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Abstract—The generalized-covering radius was recently pro-
posed as a fundamental property of linear codes. We consider
a natural extension of this property to general (not necessarily
linear) codes, and provide an asymptotic solution to our problem
by finding the optimal rate function of second-order covering
codes given a fixed normalized covering radius. We also prove
that the fraction of second-order covering codes among codes of
sufficiently large rate tends to 1 as the code length tends to oc.

I. INTRODUCTION

The covering problem is a fundamental problem in metric
spaces: given a non-negative number r, find a set of points
in the space that is of minimal size, such that the balls of
radius r centered those points cover the entire space. Such
sets, often referred to as covering codes, have been thoroughly
studied due to their fascinating relations with various topics
in pure and applied mathematics, such as finite fields, discrete
geometry, linear algebra, communication and algorithms. We
refer to the excellent book [1] for further reading on covering
codes and their applications.

The generalized covering radius was recently introduced as
a fundamental property of linear codes, shown to characterize
a trade-off between access-complexity, storage and latency
in linear data-querying protocols (commonly used in PIR
schemes, as an example). In [3], the case of linear codes
was studied: some fundamental properties of the generalized
covering radii were examined, and asymptotic bounds on
the optimal rates of linear covering codes were derived. An
interesting relation between the generalized covering radius
and generalized Hamming weights of linear codes (see [9])
was also observed. In another paper [5], the generalized
covering radii of Reed-Muller codes were examined.

In this work, we focus on the generalized covering radii
of general codes, i.e., codes which are not necessarily linear.
The main result in the paper is the derivation of the exact
value of the minimal asymptotic rate of second-order covering
codes with a fixed normalized second covering radius over an
arbitrary finite alphabet. For a normalized radius p € [0, 1], de-
noting the second-order optimal rate function over an alphabet
of size g by k2(p, q), we prove in Theorem 6 that

1—Hgp(p) pel0,1-2%),
52(p7q) = !

0 pell— L1,
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where H2 () denotes the g*-ary entropy function. This result
is an improvement upon the best known upper bound on the
minimal asymptotic rate of linear binary second-order covering
codes, given in [3, Theorem 22]. Thus, while a gap still
remains for linear codes, our main result for general codes
completely finds k2(p,q), while also extending to general
finite alphabets.

Another important result in this paper is given in Theo-
rem 17, where we prove that second-order covering codes
are very common among codes of sufficiently large rate. For
pel0,1— q%) let a4 (n, p, M) denote the fraction of codes of
length n over an alphabet of size ¢ with normalized second
covering radius at most p in the set of (n, M), codes. In
Theorem 17 we prove that for any € > 0

Jim oy (n,p,qn(l_qu (p)+€)> =1

The paper is organized as following: In Section II we
provide the exact definitions and notation used throughout the
paper, and we survey the relevant known results. In Section III
we give the main results. We conclude in Section IV with
a short discussion and open problems. Due to the page
limitation, proofs are omitted and may be found in [4].

II. PRELIMINARIES

We consider codes over finite Abelian groups. We use G,
to denote an Abelian group of size ¢ € N and + for the group
operation. Naturally, G denotes the set of vectors of length
n with entries from G, and GZX" denotes the set of t x n
matrices with entries from G,. We also consider G and G*™
as Abelian groups with the entry-wise group operation. We
use lower-case letters, v, to denote scalars and group elements.
Overlined lower-case letters, 7, shall be used to denote vectors,
and bold lower-case letters, v, to denote matrices.

For a vector © = (vy,...,v,) € Gg, the support of
T is defined as supp(v) = {1 < i < n|v; # 0}, and
its Hamming weight is defined as wt(7) £ |supp(7)|. The
Hamming distance between two vectors v, € Gy is then
defined as d(v,7') £ wt(v' — ).

Aset C C Gy is called an (n, M), code if it has cardinality
M. The elements in a code C' shall also be called codewords.
For an (n, M), code, log, (M) is called the dimension of the
code. In the case where G, is as also a field, we say that
C is a linear code if it is a linear subspace of Gy over Gj.
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In that case, C' is said to be an [n, k], linear code, where
k = log,(M) is its dimension (which is also the dimension
of C' as a vector space).

