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Abstract—Let nq(M,d) be the minimum length of a q-ary
code of size M and minimum distance d. Bounding nq(M,d) is
a fundamental problem that lies at the heart of coding theory.
This work considers a generalization n‚

q(M,d) of nq(M,d)
corresponding to codes in which codewords have protected and
unprotected entries; where (analogs of) distance and of length are
measured with respect to protected entries only. Such codes, here
referred to as box codes, have seen prior studies in the context of
bipartite graph covering. Upper and lower bounds on n‚

q(M,d)
are presented.

I. INTRODUCTION

Let nq(M,d) be the minimum length of a q-ary code of size
M and minimum distance at least d. Bounding nq(M,d) is a
fundamental problem that lies at the heart of coding theory [8].
In this work, we consider a generalization of the functional
nq(M,d) corresponding to codes in which codewords have
protected and unprotected entries. We refer to such codes
as box codes. Specifically, for an alphabet Σq of size q, a
box code C‚ over Σq consists of M infinite-length codewords
with entries in Σq ∪ {‚}. Here, the symbol ‚ represents an
unprotected codeword entry – in the sense that it may be
received as any symbol from Σq , even without errors in the
channel; symbols in Σq represent protected entries. Thus,
the set of all words over Σq that may be received from a
given codeword, without any further errors introduced by the
channel, forms a box in Σ∞

q .
We follow with a formal introduction to the main con-

cepts that we study. A traditional code, C with parameters
(n,M, d)q , is a subset C ⊆ Σn

q , |C| = M , such that
d = minc,c′∈C,c ̸=c′ d(c, c

′), where d(c, c′) is the Hamming
distance between c and c′, that equals the number of positions
in which they disagree. If Σq = Fq , the finite field of size q,
and the code is a linear subspace of Fn

q , we say the code is
linear and has parameters [n, k, d]q , where k = logq M is the
dimension of C as a vector space.

To define box codes, our alphabet needs an extra unpro-
tected symbol, ‚, and we define Σ ≜ Σq ∪ {‚}. An infinite
sequence w = (w1, w2, . . . ) ∈ Σ∞ is called a word. The
length of w, denoted ∥w∥‚, is the number of protected entries
in w, namely,

∥w∥‚ ≜ |{i ⩾ 1 : wi ∈ Σq}|.

This work was supported in part by NSF grant CCF-2245204 and by the
European Research Council (ERC grant number 852953).

We note that ∥w∥‚ may be infinite in general.
The distance between any w,w′ ∈ Σ∞, is defined as

d‚(w,w′) ≜ |{i ⩾ 1 : wi, w
′
i ∈ Σq, wi ̸= w′

i}|.

Namely, the d‚-distance measures distance with respect to
(pairs of) protected entries only.

A box code C‚ is simply a finite subset C‚ ⊆ Σ∞, that
contains only words of finite length. The words of C‚ are
called codewords. We say C‚ has size M if |C‚| = M . The
length of C‚, denoted n, is defined as the average length of
its codewords,

n ≜
1

M

∑
c∈C‚

∥c∥‚. (1)

We also define the minimum distance of C‚, denoted d, as
the smallest d‚-distance between distinct codewords, i.e., d ≜
minc,c′∈C‚,c ̸=c′ d

‚(c, c′). We summarize all this information
by saying that C‚ is an (n,M, d)q box code. Finally, we use
n‚
q(M,d) to denote the minimum length for which there exists

a q-ary box code of size M and minimum distance at least d.
Notice that n‚

q(M,d) need not be an integer.
Some remarks are in place. First, notice that box codes

generalize the standard notion of codes. Indeed, assume C is an
(n,M, d)q code over Σq . Thus, all its codewords are vectors
of length n over the protected symbols Σq . By concatenating
‚∞ to each codeword in C we obtain C‚ that is an (n,M, d)q
box code. This implies that n‚

q(M,d) ⩽ nq(M,d).
Moreover, since we are mainly interested in n‚

q(M,d),
we may reorder the coordinates of a box code C‚ to get
an equivalent code. We therefore assume, without loss of
generality, that there exists an integer η such that all protected
entries of C‚ are in the first η coordinates, and η is the minimal
with this property. We call η the protected length of the box
code. Note that in an (n,M, d)q box code C‚, the codewords
have a protected length of at most Mn. This follows from the
fact that (1) implies that the total number of protected symbols
in the code is Mn. Thus, η ⩽ Mn. If the first η coordinates
of C‚ are all protected, the code is simply a traditional code
concatenated with ‚∞ as discussed above, in which case we
say C‚ is a degenerate box code.

