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Abstract—When transmitting information over a noisy chan-
nel, two approaches are common: assuming the channel errors
are independent of the transmitted content and devising an error-
correcting code, or assuming the errors are data dependent
and devising a constrained-coding scheme that eliminates all
offending data patterns. In this paper we analyze a middle road,
which we call a semiconstrained system. In such a model, which
is an extension of the channel with cost constraints, we do not
eliminate the error-causing sequences entirely, but rather restrict
the frequency in which they appear.

We address several key issues in this study. The first is proving
closed-form bounds on the capacity which allow us to bound the
asymptotics of the capacity. In particular, we bound the rate at
which the capacity of the semiconstrained (0, k)-RLL tends to 1 as
k grows. The second key issue is devising efficient encoding and
decoding procedures that asymptotically achieve capacity with
vanishing error. Finally, we consider delicate issues involving the
continuity of the capacity and a relaxation of the definition of
semiconstrained systems.

I. INTRODUCTION

One of the most fundamental problems in coding and
information theory is that of transmitting a message over a
noisy channel and attempting to recover it at the receiving
end. Two common solutions to this problem were already
described in Shannon’s work [20]. The first solution uses an
error-correcting code to combat the errors introduced by the
channel. The theory of error-correcting codes has been studied
extensively, and a myriad of code constructions are known
for a wide variety of channels (for example, see [15]). The
second solution asserts that the channel introduces errors in
the data stream only in response to certain patterns, such as
offending substrings. It follows that removing the offending
substrings from the stream entirely will render the channel
noiseless. Schemes of this sort have been called constrained
systems, and they have also been extensively studied and used
(for example, see [7], [14]).

The two solutions may be viewed as two extremes: while
the first assumes the errors are data independent, the second
assumes the errors are entirely data dependent. Since the
situation may not be either of the extremes, existing solutions
may over-pay in rate. The goal of this paper is to define and
study a middle road we call semiconstrained systems.

Arguably, the most famous constrained system is the (d, k)-
RLL system, which contains only binary strings with at least
d 0’s between adjacent 1’s, and no k + 1 consecutive 0’s
(see [7] for uses of this system). In particular, (0, k)-RLL is
defined by the removal of a single offending substring, namely,
it contains only binary strings with no occurrence of k + 1
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consecutive zeros, denoted 0k+1, Informally, a semiconstrained
(0,k)-RLL system has an additional parameter, p € [0,1], a
real number. A binary string is in the system if the frequency
that the offending pattern 01 occurs does not exceed p.
When p = 1 this degenerates into a totally unconstrained
system that contains all binary strings, whereas when p = 0
this is nothing but the usual constrained system, which we call
a fully-constrained system for emphasis.

While the capacity of the semiconstrained (0, k)-RLL sys-
tem is known using the methods of [17], the expression
involves an optimization problem that does not lend itself to
finding other properties of the system, such as the rate at
which the capacity converges to 1 as k grows. This rate of
convergence is known when the system is fully constrained
[19]. Additionally, the capacity is known only in the one-
dimensional case, whereas the general bounds may be ex-
tended to the multi-dimensional case as well.

The first main contribution of this paper is establishing
analytic lower and upper bounds on the capacity of semicon-
strained (0, k)-RLL. These bounds are then used to derive the
rate at which the capacity of these systems converges to 1 as k
grows, up to a small constant multiplicative factor. The bounds
extend previous techniques from [19] as well as employ large-
deviations theory. These bounds are also extended to the multi-
dimensional case.

This paper is not motivated or limited solely by the case of
a single offending substring. We can define multiple offending
substrings, each equipped with its own limited empirical fre-
quency. Indeed, with a proper set of semiconstraints, variants
such as DC-free RLL are possible (see [13] and references
therein). Another motivating example is the system of strings
over Zg4 where the offending substring is g — 1,0, — 1. In the
case of multi-level flash memory cells, inter-cell interference
is at its maximum when three adjacent cells are at the
highest, lowest, and then highest charge levels possible [3].
By adjusting the amount of such substrings we can mitigate
the noise caused by inter-cell interference. Further restrictions,
such as the requirement for constant-weight strings (see the
recent [11]) correspond to a semiconstrained system.

