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Abstract—We generalize the notion of independence entropy
to the study of semiconstrained systems. Using it, we ob-
tain a new lower bound on the capacity of multi-dimensional
semiconstrained systems. We show the new bound improves
upon the best-known bound in a case study of (O, k,p)-RLL
semiconstrained systems.

I. INTRODUCTION

Error-correcting codes and constrained codes may be con-
sidered as two extreme ways of coping with a noisy channel.
The former are usually data independent, and assume errors
are a statistical phenomenon, reducing data-transmission rate
to protect against such errors. Constrained codes, however,
assume certain patterns in the data stream are responsible for
the occurrence of errors. Thus, constrained codes eliminate all
undesirable patterns, at the cost of reduced data-transmission
rate.

Recently in [5], [6], semiconstrained systems (SCS) were
suggested as a generalization to constrained systems (which
we emphasize by calling fully constrained systems). In SCS
we do not eliminate the undesirable patterns entirely but rather
we allow them to appear with a restriction on their frequency.
Informally, a SCS is defined by a set I' of probability measures
over k-tuples. The allowed words in the SCS are those in which
the empirical distribution of k-tuples belongs to I'. This may be
viewed as a generalization of fully constrained systems since
taking I' to be a subset with a 0-frequency restriction on some
k-tuples yields a fully constrained system.

SCS not only generalize fully constrained systems, but also
subsume a range of other settings, which were mainly dealt
with in an ad-hoc fashion. Among these we can find DC-
free RLL coding [14], constant-weight ICI coding for flash
memories [3], [4], [12], [23], coding to mitigate the appearance
of ghost pulses in optical communication [26], [27], and the
more general, channel with cost constraints [10], [13].

The capacity of SCS is known via large-deviation tools, e.g.,
[18]. A probabilistic encoder for SCS was constructed in [6],
and constant-bit-rate to constant-bit-rate encoders are possible
by approximating a SCS with a fully constrained system, as
described in [5].

A natural extension, and the goal of this work, is to study
multi-dimensional SCS. This is an extremely challenging prob-
lem, considering the fact that even for fully constrained system
in complete generality it is provably impossible to find an exact
solution. The capacity of multi-dimensional fully constrained
systems is known exactly only in a handful of cases [1],
[15], [17], [24]. In the absence of a general method for
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computing the capacity, various bounds and approximations
were studied, e.g., [2], [8], [9], [11], [20], [21], [25], [28]-
[30]. It should be emphasized that apart from its independent
intellectual merit, studying multi-dimensional systems is of
practical importance since most storage media are two- or
three-dimensional, including magnetic recording devices such
as hard drives, optical recording devices such as CDs and
DVDs, and flash.

The approach we take in this work is bounding the capacity
by studying the independence entropy of SCS, thus extending
the works [16], [19]. Although the notion of independence
entropy was first defined in [16], the idea stemmed from
tradeoff functions studied in [22].

The main contributions of this paper are a formulation
of the independence entropy for SCS, and a study of the
independence entropy and its relation to the capacity of SCS.
As a result, we obtain a new lower bound on the capacity
of multi-dimensional SCS, improving upon the best known
bounds given in [6].

This work is a step towards establishing an equality of lim-
iting entropy and independence entropy. As the independence
entropy is a lower bound on the entropy of a given SCS in
every dimension, we believe that as the dimension grows, the
capacity approaches the independence entropy as in the case
of fully constrained systems [19].

This paper is organized as follows. In Section II we describe
the notation and give the required definitions used throughout
the paper. In Section III we provide results characterizing
the independence entropy, and its relation with the capacity
of multi-dimensional SCS. We conclude in Section IV by
describing a short case study, and compare it with previous
results.

II. PRELIMINARIES

Throughout the paper, IN denotes the set of natural numbers,
including 0. Given a finite alphabet ¥, we denote by X*
the set of all finite words over X. For a word w € X*,
we denote by |w| the length of w. Additionally, for a word
w=wy... wy_1 € L", w; € L, we define frk : £ — [0,1]
as the frequency of k-tuples in w, i.e., for any a € X,

Z Tp(w; ... Wi f_1)

where all coordinate indices are taken modulo |w|, and the
function 1 is the indicator function. Hence, frk (a) is the
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empirical frequency of the k-tuple a in the word w. By abuse
of notation we shall sometimes refer to frfu as a vector, i.e.,
frf = (£ (ap), .. .,frfu(a‘z‘k_l)) where a; ranges over XX in
some fixed order.