From an operational perspective, box codes lend themselves
naturally to wireless communication settings, e.g., energy
harvesting [9], that, in each time step, the transmitter has
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the option to transmit a symbol in Σq (i.e., a protected
symbol) or to refrain from communicating (represented by the
‚ symbol). When transmitting a symbol in Σq , the receiver
will receive the transmitted symbol unless it is corrupted by
an error. Otherwise, when nothing is transmitted, the symbol
received may be arbitrary; this uncertainty at the decoder is
not counted in the error budget. Using this perspective, a box
code of distance d allows communication in the presence of
any e ⩽

⌊
d−1
2

⌋
errors. Communication is terminated after η

time steps.
In a traditional communication setting, it is natural to con-

sider the length of a codeword, i.e., the number of transmitted
symbols, as its cost in the process of communication. In the
wireless setting mentioned above, transmitting a symbol costs
energy, whereas refraining from transmitting a symbol does
not. With this perspective in mind, in the context of box
codes, for a codeword c ∈ C‚, the number of protected entries
∥c∥‚ corresponds to its communication cost, and the length of
the code C‚ corresponds to the average cost of transmitting
a codeword. Thus, in this context, the generalized nature of
box code may imply cost benefits over traditional codes. The
extent of such benefits is the major question in this work:

Question 1. Are there values of M , d, and q for which
n‚
q(M,d) < nq(M,d)? If so, what is the maximum obtainable

gap between nq(M,d) and n‚
q(M,d)?

In what follows, we outline the geometric interpretation of
box codes, discuss prior work related to box codes on the
notion of bipartite coverings of graphs, and briefly outline the
results presented in this work.

A. The geometric interpretation of box codes

Box codes have interesting geometric connections to con-
cepts studied in the context of traditional error-correcting
codes, despite the fact that d‚ neither induces a metric nor
a pseudometric. This is because distinct words may have a
distance of 0, and the triangle inequality does not hold.

Given a word w ∈ Ση , we say it is consistent with another
word v ∈ Ση

q (where all entries of v are protected), if vi = wi

whenever wi ̸= ‚ (i.e., v and w agree on all protected entries
and thus d‚(w, v) = 0). The set of all consistent words with
w is denoted

X(w) ≜
{
v ∈ Ση

q : d‚(w, v) = 0
}
.

We note that X(w) is a box of dimension η − ∥w∥‚ in Ση
q .

See Figure 1 for an example binary box code.
A fundamental object in coding theory is a ball. In the

metric space Ση
q with the Hamming distance d(·, ·), a ball

of radius r (and dimension η) centered at v ∈ Ση
q is defined

as

Br(v) ≜
{
v′ ∈ Ση

q : d(v, v′) ⩽ r
}
.

An (η,M, d) code is simply a packing of Ση
q by balls of radius

⌊d−1
2 ⌋ centered at the codewords.

011

11 

0 

Fig. 1. An example geometric representation of a (2, 3, 1)2 box code whose
protected symbols are confined to the first η = 3 locations. The code restricted
to Σ3 includes three codewords {011, 11‚, ‚0‚}. X(011) = {011} is
represented by a gray point, X(11‚) is represented by a gray line, and
X(‚0‚) is represented by a gray box of dimension 2.

Similarly, we can define for any word w ∈ Ση the protected
ball of radius r centered at w as

B‚
r (w) ≜

{
v′ ∈ Ση

q : d‚(w, v′) ⩽ r
}
.

This is the set of all words containing only protected symbols
that agree with the protected symbols of w, except in at most r
locations. Hence, an (n,M, d) box code, with all its protected
symbols confined to the first η locations, is a packing of Ση

q

by protected balls of radius ⌊d−1
2 ⌋ centered at the codewords.

It is not difficult to see that a protected ball centered at w
is the union of balls centered at words v consistent with w,

B‚
r (w) =

⋃
v∈X(w)

Br(v).