For an (n, M), code C, the covering radius of C, denoted
R(C), is the distance of the farthest point in Gy to the code,
with respect to the Hamming distance. That is,

R(C) £ max mind(c, ).
veGy celC
Equivalently, the covering radius of the code is the minimum
radius at which balls centered at the codewords of C' cover
the entire space Gy . Here, a ball of radius r (not necessarily
an integer) centered at v € Gy, is defined as the set of vectors
in Gy, that are at distance no more than r from v, i.e.,

B.(v) £ {ueGy|d@m) <r}.

The normalized covering radius of C' is denoted by p(C), and
is defined to be
R(C)

n

p(C) £

The generalized covering radius was introduced in [3] as a
fundamental property of linear codes. While [3] only studied
linear codes, we extend our view to general codes, i.e., codes
which are not necessarily linear. We begin by recalling the
definition of the ¢-metric, also known as the block metric, on
the space of matrices GZX".

Definition 1 Ler v € ngn be a matrix with rows denoted by
V1,...,0s. The t-weight of v is defined by

wt® (v) £ U Supp v |.
1€[t]

The t-distance between two matrices v and u in GZX" is

defined to be
d®(v,u) £ wt®(u—v).

The t-Ball is defined in the usual manner, with respect to the
t-metric:

BOw) 2 {ue e

d®(v,u) < r}.

We remark that for ¢ = 1, we get the well known Hamming
metric. Thus, notationally, when ¢ = 1 we may omit the
superscript (). Next we define the ¢-th power of a code.

Definition 2 Ler C be an (n, M), code and t € N. We define
Ct C GZX” 10 be the set of t x n matrices over G, such that
their rows are codewords in C. That is,

C1

ct& e G |Vielt],g eC

Ct

We can now define the ¢-th-covering radius of a code.

Definition 3 Let C be an (n, M), code and t € N. The t-th-
covering radius of C' is defined to be the (regular) covering
radius of C* inside G*™ with respect to the t-metric. That is,
R,(C) 2 max mind®(c,u).
HGGZX" ceCt
Once again, we note that for ¢ = 1, the ¢-th-covering radius

of a code is the regular well known covering radius of the
code (with respect to the Hamming metric).

Remark 4 The definition of the t-th-covering radius depends
on the t-metric, which is defined using the group operation.
However, it is easy to check that the t-metric is invariant to a
change of the group operation. Thus, the t-th-covering radius
may be considered as a property of codes over arbitrary finite
alphabets (by considering a finite alphabet of size q as a
cyclic group of order q). Nevertheless, for convenience and
simplification of notation, we think of all codes as codes over
finite Abelian groups.

The fundamental problem in any coverings-type setting is
to find the minimal size of a set with a covering radius which
is at most r. Thus, we are interested in the minimal size (or
equivalently, dimension or rate) of a code C' C GZ such that
Rt (C) < r.

Definition 5 Let n,t,q € N, and 0 < r < n. The optimal
dimension function, denoted by ki(n,r,q), is the minimal
dimension of a code of length n over a group of size q with
t-th-covering radius at most r. Namely,

ki(n,r,q) = min{logq\C| ‘ C C Gy, Ri(C) < r}.
For p € [0,1], the asymptotic optimal rate is then defined as

k
ke(p,q) = liminf ku(n, pn. ) .
n— 00 n

We remark that the group G is omitted from the notation,
as by Remark 4, k; and x; only depend on the size q.

A restriction to linear codes of the above functions was
studied in [3]. Similarly to the general case, if G, = I, is the
finite field of size ¢, then k™ and s are defined to be

kP (n,7,) £ min{log, |C| | €< R(@<r,

C' is linear
and Lin
K (p, q) & liminf ———2 27 (n, pm, q)-

n—00 n

Obviously, for all n,t,r, p and prime power ¢ we have

ki(n,r,q) < kf™(n,r,q) and  ri(p,q) < K¢ (p, q)-

It is well known [2] that in the case of ¢t = 1,

Lin(p7q) _ {]‘ _HQ(p) pEe [011 - 6)7

’il(pv(I):K:l 0 pe[l—%,l], (1)

where [, is the g-ary entropy function defined by

H,y(2) £ 2log, (g — 1) — zlog,(x) — (1~ ) log,(1 — ),
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Fig. 1. A comparison of the bounds on x2(p, 2): (a) the ball-covering lower

bound of (2), (b) the upper bound of (4), and (c) the upper bound of (3).

and for continuity, H,(0) £ 0.