For a set A we denote by P(A) the set of all probability
measures over A. We now define a one-dimensional SCS.

Definition 1. Let k € IN, k > 1. A semiconstrained system
(SCS) is defined by a set T C P (XX). The language of a SCS
T is the set

B(r)é{wez* : frﬁ,er}.

We define B,,(T') £ B(T) N X",
Definition 2. The capacity of a given SCS, T, is defined as

1082(|Bn( -

The limit in the capacity definition does not necessarily
exist but under mild assumptions it does [S]. We introduce
these assumptions. First, we need the notion of shift-invariant
measures.

Definition 3. Let y € P (XX

Y ubar,... amq) =Y u(ar,...,

bex bex

cap(T) £ limsup —
n—oo

). We say that y is shift invariant if

ar-1,b),

forallay,...,ar_q € X. We denote by Pg;(X¥) C P(x) the
set of all shift-invariant probability measures over XX.

For a set T C P(XF) we denote by int(T) and by cl(T)
the interior and closure of T, respectively.

Definition 4. For a set T C P (ZF), we say that T is fat if
S| (int (r N Psi(zk))) = (r N Psi(Zk)) .
We have the following theorem from [5].

Theorem 5. [5, Section 2] Let T C P(X¥) be closed and
convex. IfT is fat then
inf

H
i o (n1m)

cap(I') = log, |X| —

where H(-|-) is the relative entropy function and the measure
y defined by u(¢pa) = Ilfl Ywes 11(¢pa’) forall € TF1 and
ac.

Note that if I' is fat then there are no O-constraints over
k-tuples, otherwise the interior of I' is empty. Some of our
results can be extended to deal with combinatorial constraints
as well by defining relatively fat SCS or weak SCS [5, Section
4].

We use e; to denote the unit vector of direction 7, 0 to denote
the all-zero vector, and 1 to the denote the all-one vector. For
n € N we define [n] £ {0,1,...,n—1}. We shall often use
[n]e; to denote the set {0-e;,1-e;,...,(n—1)-e;}. Denote
by F,‘f the d-dimensional cube of length n, i.e., the set F,‘f =
[n]?. Additionally, for (1q,...,1n4_1) € N? we conveniently
denote [(1’10,.. '/nd—l)] = [1’10} X [}’lﬂ X X [nd—l]-

F 5 T the cyclic shift

For u € F? denote by oy :
d
Fi and for v,u € Ffll,

operator, i.e., for a word w € X

(0u(w))y = Wurv
where the coordinates are taken modulo 7.

For a word w € £Fi and for S - Fd we denote by wg € L5
the reduction of w to the coordlnates in S. If x € X5, define
the word indicator function 1, : ZF# — {0,1} by le( ) =1
if ws = x and 0 otherwise. We then denote by fr5, € P(X5)
the frequency of S-tuples in w, ie., for x € X5,

Ellx Ou(w

ueFd

where the coordinates are taken modulo 7.

Let u € P(Zpg) be a measure. For u € F? and for
S C F!, we denote by &5(u) the marginal distribution of
the coordinates {u +v : v € S} where the coordinates are
taken modulo 7, i.e., for x € X5, 55 (u) € P(Z°) is defined

by
Sa(p)(x) £ )y

wGZF;{, (ou(w))s=x

n(w).

It shall be convenient for us to define the average,
Z Salp
ueFd

We are now ready to define the d-axial-product SCS.