Thus, B‚
r (w) is the Cartesian product of a box of dimension

η − ∥w∥‚ and a ball of radius r and dimension ∥w∥‚.
The Cartesian product of balls and boxes has important

applications in coding theory. It was shown in [2] that these
shapes are the optimal anticodes in Hamming spaces, where
the exact values of their dimensions is determined by η, d, and
q. In particular, tiling the Hamming space with these shapes
forms a diameter-perfect code [1], which is a generalization
of perfect codes. Thus, it is interesting to study packings of
protected balls in the context of box codes. For box codes,
when such a packing is a tiling, we say that the box code
is perfect. To better understand the geometry of box codes,
we extend our study beyond Question 1 and discuss various
constructions of perfect box codes in Section III of this work.

B. Connection to bipartite graph covering and prior results

For positive integers M and d, a bipartite d-covering of the
complete graph KM on M vertices is a (potentially infinite)
collection H = {H1, H2, . . .} of (complete) bipartite graphs,
where graph Hi has vertex set V (Hi) ⊆ [M ] ≜ {1, . . . ,M},
such that each edge of KM appears in at least d of the bipartite
graphs in H. The capacity of a covering H is defined to be

cap
M,d

(H) ≜
∑
i

|V (Hi)|.
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The covering capacity is then defined as

cap(M,d) ≜ min
H

cap
M,d

(H),

and has seen prior studies in, e.g., [3], [5], [6]. We show below
that

cap(M,d)

M
≜ cap(M,d) = n‚

2(M,d). (2)

We start by presenting a bijection between (n,M, d)2 box
codes and bipartite d-coverings H of KM . Let C‚ be a
(n,M, d)2 box code. We first identify the M codewords of
C‚ with the M vertices of KM . We define a corresponding
family H = H(C‚). For every i, let Hi = (Ai, Bi) be the
complete bipartite graph defined by

Ai ≜ {c ∈ C‚ : ci = 0}, Bi ≜ {c ∈ C‚ : ci = 1}.

We then have that each edge {c, c′} ∈ KM appears in the
following number of bipartite graphs:

|{i : {c, c′} ∈ Hi}| = |{i : {ci, c′i} = {0, 1}}| = d‚(c, c′) ⩾ d,

where the last inequality is due to the minimum distance of
C‚. This implies that H is a d-covering KM . Moreover, it
holds for the length n of C‚ that

n =
1

M

∑
c∈C‚

∥c∥‚ =
capM,d(H)

M
.

It is not hard to verify that the mapping above is a bijection,
implying that (2) holds.1

Bipartite graph coverings (without explicit reference to
n‚
2(M,d)) have seen a number of prior studies that address

upper and lower bounds on cap(M,d). In particular, [5]
demonstrates that cap(M,d = 1) ⩾ log2 M , which implies

n‚
2(M, 1) ⩾ log2 M.

An analogous bound for traditional codes is trivial, as it
implies that the length of any code with distance d = 1 and
M codewords is at least log2 M . The best lower bound on
n‚
2(M,d) from [3, Theorem 1.1] is

n‚
2(M,d) ⩾ max

{
2d

(
1− 1

M

)
,

log2 M +

⌊
d− 1

2

⌋
log2

(
2 log2 M

d− 1

)}
. (3)

In [3, Theorem 1.2] it was also observed that cap(M,d) ⩽
n2(M,d) which implies, as stated previously, that any upper
bound on n2(M,d) is also one on n‚

2(M,d).
The aforementioned works also considered coverings of

general graphs. Here, one designs a set H = {H1, H2, . . .}
of complete bipartite graphs such that each edge of a general
graph G appears in at least d of the bipartite graphs in H.

1Formally, the bijection presented is between equivalent classes of box
codes C‚ and those of bipartite d-coverings H. Here, any two codes are
equivalent if the binary values in any coordinate are permuted; similarly the
complete hypergraph Hi(Ai, Bi) is equivalent to Hi(Bi, Ai).

Similarly, the generalized capacity of a covering H and the
covering capacity of G are defined as

cap
G,d

(H) ≜
∑
i

|V (Hi)| and cap(G, d) ≜ min
H

cap
G,d

(H).

It is not hard to verify that cap(G, d) ≜ cap(G,d)
|G| for a graph

of size M corresponds to the generalized notion of n‚
G,q(M,d)

(or nG,q(M,d)), in which one seeks the minimum-length box
code C‚ (or traditional code C) with M codewords, such that
for each edge {c, c′} ∈ G, the corresponding codewords satisfy
d‚(c, c′) ⩾ d (or d(c, c′) ⩾ d). Specifically, for G of size M ,

cap(G, d) = n‚
G,2(M,d) ⩽ nG,2(M,d).