At this point, our knowledge of k;(p,q) becomes severely
limited, and we restrict ourselves to the first unresolved case,
i.e., t = 2. The lower bound from [3, Proposition 12] is:

1_Hq2(p)
ra(p,q) > {0 pell—

P€ [0,1—(%2),
101

q )

2

This bound is based on a simple ball-covering argument. We
also remark that while [3] only considered linear codes, the
proof for the bound does not use the linearity of the code in
any way, and thus the bound applies not only to x5"(p, q),
but also to x2(p, q). In the other direction, [3] only managed
to handle the further restricted case of ¢ = 2, and thus [3,
Proposition 14 and Theorem 22] proved two upper bounds
which give us:

ra(p:2) < KE™(p,2) <1 - Ha(£)), 3)
_ _ 3

Hg(p, 2) Lm(p72) < {é (4H4(p) f(p)) Zi E)))l: 4]{]):

@)

where, for all p € [0, 3) we define

o) = Halo() + 25(0) + 201 - s(o) 2 222108
L (1+8p m)‘

10
The bounds of [3] are depicted in Figure 1, and a gap between
the lower and upper bounds is evident. Our main theorem,
proved in the following section, closes the gap completely,
while extending the setting to a general alphabet of size g,
giving us the exact value of ka(p, q).

A key component in the proofs ahead is an estimate of the
size of balls. Let Vr(frz,q denote the size of a ¢-ball of radius r in
GfIX" with respect to d(*) Vr(il) — Bﬁt)(v) , which does not
depend on the center, v, as the metric is translation invariant.

s(p) £

By choosing v = 0, one can easily see that V,(,B counts the

number of ¢ X n matrices with at most » non-zero columns.
Thus, after conveniently denoting p = -,

Lpn ]
t) ¢ (1)
P 1 [T
i=0
By a standard use of Stirling’s approximation (e.g., see [6,
Chapter 3]) it is well known that for p € [0,1 — ]
t"(H t(p)—o(1)) 1 tnH ¢ (p)
<V <4 , 5)
and therefore
Lpn] n "
t t %
Vp(n)n,q Z (i>(q D =V
1=0
_ gt Hat () +o() ) ¢ 0,1— th)? ©
o pefi— k]

Using the same approximation, we also mention that for 0 <
m<n,n >0,

n
<m> (q _ 1)m _ qn(Hq(’m/n)-‘ro(l)). (7)

Finally, here in (6)-(7) and throughout the paper, we use o(1)
to denote a function of n whose limit is 0 as n — oo. Then,
given a continuous real function f(x), we shall often use the
fact that f(z + o(1)) = f(z) + o(1).

III. THE SECOND-ORDER OPTIMAL RATE

The purpose of this section is to prove the following main
theorem:

Theorem 6

ra(p, q) = {1 ~He o)
’ 0 pe [1—

el0.1- %),
1.1

Since the proof of Theorem 6 is long and involved, we
first describe the overall strategy in brief. We start by noting
that the lower bound of (2) matches the claim of Theorem 6.
Additionally, the upper bound of (4) matches the claim of
Theorem 6 in the range [1 — -5, 1]. Furthermore, the case of
p = 0 is trivial. Hence, it remains to prove an upper bound
matching Theorem 6 in the interval (0,1 — q%)

In order to show that ka(p,q) is upper bounded by some
number vy, we are required to find a sequence of codes with
lengths that tend to infinity, whose normalized second covering
radius is no more then p, and whose rate (asymptotically) does
not exceed 7.

In order to find such codes, we take a probabilistic approach.
We generate random codes using a carefully chosen distribu-
tion. Then, we prove that the event of obtaining a second-order
covering code with a normalized radius not bigger than p, is
non-zero for a large-enough length. We then make sure that
some of these codes have a sufficiently low rate. This will
imply that the desired codes exist and the upper bound holds.
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From now on, we fix some p € (0,1 — q%) Let {xw}veas
be a set of i.i.d Ber(p) random variables. We consider the
random code C' which consists of all the vectors v € Gy such
that xz = 1, i.e.,

Oé{@GG;ﬂX@:l}

Let u1,uz € Gy be two vectors, and assume v € GgX".
We say that the unordered pair {@;,us} covers v, denoted
{t1,u2} ® v, if v is contained in at least one of the two balls
of radius pn centered at [ ;] and [EQ ] That is,

{u1, U} D viff ve B(Q)([ ]) UB( )([ ]) and T # To.
Equivalently,
{ul,uQ}:)v1ff{[u2],[ul]}ﬂB (v) # 0 and w; # Us.