Although coding schemes for some of these systems exist,
they are ad-hoc and tailored for each specific case, as in
[13] and [11]. A more general coding scheme exists [12]
for a channel with cost constraints model. However, it is not
optimal, and it addresses only scalar cost functions, which is
a different model than the semiconstrained systems we study.

The second main contribution of this paper is a general

ISIT 2015



explicit encoding and decoding scheme. This coding scheme
is based on the theory of large deviations, and it asymptotically
achieves capacity, with a vanishing failure probability as the
block length grows. To that end, we also define and study a
relaxation of semiconstrained systems, allowing us to address
the issue of the existence of the limit in the definition of the
capacity, as well as the continuity of the capacity.

We would like to highlight some of the main differences
between this paper and previous works. In [9], [12] the
capacity of channels with cost constraints is investigated. Such
channels define a scalar cost function that is applied to each
sliding-window k-tuple in the transmission. The admissible
sequences are those whose average cost per symbol is less
than some given scalar constraint. In our paper, however,
we investigate sequences with a cost function which can
control separately the appearance of any unwanted word (not
necessarily of the same length).

The more general framework we study is similar to that
of [1], [16], [17]. In [16] some embedding theorems and
results concerning the entropy of a weight-per-symbol shift
of finite type are presented, where the weights are given by
functions which take values in R%. In [1], some large-deviation
theorems are proved for empirical types of Markov chains that
are constrained to thin sets. We also mention [17], in which
an improved Gilbert-Varshamov bound for fully-constrained
systems is found. Thus, [17] studies certain semiconstrained
systems as means to an altogether different end. Using these
works, the exact capacity of semiconstrained systems, as
defined in this paper, may be calculated. However, key issues
we address are not covered by these papers, including the rate
of convergence of the capacity, the existence of the limit in
the capacity definition, and continuity of the capacity.

The paper is organized as follows. In Section II we give the
basic definitions and the notation used throughout the paper.
We also cite some previous work and derive some elementary
consequences. In Section III we introduce a relaxation called
weak semiconstrained systems, and study issues involving the
existence of the limit in the capacity definition. In Section IV
we present an upper and a lower bound on the capacity of
the (0,k, p)-RLL semiconstrained system, as well as bound
the capacity’s rate of convergence as k grows. Section V is
devoted to devising an encoding and decoding scheme for
weak semiconstrained systems. Due to space constraints, some
proofs are given in the appendix, and others are omitted. For
a full version the reader is referred to the preprint [6].

II. PRELIMINARIES

Let X be a finite alphabet and let X* denote the set of all the
finite sequences over X. The elements of X* are called words
(or strings). The length of a word w € X* is denoted by |w|.
Assuming w = wow1 ...wy_1, with w; € X, a subword (or
substrings) is a string of the form w;w;,1...w;4,,—1, where
0 <i < i+m < L For convenience, we define w;,, =
WiW;j41 - Wipm—_1- We say w' is a proper subword of w €
¥* if ' is a subword of w, and |w'| < |w]|.

Given two words, w,w’ € X*, their concatenation is
denoted by ww’. Repeated concatenation is denoted using
a superscript, i.e., for any natural m € IN, w™ denotes
w™ = ww...w, where m copies of w are concatenated.

For any two words T,w € X* let T(7,w) denote
the frequency of T as a subword of w, ie., T(T,w) =
m Zﬁ'o_m [wj || = T|. Here, [A] denotes the Iverson
bracket, having a value of 1 if A is true, and 0 otherwise. If
|T| > |w]| then we define T (T, w) = 0.

Definition 1. Let 7 C X* be a finite set of words, and let
P € [0,1]7 be a function from F to the real interval [0,1].
A semiconstrained system (SCS), X(F, P), is the following
set of words,

X(F,P)={w e =" :Vp € F,T(¢,w) < P(¢)}.

We also define the set of words of length exactly #n in
X(F,P) as By(F,P) = X(F,P)NX". An important object
of interest is the capacity of an SCS.