In [3] it is shown that

cap(G, 1) ⩾
|G|∑
i=1

log2(|G|/αi), (4)

where αi is the maximum size of an independent set in G that
contains i.

C. Overview

In Section II, we address Question 1 and present a number
of box code constructions for which n‚

q(M,d) is strictly
smaller than nq(M,d) (for various values of q, M , and
d). In Section III, we extend the constructions of [1] and
present a number of perfect box-code constructions. Finally, in
Section IV, we present new bounds on n‚

G,q(M,d), extending
prior results of [3]. Due to page limitations, proofs are omitted,
and may be found in [7].

II. A GAP BETWEEN nq(M,d) AND n‚
q(M,d)

The goal of this section is to provide evidence for a gap, as
asked in Question 1. Specifically, we show a gap of 1− o(1)
between nq(M,d) and n‚

q(M,d) in some asymptotic regimes,
by designing box codes whose traditional counterparts must
be longer. Our strategy for the design of box codes is to start
with a traditional code with good parameters, remove some of
its codewords, and insert ‚’s in some positions.

The first construction relies on binary Hamming codes, and
the fact that they attain the ball-packing bound with equality.

Construction 1. Let C be the [2m − 1, 2m −m− 1, 3] linear
binary Hamming code, and denote

n ≜ 2m − 1, M ≜ |C| = 22
m−m−1 =

2n

n+ 1
. (5)

Construct the box code C‚ to contain all the codewords of C
that have even weight, as well as ⌈ 1

2nM⌉ arbitrary codewords
of the odd-weight n−1

2 = 2m−1 − 1. Then, replace the first
coordinate with ‚ in all the codewords of (even) weight w that
satisfy

∣∣w − n−1
2

∣∣ ⩾ 4. Finally, append ‚∞ to all codewords.

Authorized licensed use limited to: McMaster University. Downloaded on October 22,2025 at 18:31:50 UTC from IEEE Xplore.  Restrictions apply. 



Lemma 1. The box code C‚ from Construction 1 is well
defined, for all sufficiently large m, and has parameters
(n‚,M‚, d‚)2 with

n‚ ⩽ n− 1 +O(1/
√
logM‚),

M‚ =
1

2
M +

⌈
1

2n
M

⌉
,

d‚ ⩾ 3,

(6)

where n and M are given in (5).

Theorem 1. For all sufficiently large values of M‚ as in (6),
we have

n‚
2(M

‚, 3) ⩽ n2(M
‚, 3)− 1 +O(1/

√
logM‚).

A similar approach to that of Construction 1 may be applied
to Reed-Solomon (RS) codes. In this instance, we use the fact
that RS codes attain the Singleton bound with equality.

Construction 2. Let C1 be an [n, k, d]q RS code, where k ⩾ 2,
n = k+ d− 1, and q ⩾ n+1 is a prime power. Additionally,
let C2 ⊆ C1 be an [n, k − 1, d+ 1]q RS code.

Construct the box code C‚ in the following way. First let

C‚ = C2 ∪ {c∗},

where c∗ ∈ C1 \ C2 is arbitrary. Define

C′
2 ≜ {c ∈ C2 : d(c, c∗) = d}.

Then, set ‚ as the first coordinate of all the codewords of C‚

from C2 \ C′
2. Finally, append ‚∞ to all codewords.

Lemma 2. The box code C‚ from Construction 2 has param-
eters (n‚,M‚, d‚)q with

n‚ ⩽ k + d− 2 +
1 + (q − 1)

(
k+d−1

d

)
qk−1 + 1

,

M‚ = qk−1 + 1,

d‚ ⩾ d,

(7)

where k, d, and q, satisfy the requirements of Construction 2.

Theorem 2. Let k, d, and q, be as in Construction 2. Then

n‚
q(q

k−1 + 1, d)

⩽ nq(q
k−1 + 1, d)− 1 +

1 + (q − 1)
(
k+d−1

d

)
qk−1 + 1

.

We mention that in all asymptotic regimes pertinent to
Theorem 2, we have q → ∞, since q ⩾ d+ k. In some of the
regimes, the rightmost addend in the claim of Theorem 2 is
o(1). In particular, this occurs when:

• d is constant, and k, q → ∞.
• k ⩾ 3 is constant, d, q → ∞, and d = o(q

k−2
k−1 ).