Then, for any matrix v € GﬁX" we define the random variable

Z X1 " Xua-

{w1,u2} DV

X, 2

We observe that if X, > 0 then v is 2-covered by at least one
matrix from C? with distinct rows.

Aiming for a lower bound on P[X, = 0], we use the Janson-
type concentration inequality given as follows:

Theorem 7 ([8, Theorem 11]) Ler {x;}icq be a finite set of
independent Boolean random variables, and let A C 29 be a
family of non-empty subsets. Let X be the random variable

defined by
XéZIAa IAéHXw
AcA icA

and for each A € A let us define

Xa2I4+4 Z Ip, and pa2P[I4=1].

A#BeA
ANB#0D

exp< Iy = 1}) ®)

One can easily see that for any v € Gixn, our probabilistic
model exactly fits the setting of Theorem 7 with X = X,
Q= G;L, and A = {{ﬂl,ﬂg} |ﬂ1 7é uo and {ﬂhﬂg} D] V}.

Given A = {uy,us}, with @y, U2 € G?, and given v =
[21] € G2%", we shall conveniently define

Then,

PIX =

Y paE

AcA |:

wa £ €))

d(i,
el 107

where the dependence on v is implicit in the notation w4.

Lemma 8 With the notation above, for any v = [% ]
and A = {uy,us2} € A, we have that

1 1-(1 1 1-(1
s (Bl |Ihi=1] < ——
2 pna+l) [XA 4 } p(na+1)

2Xn
€ Gy

_p)nA-i-l _p)TLA"Fl

where n 4 is an integer satisfying

ey

PN—WA,N—WA,q"

'wA_V(l) <n,4<4-q

q pR—wa,n—wa,q
By further analyzing the function % from
Lemma 8, we immediately arrive at the following corollary:

[%] =veGr"and A= {u,uz} €
un < pn we have that

1 1—(
—1>=.
=135

Corollary 9 For any
A, with wa =

where

) 2 1 p€[0,1—q(1-p)l,
P - (522) we (L= a1 = p), gl

We now turn towards an asymptotic analysis of P[X, =
0]. Our strategy is to show, using the Janson-type inequality
given in Theorem 7, that for an appropriate choice of p, this
probability decreases rapidly to O for all the matrices in ngn.
Let A = {@y,uz} be such that wa = m = pun < pn. As we
continue, we shall find the case of p = qf’lp of particular
interest. In the following lemma we show the existence of
a large subset A’ C A such that for all A € A’ we have

wa = n(u + o(1)).

n-(f(p)+o(1))
= p)

n(f()+o(1)) 7

Lemma 10 Let [gﬂ =veE Gf]X” be any matrix, p € (0,1 —

q%), and i = ﬁ p. Then there exists a subset A’ C A with

A > qn(Hq(uHqu(l*M)H (&= ”)+0(1))
such that for all A € A’ we have
un — 11 <wy < pn.

Another technical result we shall need is the following
entropy identity.

Lemma 11 For any p € (0,1 — q%) and p = qf’lp,

Ho(p) +p+ (1 —p)H, (';_Z) = 2Hg (p).

Lemma 12 For any integer ¢ > 2 and p € (0,1 — q%),

q
H(—2-p)-H 0.
q(qu) 2 (p) >

We now have all the technical lemmas needed to bound
P[X, =0].