Definition2. Let X(F,P) be an SCS. The capacity of
X(F, P), which is denoted by cap(F, P), is defined as

cap(F, P) = limsup 1 log, |Bu(F,P)|.
n—co N
If we had a closed-form expression for |B,(F,P)|, we
could calculate the capacity of (F,P). Following the same
logic as [19], we replace the combinatorial counting prob-
lem with a probability-bounding problem. Assume p, de-
notes the probability that a random string from X", which
is chosen with uniform distribution, is in B,(F, P). Then,
|Bu(F,P)| = pn-|Z|", and then cap(F,P) = log, |Z| +
limsup,, . % log, pu-
Let I' denote the closure of a set I', and let I'° denote its
interior. Let X' be some Polish space equipped with the Borel
sigma algebra.

Definition 3. A rate function [ is a mapping I : X —
[0, 0] such that for all x € [0,00), the level set ¢pr(a) =
{x € X : I(x) < a} is a closed subset of X .

Definition4. Let {y,} be a sequence of probability mea-
sures. We say that {ju,} satisfies the large-deviation prin-
ciple (LDP) with a rate function I, if for every Borel set
I C X, —infyeroI(x) < liminfn_,oo%logzyn(F) <
limsup,, ., ;; 10g, () < —infoep I(x).

Let M1(X) denote the space of all probability measures on
some finite alphabet 2.

Definition5. Let Y = Y(,Y;,... be a sequence over some
alphabet X, and let y € *. We denote by LY (y) the empirical
occurrence frequency of the word y in the first n places of Y,
LY(y) = T(y/YO,nHy\—l)- We denote by L%k € M;(ZF) the
vector of empirical distribution of >k in Y, i.e., for a k-tuple
y € Xk, the coordinate that corresponds to y in Lx,k is LY (y).

Suppose Y = Yo, Y1,... are Y-valued i.i.d. random vari-
ables, with (o) denoting the probability that Y; = o, for
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all i. We assume that g(c) > 0 for all ¢ € X. We
denote by q(0g, 01, ...,0x_1) the probability of the sequence
09,01, ...,0r_1. The following theorem connects the empiri-
cal distribution with the large-deviation principle.

Theorem 6. [5, §3.1] Let v € X = M;y(ZF), and let
Y = Y,,Y4,... be Z-valued ii.d. random variables, with
q(c) > 0 denoting the probability that Y; = o for o € X.
For every Borel set, T C X, define u, (I') = Pr[LZ’k €
T]. Let us denote by vi € M;y(X*1) the marginal of
v obtained by projecting onto the first k — 1 coordinates,
v1(00,...,0k2) = Yyesv(00,...,00 2,0). Then the rate
function, I X — [O, oo], governing the LDP of the

empirical distribution LY with respect to T is, I(v) =

v(o)
Yoesk (o) logy vi(0ok—1)4(0—1
otherwise, where v € X = M;(ZK) is shift invariant if
Yoexv(0,01, ..., 041) = Loex V(01 .., 0k 1,0).
Finally, the following corollary shows cases in which the
constraints in P are redundant. (proof omitted)

Corollary7. Let F C K. If P(¢) > S| * forall ¢ € F,
then cap(F, P) = log, |X|.

j if v is shift invariant, and co

III. THE EXISTENCE OF THE LIMIT IN THE CAPACITY
DEFINITION AND WEAK SEMICONSTRAINED SYSTEMS

Consider the following examples of binary semiconstraints.

Example 8. Let X(F,P) be an SCS with F = {0,1} and
P(0) = P(1) = 1. Note that in this example the limit in the
definition of the capacity does not exist. For an even number,
n, one can calculate | B, (F, P)| and obtain (,),) which gives
cap(F,P) > 0. For an odd n we have that |B,(F,P)| = 0. It
is easy to construct more examples in the same spirit. a

Example 9. Let X(F,P) be an SCS with F = {0,1} and
P(0) =r, P(1) = 1—r wherer € [0,1] is an irrational
number. We have that the possible words are those with exactly
an r-fraction of zeros and a (1 — r)-fraction of ones. Since
the capacity is defined on finite words, for every n we obtain
B (F,P) = @, which implies that cap(F,P) = —oo. O

These two examples are interesting because the first shows
that the limit in the definition of the capacity does not always
exist, and the second one shows that the capacity is not a
continuous function of p. We therefore suggest a more relaxed
definition of semiconstrained systems.