Definition 6. Fori € [d], letT; C P(XXi) be one dimensional
SCS. Denote k = max;e 4 k. The d-axial-product SCS, de-

noted by ®?:_01F i 1s defined by
2T 2 {uepEh) : vied, &% er}.
Furthermore, for every n € IN we define
i1 d ; [ki]e;
Bn( 1") {weF Vi € [d], fry el"l-},

with coordinates taken modulo n. The language of the d-axial-
product SCS ®d 1F is the set

£ B (e
nelN

Intuitively, the arrays of a d-axial-product SCS satisfy that
along the ith direction, the empirical frequencies of k;-tuples
is 1n I';. Note that ®d 1F induces a set of measures over
sH where k = maxlkl, ie., ®d 11" - P(ZF ). For a set
S C F4 with ¢-algebra B, consider the space P(ZFﬁ ) with
the total-variation distance, i.e., the measurable space (X5 "B )
and p,v € P(ZF), with

B(@74T})

dl
10r)

() =3 L |uw)-v@),

d
wextn

| —v|lrv £ sup |u(A)
AeB

For any set of measures M C P(ZF*?) and for € > 0, we
denote by B¢(M) the e-neighborhood of M,

Be(M) 2 { e PET) - inf I vllry < e}
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Definition 7. Let ®fl;01 T'; be ad-axial-product SCS. Its capacity
is defined by,

_ . 1 _
cap(®{)T;) & limsup a 1082 ‘Bn(®f:01ri)
n—o0

1

The external capacity is defined as

_ o 1 _
Wp(@?zoll"i) = llin lim sup 3 log, |Bx (IBG(®?:011"1-)) ‘ .

n—00
The external capacity is equivalent to the expression
lime g cap(IBe(®fl;Oll"i)). We may think of the external
capacity as a relaxation of the constraints given in I'. It
is equivalent to the weak SCS which is considered in [6].
The reason behind a further relaxation of the constraints is
avoiding pathological examples. A simple example in the one
dimensional case is when we consider all words in which
the empirical frequency of the pattern 11 is exactly r when
r is irrational. In this case the capacity is —oo since there are
no finite words which satisfy the constraints. Considering the
external capacity we obtain a positive value which corresponds
to the amount of words in which the empirical distribution of
the pattern 11 is in [r — €, 7 + €] when € decays to zero as the
length of the word grows.
Let yi, denote the uniform distribution over £ # and denote
by ®?:_011“i the d-axial-product SCS. We can write

. . 1 .
cap(®{5gT1) = log, [£| + limsup 5 log; (Bu(@iT) -
n—00

As in the one-dimensional case, we have large-deviations
results for py, ({w € Bn(®?;oll"i) ) (see, for example, [7]).

Although we have large deviations results for d-dimensional
SCSs, the expressions involved are much more complicated
than the relative entropy function. Unfortunately, the fat con-
dition does not guarantee that the inequalities are in fact
equalities. Thus, there is a necessity for more easily com-
putable bounds on the capacity. To this end, we define the
independence entropy of a d-dimensional SCS, which is the
basis of the main results of this paper.

III. INDEPENDENCE ENTROPY

In this section we define the independence entropy of multi-
dimensional SCS, and relate it to the capacity. Thus, we obtain
a new lower bound on the capacity of multi-dimensional SCS.

Definition 8. Let 1 € P(X°). We say that y is independent if
Me (P(Z))S, ie., forevery S’ C S, 53/(;4) = Tves 5‘[,1](;4).
In other words, we say that u is independent if there exists
{pu € P(X) : ue S} such that y = [Tycs Pu-
Let I = ®7-IT; be the d-axial product of I; C P(xki).
Define

P.(T) & {;4 € (P(Z))F%’ . Vi [d], stiei(p) e ri},

where the coordinates are taken modulo 7. Thus, P, (T) is the
set of all independent probability measures on X5 7 such that

the average of the [k;|e;-marginals is in T'; for each i € [d].
We note that if ' is convex, then P, (T) is also convex.
We can now define the independence entropy of a SCS.

Definition 9. Let T C P () be a d-dimensional SCS. The
independence entropy of ' is defined by
1
hing(T) = limsup sup — H(p),
n—y00 Veﬁn (r)

where H(p) = — L e u(w) log, u(w) is the entropy of .
We define the extemal6 independence entropy by

hing (T) £ lim lim sup %H(y)

su
€20 poeo P

#EPu(Be(T))
Before stating the main results of this paper, we focus a bit
on 55(pt). Note that 65 : P(ZF) — P ().

