ϕω eAE ∇−−= j
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• We derive a second-order differential equation for A

• Using and the vector identity

, we get

Magnetic Vector Potential (Cont’d)

))(/1( AH ×∇×∇=×∇ µ

EJH ωεj+=×∇

VVV ∇−∇∇=×∇×∇ 2).(

)).()(/1( 2 AAEJ ∇−∇∇=+ µωεj

)).()(/1()( 2 AAAJ ∇−∇∇=−−∇+ µωϕωε jj e

).(22 ϕωµεµβ ej+∇∇+−=+∇ AJAA µεωβ =,
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Magnetic Vector Potential (Cont’d)

• The magnetic vector potential is defined by both its curl
and divergence. To simplify the analysis we utilize the
Lorentz gauge

• It follows that the magnetic potential satisfies the magnetic
potential vector wave equation

ϕωµε ej−=∇ A. )/().( ωµεϕ je A∇−=

JAA µβ −=+∇ 22
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Magnetic Vector Potential (Cont’d)

• Summary of steps for the case (M=0 and qmv=0)

1. Solve , for A

2. Obtain

3. Obtain

• In many cases, this two step procedure is much easier
than the one step procedure

• The magnetic potential vector wave equation can be
solved for any coordinate system

JAA µβ −=+∇ 22

AH ×∇= )/1( µ
)).()(/( AAAE ∇∇−−=∇−−= ωµεωϕω jjj e
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The Electric Vector Potential F

• F represents the fields due to magnetic sources only

• For regions where J=0 and qev=0, we have

• Using the vector identity ( ) , D can be
represented as

• But for the case (J=0 and qev=0), we have

• Using the vector identity ( ), we can write

• It follows that by knowing F and ϕm , we can evaluate E
and H How do we get A and ϕe ?

0. =∇ D

0).( =×∇∇ V
FD ×−∇= FE ×∇−= )/1( ε

)( FEH ×∇−==×∇ ωωε jj 0=+×∇ )( FH ωj
0)( =∇×∇ ϕ

ϕω mj −∇=+ FH ϕω mj ∇−−= FH
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• We derive a second-order differential equation for F

• Using and the vector identity

, we get

))(/1( FE ×∇×∇−=×∇ ε

HME ωµj−−=×∇
VVV ∇−∇∇=×∇×∇ 2).(

)).()(/1( 2 FFHM ∇−∇∇−=−− εωµj

)).()(/1()( 2 FFFM ∇−∇∇−=−−∇−− εωϕωµ jj m

).(22 ϕωµεεβ mj+∇∇+−=+∇ FMFF µεωβ =,

Electric Vector Potential (Cont’d)
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Electric Vector Potential (Cont’d)

• The electric vector potential is defined by both its curl and
divergence. To simplify the analysis we utilize the
Lorentz gauge

• It follows that the electric potential satisfies the vector
wave equation

ϕωµε mj−=∇ F. )/().( ωµεϕ jm F∇−=

MFF εβ −=+∇ 22
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Electric Vector Potential (Cont’d)

• Summary of Steps for the case (J=0 and qev=0)

1. Solve , for A

2. Obtain

3. Obtain

• Again, in many cases this two step procedure is much
easier than the one step procedure

• The electric potential vector wave equation can be
solved for any coordinate system

MFF εβ −=+∇ 22

FE ×∇−= )/1( ε
)).()(/( FFFH ∇∇−−=∇−−= ωµεωϕω jjj m
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Magnetic and Electric Vector Potentials

• When both electric and magnetic sources exist,
superposition should be applied as follows:

1. Solve , for A

2. Solve , for F

3. Obtain fields due to electric sources

4. Obtain fields due to magnetic sources

and

5. Total fields are obtained through superposition

E=EA+EF and H=HA+HF

JAA µβ −=+∇ 22

MFF εβ −=+∇ 22

AH ×∇= )/1( µA )).()(/( AAE ∇∇−−= ωµεω jjAand

FE ×∇−= )/1( εF )).()(/( FFH ∇∇−−= ωµεω jjF
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Construction of Solutions (Source-Free Case)