Definition 10. Let 7 C X* be a finite set of words, ind letP €
[0, 1]}-, A weak semiconstrained system (WSCS), X(F, P), is
defined by

X(F,P)={weX :Vp c F,T(¢,w) < P($) +E(lw])},
where ¢ : N — R is a function satisfying both &(n) = o(1)
and (n) = Q(1/n). Also B,(F,P) = X(F,P)Nnx".

We can think of ¢(Jw|) as an additive tolerance to the
semiconstraints. The requirement that ¢(n) = o(1) is in the

spirit of having the WSCS X “close” to the SCS X. In the
other direction, however, if we were to allow {(n) = o(1/n),

then for large enough 7, we would have gotten BB, = En, ie.,
no relaxation at all. Thus, we require &(n) = Q(1/n).

Definition 11. Let X(F,P) be a WSCS. The capacity of
X(F, P), which is denoted by cap(F, P), is defined as

cap(F, P) = limsup % log, [Ba(F, P)|-

n—oo

We show that under this definition of the capacity, the limit
superior is actually a limit. (for the proof, see [6])

Definition 12. Let 7 C X* be a finite set of words. Set k =
maxge 7 |¢| and define the operator f : M =5 — [o,1)M1
as follows. Let M be a |F| x |Z|F matrix, where for ¢ € F
and w € TF, the (¢, w) entry is given by My o = [wo,|p| =
@]. Then, for any v € M;(XF), we define f(v) = Muv, where
v is viewed as a vector indexed by XX

Theorem 13. Let X (F, P) be a WSCS, and
A= {v €017 :vpeF, vip)< P(gb)}.

Setk = maxgecr @[, and let X = My (ZF) and Y = [0,1]7
(which is isomorphic to [0,1]171). Define the linear function
f: X — Y asin Definition 12. Then, if f~1(A) N X # @ the
following equality holds (and the limit exists):

inf  I(u),
pef1(a) ()

provided the tolerance function for the WSCS satisfies ¢ (n) >
2 |Z\k_1 n~', and where I is the rate function from Theorem6.

1 —
cap(F,P) = ,}E&ElogZ |Bu(F,P)|=1—

The proof shows another important property, namely, the
continuity of the capacity as a function of P. Note that the
function f is continuous and the rate function is continuous
when reduced to its support. Thus, if P is not empty and P + €
is not empty, lim¢_,gcap(F, P + €) = cap(F, P).

IV. BOUNDS ON THE CAPACITY OF (0, k, p)-RLL SCS
AND RATE OF CONVERGENCE

In this section we study closed-form bounds on the capacity
that allow us to analyze the asymptotics of the capacity of
semiconstrained systems, and prove bounds on the capacity
in the multi-dimensional case. To that end, we focus on the
family of semiconstrained (0, k)-RLL, since it is defined by a
single offending string of 0F+1. While the results are specific
to this family, we note that some of them may be extended to
general semiconstrained systems.

We consider the semiconstrained system X(F,P) defined
by F = {01} and P(0**1) = p, for some real constant
p € [0,1]. We call this semiconstrained system the (0, k, p)-
RLL SCS, and throughout this section we denote its capacity by
Ckp- Thus, Cio denotes the capacity of the fully-constrained
(0,k)-RLL system. We note that due to Corollary 7 we must
also take p < %H or else the capacity is exactly 1. In the
case of fully-constrained (0, k)-RLL, the asymptotics of the
capacity, as k tends to infinity, are well known [10], [19].
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In order to obtain an upper bound on the capacity of
(0, k, p)-RLL SCS we employ a result of Janson [8]. The first
bound we present is the following: (proof in [6])

Theorem 14. For 0 < p < %, the capacity of the (0,k, p)-
RLL SCS is bounded by

1 log, e
T3 _o—k+l \ ok+l

e

The same method can be applied for the D-dimensional
(0,k, p)-RLL SCS, extending the results of [19]. The defini-
tion of semiconstrained systems is extended in the natural way
to higher dimensions. We obtain the following upper bound
on C(D)' (proof omitted)

kp - p

Theorem 15. The capacity of the D-dimensional (0, k, p)-RLL
SCS is bounded by the following.