Definition 10. A function f : X — Y between two metric
spaces X,Y is called a contraction if dy(f(x),f(x")) <
dx(x,x") forevery x,x' € X.

Lemma11. Let S C F? and 63,65 : P(ZFQI) — P(Z%) be as
defined above. Then 53, and §° are contractions with respect to
the total-variation distance, i.e., for all y,v € P(ZFg), and all

ue F,‘f,
163(1) = da (W)l Tv
16% () = 8% (v) [l 7v

k

Lemma 12. Letw & ZF;TJ,

[ —=vlrv,

<
< g —vlrv.

<mn,and S C F,f. Then,

d
(53(&;") = fr5.

Due to page limitation we omit the proofs of Lemma 11
and Lemma 12. In order to state the main theorem in full
generality, we need to replace the fatness condition with a
similar d-dimensional condition. In the d-dimensional case,
we do not require that the limit in the capacity definition
will exists but we need some notion stability in @;c 1. This
stability is presented in the following definition.

Definition 13. For ¢ > 0 and forT' C P(ZFlf), a d-axial
product SCS, T is called robust if

cap(I) = cap(I).

The robustness of a d-axial product is the requirement that
a small change in the set of restrictions does not affect greatly
on the capacity.

We now state the main results of this section. This result
concerns the relation between the d-dimensional independence
entropy and capacity.

Theorem 14. Let T; C P(X) be d one-dimensional closed
and convex SCS, then hing(®9-\T;) < @@p(e4iT)). If

®?;011"1- is also robust, then hind(®?;011"i) < cap(®7,T)).
Due to page limitation, we provide a sketch of the proof for

the somewhat simpler case in which d = 1.
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Sketch of proof- Fix n and consider u € P,(T).
For m € 1IN, construct a measure u™ over X" by
concatenating p to itself m times. Now we note that
in p™, the non-overlapping n-tuples are distributed i.i.d
according to p. Denote this frequency by fr and use
Cramer’s theorem to obtain an exponential decay rate of the

event u" (w € T : fr, ¢ ]Be(fn(l")))
A= {w exm ;. fif e IBS(F)}. Now use Lemma 11 and

Lemma 12 to obtain that for w € X", fr ¢ B.(I') = il ¢
Be(Py(T)). This calculation holds for every cyclic shift of
w hence we use the union bound to obtain an exponential
decay rate of the event p™ (X" \ A). By a straightforward
calculation we now obtain that hiq(T) < cap(T). [

Theorem 15. Let T C P (ZX) be a one-dimensional closed and
convex SCS. Then the d-axial product of I with itself, namely
'®4 satisfies

hind<r) < hind(r®d) < @(F)

Due to page limitation we provide a sketch of the proof.
sketch of proof: We first show that hmd(l"® ) < hing (T).
Take y € P, (T®?), which is a measure over »Fi Define =

(5‘[,7]%(;4) with v; ranging over {0} x F4~1 as i ranges over
d—1

. Denote the event

[n%~1]. Thus, each p; is a measure over X". Now construct
fle P(Z”d) as follows. Foraworda = (ag...a,:_q) € I
H ,ui(ani s ani+n71);

i€[nd=1]
i.e., the measure jI is the product of the measures ;. Since
the u; measures are independent, the concatenation measure,
IS P(Z”d) is independent as well. We now calculate and
obtain that dlFleo(y) — k& < s (p) < olFeo(y) + k. This
means that 6/ (1) € By (T). We obtained that for every € >

0, we can find np € IN such that for every n > ng, for every
p € Pp(T®), there is fi € P, (Be(T)). Since p and fi are
independent we have

H(pu) =

Y HM ()

veFd

Y H( ()

i€[nd]
H(p).
This implies that for every € > 0,

1
limsup  sup WHW) <
n—o0 ﬂepn (r@d)

1
sup  —H(p).

lim sup
HEP 4 (Be(T)) !

n—00

We therefore obtain /ing(T®?) < hjng(Be(T)) for every e

which means that
hind<r®d) < @(F)