• We limit our discussion to the rectangular coordinate
system

• Similarly, we have for the electric vector potential

• Starting with the expressions

0=+∇ AA β 22 022 =+∇ AA xx β , 022 =+∇ AA yy β ,

022 =+∇ AA zz β , aaaA zzyyxx AAA ++=

0=+∇ FF β 22 022 =+∇ FF xx β , 022 =+∇ FF yy β ,

022 =+∇ FF zz β , aaaF zzyyxx FFF ++=

FAAE ×∇−∇∇−−= )/1()).()(/( εωµεω jj ,

AFFH ×∇+∇∇−−= )/1()).()(/( µjj ωµεω
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Construction of Solutions (Cont’d)

We obtain the expressions
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The TEMz Case

• In this case we must have Ez=Hz=0. Considering the
equations for Ez and Hz, there are three possible ways to get
a TEMz wave:

1. Put Ax=Ay=Fx=Fy=0, Az≠0, Fz≠0, ∂/∂x ≠0, ∂/∂y ≠0, to get

0
2

2

=
∂
∂−−=

z

Aj
AjE

z
zz ωµε

ω )exp()exp(),( zjAzjAyxA zzz ββ −+ +−=

0
2

2

=
∂

∂−−=
z

Fj
FjH

z
zz ωµε

ω )exp()exp(),( zjFzjFyxF zzz ββ −+ +−=

EEE xxx
−+ += , HHH yyy

−+ += ,
EEE yyy

−+ += , HHH xxx
−+ +=

εµ /// =−= −−++ HEHE yxyx

εµ /// ==− −−++ HEHE xyxy

Prove it!
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The TEMz Case (Cont’d)

0=Ez
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ω )exp()exp(),( zjFzjFyxF zzz ββ −+ +−=

EEE xxx
−+ += , HHH yyy

−+ += ,
EEE yyy

−+ += , HHH xxx
−+ +=

εµ /// =−= −−++ HEHE yxyx

εµ /// ==− −−++ HEHE xyxy

2. Put Ax=Ay= Az =Fx=Fy=0, Fz≠0, ∂/∂x ≠0, ∂/∂y ≠0, to get

3. Put Ax=Ay=Fx=Fy= Fz =0, Az≠0, ∂/∂x ≠0, ∂/∂y ≠0, to get

0
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=
∂
∂−−=

z
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z
zz ωµε

ω )exp()exp(),( zjAzjAyxA zzz ββ −+ +−=
0=H z

EEE xxx
−+ += , HHH yyy

−+ += ,

EEE yyy
−+ += , HHH xxx

−+ +=
εµ /// =−= −−++ HEHE yxyx

εµ /// ==− −−++ HEHE xyxy
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The TMz Case

• To obtain Ez≠0, Hz=0, we must have
A=Az(x,y,z) az , F=0

• Only one scalar wave equation to be solved

022 =+∇ AA zz β 02
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• Once the Az component has been determined according to
the boundary conditions, all field components may be
found
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A Waveguide Example

• Starting with

We apply separation of variables
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For the transversal x and y directions we select a standing
wave. A travelling wave is selected for the z direction
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A Waveguide Example (Cont’d)

• It follows that we have

)()()( 11 xSinDxCosCxf xx ββ +=
)()()( 22 ySinDyCosCyg y ββ y+=

)exp()( 3 zjAzh zβ−= (we consider only incident wave)

)exp())(

)())(()((),,(

32

211

zjAySinD

yCosCxSinDxCosCzyxA

zy

yxx

ββ
βββ

−+

+=+

• All constants are determined through the boundary
conditions
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A Waveguide Example (Cont’d)
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j
E zz )( 2
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ωµε
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0)( ==+ axEz
Sin(βx a)=0 βx a=mπ

βx =mπ/a
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A Waveguide Example (Cont’d)

0)0( ==+ yEz• Similarly, using C2=0

0)( ==+ byEz Sin(βy b)=0 βy b=nπ
βy =nπ/b

•••• It follows that we have

)exp()/()/( zjbnππsinamππsinAA mnz β−=+

m=1, 2, … and n=1, 2, …

•••• All field components can be obtained in terms of the
magnetic vector potential