DS 4 p(k+1) — plog, B¢
3—2-k142-K(D—-1)(k+1)%

We return to the one-dimensional case. The upper bound of
Theorem 14 converges to 1 as k grows. We now find the rate
of this convergence. To that end we prove a stronger upper
bound on the capacity, that does not have as nice a form as
Theorem 14 in the finite case, but does have a nice asymptotic
form. (proof in [6])

(D)
C <1

Theorem 16. For p = p(k) letc = limy_,, % ce0,1],
and let

{3\/1+8c 1+4c+\/1+8c> c>0
b = 2 8c ’
L=

log, e — 2clog, (
log, e c=0.
Then, 1 — G, > %(1 + 0(1)), where o(1) denotes a
function of k tending to 0 as k — oo.

We note that taking ¢ = 0 in Theorem 16 gives 1 — Cy >
lz_gzzke (14 0(1)), which coincides with the capacity’s rate of
convergence for the fully-constrained system [19].

We turn to consider a lower bound on the capacity of the
(0,k, p)-RLL SCS. We can extend the method of monotone
families that was used in [19] to obtain such a bound. However,
the result that we describe next, which is based on the theory of
large deviations, outperforms the monotone-families approach.

As in Theorem®6, the capacity of (0,k, p)-RLL SCS is
given by cap(F,p) = 1 —infycrI(v), where T = {v €
My (ZF) : v(1¥+1) < p}. The main idea of the bound is that
by fixing some v € I" we find a lower bound on the capacity.
We do, however, have to keep in mind that the measure we
choose must be shift invariant. (proof in [6])

Theorem 17. Forallk > 1 and0 < p < 2~ (k+1)

1—p 2-2p
>1-—— "7 ) G
Chp =1 2k+1 7110g2 (1+2p(2k1))

B 2P(2k+1 _ 1)
plosy (1 Yop(2k—1) )" M

The bound of Theorem 17 can now be used to prove an
asymptotic form when k — oco. (proof in [6])

Theorem 18. For p = p(k) let ¢ = limy o, >y, where

c € 0,1, and let by = (14 ¢)(1 — H(=L;)). where H(:) is

the binary entropy function. Then, 1 — Cy , < %(1 +o(1)).

The ratio between the bounds of Theorem 18 and Theo-
rem 16 is at most ~ 1.5. Again, a higher-dimensional bound
may be obtained (proof omitted).

Theorem 19. The capacity of the D-dimensional (0, k, p)-RLL

SCS i bounded by Cy.)) > 1+ D (c]?p)/D _ 1) _

V. ENCODER AND DECODER CONSTRUCTION FOR WSCS

In this section we describe an encoding and decod-
ing scheme for general weak semiconstrained systems, that
asymptotically achieves capacity. The scheme relies on LD
theory, and its implementation is inspired by the coding
scheme briefly sketched in [2].

The encoder we present is a block encoder. We analyze it for
input that contains i.i.d. Bernoulli(1/2) bits. We first present
some notation, then describe the encoder and decoder, and
finally, analyze the scheme and show its rate is asymptotically
optimal, and its probability of failure tends to 0.

Several assumptions will be made in this section, all of them
solely for the purpose of simplicity of presentation. We will
make these assumptions clear. We further note that the results
easily apply to the general case as well.

Let (F,P) be a WSCS. The first assumption we make
is that the system is over the binary alphabet ¥ = {0,1}.
Another assumption we make is that 7 C Zk, i.e., every word
¢ € F is of the same length k (see [6]).