• d, k, q → ∞ and d = Θ(k).
We finally note that a simple construction shows a gap

between n2(M,d) and n‚
2(M,d) for d = 1 as well. Consider

the trivial (n, 2n, 1)2 code C consisting of all codewords in
{0, 1}n. Define C‚ by first removing all even-weight code-
words in C, except for the all-zero codeword. Then, we change

the first coordinate of all codewords of weight at least 3 to ‚,
and finally we append ‚∞ to all codewords. The resulting box
code C‚ has parameters (n‚, 2n−1+1, 1)2 as follows. First, the
number of codewords equals 2n−1+1 by construction. As for
the minimum distance of C‚, this follows from the fact that any
two codewords of odd weight from C have Hamming distance
at least 2 and their corresponding codewords in C‚ thus have
d‚-distance at least 1. Moreover, all codewords originating
from odd-weight vectors have at least one surviving entry 1,
and so the all-zero codeword is at distance at least 1 from all
other codewords of C‚. Finally, by simple calculation,

n‚ = n− 1 +
n+ 1

2n−1 + 1
= n− 1 +O(n/2n).

Thus

n‚
2(2

n−1 + 1, 1)2 ⩽ n− 1 +O(n/2n)

⩽ n2(2
n−1 + 1, 1)2 − 1 +O(n/2n),

where, in the second inequality above, we use the fact that
n2(M, 1)2 = ⌈log2(M)⌉. Note that the construction of C‚

above is close to optimal as [5] shows that n‚
2(M, 1)2 ⩾

log2 M , which for M = 2n−1 + 1 gives n‚
2(M, 1) ⩾ n −

1 +O(1/2n).

III. PERFECT CODES

As already mentioned in the introduction, the error-balls of
box codes are, in fact, a Cartesian product of a ball and a
box, the dimensions of which are determined by the number
of ‚ elements in the codeword around which the ball is
centered. Unlike traditional coding, in which the Hamming
metric determines that all balls of a given radius have the same
size, here balls may differ in size due to differing numbers of
‚ elements in their centers. Even though we have this added
complication, some non-degenerate perfect codes may still be
constructed.

We first construct perfect box codes of minimum distance
1. To present our construction we need the following notation.
Let v ∈ Σn be some vector, and let w ∈ Σ∞ be an infinite
sequence. Then vw denotes the concatenation of v and w.
Naturally, if C‚ is a box code over Σ, then we define

vC‚ ≜ {vc : c ∈ C‚}.

Construction 3. Assume that for every letter a ∈ Σq , we fix
some perfect box code C‚

a ⊆ Σ∞ with parameters (na,Ma, 1)q
and protected length ηa. We construct the following box code,

C‚ =
⋃

a∈Σq

aC‚
a.

Theorem 3. The code C‚ from Construction 3 is a perfect
box code with parameters (n,M, 1)q and protected length η,
where

n =

∑
a∈Σq

naMa∑
a∈Σq

Ma
, M =

∑
a∈Σq

Ma, η = 1 + max
a∈Σq

ηa.

Example 1. Let Σq = {0, 1}. We now use Construction 3
iteratively, starting with C‚(0) = {‚∞}, and at iteration i =
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1, 2, . . . , we pick C‚
0 = C‚(i − 1) and C‚

1 = {‚∞}, to obtain
C‚(i). After n steps, it follows that

C‚(n) =



000 . . . 000,
000 . . . 001,
000 . . . 01‚,
000 . . . 1‚‚,

...
01‚ . . . ‚‚‚,
1‚‚ . . . ‚‚‚


‚∞

is a perfect (n2 + 1− 1
n , n+ 1, 1)2 box code.

The last example is clearly a non-degenerate box code, since
it is not merely a traditional code concatenated with ‚∞. It is
also interesting in that it provides a tiling of the space with
boxes of different dimensions.

Next, we present a construction for non-degenerate binary
perfect box codes with distance 3. This construction makes
use of binary nearly-perfect 1-covering codes [4].