We now show the other direction. Take fi € P, (T), and
then also o (f1) € Py(T), where o(f1) is the left cyclic shift
of fi. Further recall that i is independent, and therefore can

be written as fI = [T/, 161 (f1). We now construct a measure
1 € Pu(T®?) using f. For every u € F? set

swl(w) 2 8l (1),

where |ull; £ Zf_ol\ui| is the ¢; norm. Observe that
u is such that on every row in every direction we obtain
ot(f1) for some t. Thus, we obtain that u € P, (T'®%) and
H(u) = n“~1H(f1). Since we are taking the supremum over
all measures we have hing(T) < hing (T%7). [

We mention here that a careful look at the proof reveals
something slightly stronger. Since we may take y; to be in
any direction and not necessarily with the direction of the 0
axis, we obtain that for d one-dimensional closed and convex
SCSs, the independence entropy of the d-axial product satisfies

hmd(®d 11—') m%gll‘]lhmd( )

IV. DISCUSSION

We discuss some of the results obtained in this paper and
compare them with known results. Consider [y C P(XF), a
one dimensional SCS. There are two natural generalizations
of one-dimensional SCS to d-dimensional SCS which we
consider interesting. In the first generalization, we may define

2 {y € P(ZF?) : Vield], (5([)k]ef € 1"0},

namely, the d-axial product T = 1"89”1. On the other hand, we
may define the d-dimensional SCS in which the average of
the k-length marginals is in T'p, namely,

; e'ero}.

r’ﬁ{yePsz

Q..IH

Clearly,

cap(I') < cap(I”),

since I’ C IT".

We now focus on a simple example known as the (0, k, p)-
RLL SCS over the binary alphabet ¥ = {0,1}. The one-
dimensional (0,k, p)-RLL SCS, 0 < p < 1, is defined by

Lo 2 {peP(E)  p(1) <p},

where 151 denotes the all-ones string of length k + 1. This
example is a generalization of the well known inverted (0, k)-
RLL fully constrained systems. If we take p = 0 we obtain the
inverted (0,k)-RLL. Let I and I be the two d-dimensional
SCS described above, using the (0,k, p)-RLL SCS of I.

In [6], the authors found lower and upper bounds on the
capacity of I”, which we recall here:

Theorem 16. [6, Th. 16, Th. 20] Let I'" denote the d-
dimensional (0,k, p)-RLL SCS. Then,

dof + pd(k+1) — pdlog, ¢
3—21-k42-Kd—1)(k+1)%’
cap(I") > 1+4d (cap(Tp) — 1).

cap(I") < 1-
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Note that for high dimensions, the lower bound will be neg-
ative, and therefore, degenerate. Although the d-dimensional
(0,k, p)-RLL SCS T”, is different from the d-axial-product
SCS T, the capacity lower bound obtained on the latter also
lower bounds the capacity of the former.

Example 17. Let us take k = 2, and p = 0.05, meaning that
we restrict the frequency of the pattern 111 to be at most 0.05.
Fix d = 3, and consider the two 3-dimensional SCS discussed
above, T & 1"893, andT".

The lower bound on cap(I’) from [6] uses cap(Iy). The
latter can be calculated by solving an optimization problem
using a computer. We obtain that cap(Ty) ~ 0.976 which
means that

cap(I’) > 1+3-(0.976 — 1) ~ 0.928.
It is clear thatcap(I”) > cap(T"). Using Theorem 14 we obtain
cap(I") = cap() > hina(T5°) = hina(To) > hina (To)-

Since finding the supremum involved in the definition of
hina(To) is hard, we lower bound it by guessing a specific
measure. We take each coordinate to be i1.i.d. Bernoulli \3/0.05,
and we get

cap(I') = hing(Tg) > H(v/0.05) ~ 0.949,

which is a better lower bound than that of [6]. Note that the
upper bound gives cap(I") < 0.983.

We further mention that the lower bound of [6] gets in-
creasingly worse as the dimension grows. For example, when
d = 10 we obtain by Theorem 16 thatcap(I") > 0.76 whereas
using the independence entropy, the bound stays the same, i.e.,
cap(I'’) > 0.949. O
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