Solving the appropriate LD problem (see Theorem 6)
yields the capacity of the system, which is denoted by C =
cap(F, P), together with an optimal probability vector, p, of
length 2. Each entry of the vector p corresponds to a k-tuple
and contains the probability that a k-tuple should appear in
order to achieve the capacity of the system, as well as satisfy
the constraints. We denote the entries p = (po, p1,- ., Pok_1)-

Let G be the binary De-Bruijn graph of order k — 1,
i.e., the vertices are all the binary (k — 1)-tuples, and the
directed labeled edges are u = (uq,up, ..., Up_1) N
(up,us, ..., ux) = u', where u; € . Thus, each vertex has
2 outgoing edges labeled 0 and 1. Additionally, each edge
corresponds to a binary k-tuple.

For convenience, we define an operator R : pILEE
for u = (uy,up, ..., uy) € X" R(u) = (up,u3,...,uy) €
¥*~1 Thus, the edges of the De-Bruijn graph are of the form
u — R(ua), for all u € ¥¥~1 and a € . Another operator
we require is £: LT — Z, L(u) = uy.

We can construct a Markov chain over G, whose transition
matrix, A, is a 261 x 2k=1 matrix whose i,] entry, Al-j, is the
probability of choosing the edge going from vertex u; € yk-1
to vertex u; € »k=1 given that we are in state u;. At this point,
for simplicity of presentation, we assume that from each vertex
emanate exactly two outgoing edges with positive probability.
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Denote by v = (vg,v1,...,0-1_4) the stationary distri-
bution of the vertices of the Markov chain. We would like to
find a Markov chain on G whose stationary distribution of the
edges matches the vector p. We note that since the vector p
is shift invariant, the set of equations has a solution (see [4]).

Assume w € X" is a sequence of n input bits at the
encoder, which are i.i.d. Bernoulli(1/ 2). The encoding process
is comprised of three steps: partitioning, biasing, and graph
walking.

Partitioning: The first step in the encoding process is parti-
tioning the sequence w of 1 input bits into 21 subsequences
of, perhaps, varying lengths, denoted n;, 0 < i < k=1 _ 1,
Obviously, n; > 0 for all 7, as well as 212:0171 n; = n. Each
subsequence is to be associated with a vertex of the Markov
chain, or equivalently, with a (k — 1)-tuple. The first ng bits
of the input are associated with state u, the following 77 bits
are associated with state 1, and so on.

For every vertex u;, let u; be the vertex for which u; LN uj,
ie., uj = R(u;0), and denote by g; the entry A;;. For every
k-tuple i, let 17; = H(g;)vin/C. For all 0 < i < 21 -1
take 1n; = |#;], where |-] denotes either a rounding down or
a rounding up. The rounding is done in such a manner as to
preserve the sum, Z?Z)Ll A; = ?Z;il n; (proof omitted).

Biasing: After obtaining 251 subsequences, we take each
subsequence and bias it to create subsequences that are typical
for a Bernoulli(q) source, for some 4. To that end, we use an
arithmetic decoding process on each subsequence.

Let #; be the subsequence that corresponds to vertex u;. For
every i, we decode #; using an arithmetic decoder with proba-
bility g; to obtain a new sequence #; distributed Bernoulli(g;).
We stop the decoder when the obtained sequence #; is of

length [ni/ H(qi) + n%+€—‘ bits for some known arbitrarily

small € € (0,}). For every state u;, we call the obtained
sequence “the information bits.”

The resulting arithmetically-decoded sequence, fj;, corre-
sponds to a closed segment in [0,1]. If there exists a state
u; for which #j; corresponds to a segment of length greater
than 27", an error is declared. For a detailed description of
arithmetic coding see [18].

Graph walking: The encoder now has the sequences f;,
which are of various lengths. The encoder appends to each
sequence #; an extra [n%“e—‘ bits distributed Bernoulli(g;).
These extra bits carry no information and are used for padding
only. Then, the encoder starts the transmission as described in
Algorithm 1.

The decoding process mirrors the encoding. Details may be
found in [6]. Additionally, the following theorem summarizes
the properties of the procedures. (proof in [6])

Theorem 20. The encoding procedure described above pro-
duces the desired WSCS, asymptotically achieves capacity, and
has a vanishing failure probability.
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