Set Σ2 = F2 = {0, 1}. A (traditional) (n,M)2 code, C,
is said to have covering radius R if

⋃
c∈C BR(c) = Σn

2 . The
simple ball-covering bound states that

M

R∑
i=0

(
n

i

)
⩾ 2n,

and codes attaining it with equality are said to be perfect. This
bound was improved by Van Wee [10] to

M ·

 R∑
i=0

(
n

i

)
−

(
n
R

)⌈
n−R
R+1

⌉(⌈ n+ 1

R+ 1

⌉
+

n+ 1

R+ 1

) ⩾ 2n.

(8)
When R + 1|n + 1, (8) reduces to the ball-covering bound.
When R + 1 ∤ n + 1, a code attaining (8) with equality is
said to be a nearly perfect R-covering code. Specifically, for
R = 1 and even n, a nearly perfect 1-covering code (NP1CC)
satisfies

M =
2n

n
. (9)

In the terminology of [4], a binary NP1CC of type A,
C, has the following added property: its codewords may
be partitioned uniquely into disjoint pairs, {c, c′}, such that
d(c, c′) = 1. We call the set of these pairs the canonical
partition of C. We use such codes for our next construction.

A notation we need is the following: Assume we have two
binary vectors that differ only in the ith position,

c = (c1, . . . , ci−1, 0, ci+1, . . . , cn),

c′ = (c1, . . . , ci−1, 1, ci+1, . . . , cn).

We define the meshing of c and c′ as

c′ ⊡ c = c⊡ c′ ≜ (c1, . . . , ci−1, ‚, ci+1, . . . , cn).

Construction 4. Let C be an (n, 2n

n )2 binary NP1CC of type
A, n even, and let P be its canonical partition. We construct
the following box code

C‚ = {c⊡ c′ : {c, c′} ∈ P}‚∞.

Theorem 4. The code C‚ from Construction 4 is a binary
perfect (n− 1, 2n−1

n , 3)2 box code.

We remark that in Construction 4, if all the pairs in the
canonical partition of the NP1CC differ in the same coordinate,
the resulting box code C‚ will have all of the ‚ symbols in the
same coordinate, thereby rendering it degenerate. However, [4,
Section V] constructs balanced NP1CCs, in which the distri-
bution of the differing coordinate in the pairs of the canonical
partition is uniform over {1, . . . , n}. In particular, [4, Section
V] proves the existence of balanced binary NP1CCs of length
n = 2ℓ for all ℓ ⩾ 3, giving us the following corollary:

Corollary 1. There exist perfect binary non-degenerate (n−
1, 2n−1

n , 3)2 box codes for all n = 2ℓ, ℓ ⩾ 3.

Example 2. Take n = 2ℓ = 8, and use the balanced NP1CC
given in [4, Section V] together with Construction 4, to get
the following perfect (7, 16, 3)2 box code:

C‚ =



0001101‚, 1110010‚,
001101‚1, 110010‚0,
01101‚11, 10010‚00,
1101‚111, 0010‚000,
101‚1110, 010‚0001,
01‚11100, 10‚00011,
1‚111001, 0‚000110,
‚1110010, ‚0001101


‚∞.

IV. COVERING OF GENERAL GRAPHS

We now address lower bounds on n‚
G,2(M,d) = cap(G, d)

for general undirected graphs G. Theorem 5 below extends
bounds (3) and (4) to general graphs G with d ⩾ 2. Specifi-
cally, our results leverage the proof techniques of [3, Theorems
1.1 and 1.4] to extend the results of [3].

Theorem 5 (Lower bound on n‚
G,2(M,d)). For any graph G

with vertex set of size M and for any distance d, n‚
G,2(M,d)

is at least

max

{
2d

α(G)
− 2d

M
,

⌊
d− 1

2

⌋
+

1

M

M∑
u=1

log2

(
M

αu(G)

)
,

log2

(
M

α(G)

)
+

⌊
d− 1

2

⌋
log2

(
2 log2(M/α(G))

d− 1

)}
,

where α(G) denotes the independence number of G, and
αu(G) denotes the size of the largest independent set in G
that includes the vertex u.

We conclude this section with a simple upper bound on
n‚
G,q(M,d) that uses the notion of graph coloring.

Theorem 6 (Upper bound on n‚
G,q(M,d))). For any graph G

with vertex set of size M , any distance d, and any q,

n‚
G,q(M,d) ⩽ n‚

q(χ(G), d) ⩽ nq(χ(G), d),

where χ(G) is the chromatic number of G.
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