Proposition 13 Let p € (0,1 — q%) and € € (O,Hq(%p) -
Hp2(p)) be fixed. Assume that p = g MHaz(P)=e) [%;] =
v E Gixn. Then,

PX, =0] < eXp(—q"(QE“’“))),

where the o(1) term does not depend on v.
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The last components for the proof of Theorem 6 are the
following concentration inequality for binomial random vari-
ables, and a proposition that shows that, with high probability,
the cardinality of the random code C' is close to its expected
value of ¢"(1~Haz(P)+e),

Lemma 14 ([7, Theorem 1]) Let X ~ Bin(n,p) be a bino-
mial random variable. Then for every real a > 0

a [ a
2np 3np/) )’

From Lemma 14 it follows that if X ~ Bin(n,p), and
~v > 0, then

PX > E[X] +qa] < exp(

1
PIX > E[X](1+7)] < exp(—272np(1 - ;)) (10)
Proposition 15 Under the assumptions of Proposition 13, for
all sufficiently large n,

B[{Ro(C) < pn} 0 {[0] < g rrest/m)]

>1— exp(_qn(25+o(1)))'
The proof of Theorem 6 now easily follows.

Proof of Theorem 6: As explained in the beginning
of Section III, the only remaining part we need to prove is
that ko (p, ) < 1 — Hgp(p) for all p € (0,1 — q%) Let

€(0,1— )) and e € (0 Hq(5p) — Hyz(p)) be fixed. By
Proposmon 15 for all sufficiently large n, the random code
C satisfies

P[{Ra(C) < pn} 0 {|C"] < g0 Haortes1/mA] 5 .

In particular, there exists at least one (deterministic) code C,
such that

Ro(Cp) < pn, and |C,| < ¢"~Haz(P)Het1/n),

This immediately implies that,

ka(n, pn, q) < (1~ Hap () Fe41/m) _ n(1=Ha (p)+e+o(1)

This proves that

r2(p,q) = lim inf ~ logq(kz(n o, q))

< hmlnf(l — Hgp(p) +e+40(1)) =1—Hg(p) +e.

n—oo

Taking ¢ — 0 we conclude the claim. [ |

While for the proof of the upper-bound part of Theorem 6 it
is only required to show the existence of second-order covering
codes, we observe that a stronger conclusion may follow,
namely, that with high probability, a random code generated
according to our distribution is a second-order covering code.
We use this fact in order to prove that the fraction of second-
order covering codes (among the set of codes of sufficiently
large size) tends to 1 as n — oo.

Foranlntegerq 2,pe(0,1— )HEN and 0 <

, let ag(n, p, M) denote the fraction of codes of length n

over G, with second covering radius at most pn in the set of
(n, M), codes. Namely,

Cq(n, p, M
aQ(nvva) é | q((qn) )|7
M
where
Cq(n, p, M) £ {C C G| R2(C) < pn,|C| = M}.

Lemma 16 Let p and n be fixed. For any 0 < M < ¢™ — 1,

a‘](nvpv M) < a‘](nvpaM + 1)

The following theorem asserts that the fraction of second-
order covering codes tends to 1 as the length tends to infinity
when we consider codes with rate larger then the optimal rate
presented in Theorem 6 by an arbitrarily small amount.

Theorem 17 For any p € (0,1— q%) and € > 0, let us denote

M(TL p.E )_ I_ n(1—H 2 ( p)+e+1/nj Then,
lim aq(n,p, M(n,p,e)) =1.
n— o0

IV. CONCLUSION AND FURTHER QUESTIONS

In this paper we studied the optimal rate of general second-
order covering codes over finite Abelian groups. Our main
result, the exact asymptotic minimal rate of second-order
covering codes, was proved using a probabilistic approach. In
summary, for the first-order covering radius we already know

o 1—Hqt(p)
’fl(paQ){O ,06[1—

14 € [071 - q71t>7
1]

In the second-order case, Theorem 6 reveals that

1=Hp(p) pel0,1- ),

fig(p7q)=/€1(P7q2): {O pe [1—q—2,1].

In theory, the proof strategy of Theorem 6 may be applied for
higher values of ¢. However in practice, the analysis performed
in our proof, which is already involved in the second-order
case, seems not to be scalable for higher orders. We therefore
leave the higher-order problem for future study:

Question 1 Prove that for any q,t > 2

1—Hy(p) pel0,1—5),
ki(p,q) = K1(p,q') = { ! =

Another interesting direction of research involves linear
codes. In the case where G, = IF, is a finite field, (1) raises
the suspicion that there is no different in asymptotic minimal
rate between general codes and linear codes. Thus, we suggest
the following open problem as well:

Question 2 Prove or disprove that for any q,t > 2

Lin

ke(p,q) = K" (P, q)- (11)

Except for the first-order case, it is unknown whether (11) is
true.
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