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Abstract—We study generalized fractional repetition codes that
have zero skip cost, and which are based on covering designs.
We show that a zero skip cost is always attainable, perhaps
at a price of an expansion factor compared with the optimal
size of fractional repetition codes based on Steiner systems. We
provide three constructions, as well as show non-constructively,
that no expansion is needed for all codes based on sufficiently
large covering systems.

I. INTRODUCTION

Distributed storage systems (DSS) underpin large-scale data
analytics, cloud services, and archival platforms. Because node
failures are routine, ensuring reliability while maintaining
fast and resource-efficient repair has become a central design
challenge. This has led to the development of coding schemes
tailored for distributed settings, among which fractional rep-
etition (FR) codes [2] have played a particularly influential
role. The FR code is embedded within the DRESS (Distributed
Replication based Exact Simple Storage) architecture [2]. In
this scheme, user information is first encoded using an outer
MDS code. The coded information is then coded using an in-
ner FR code, which distributes copies of the coded information
across several nodes. These form a class of exact minimum-
bandwidth regenerating (MBR) codes. FR codes offer low-
complexity uncoded repair of failed nodes, where a failed node
can be reconstructed purely through symbol transfer, without
any computation at helper nodes.

Since constructions for MDS codes with flexible param-
eters are known, considerable effort has been devoted to
the construction of FR codes. A common strategy for the
latter is to base the construction on combinatorial designs
(e.g., [7], [2], [14], [17], [6], [16]). Among these, using Steiner
systems is perhaps the most popular. However, since only
few constructions of Steiner systems are known, and their
parameters are quite restrictive, it was recently suggested
to consider other designs [18], [15] resulting in generalized
fractional-repetition (GFR) codes. These developments retain
the simplicity of uncoded repair while supporting a much
wider range of system parameters.

When a node fails (node erasure), a small number of helper
nodes are contacted. These nodes transfer copies of parts of the
erased data, thereby recovering all of the erased node. A key
practical aspects of repair performance in storage systems is
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the number of helper nodes. Practical systems typically enforce
limits on the number of helper nodes contacted during repair,
commonly referred to as locality.

At the same time, repair performance is further affected by
the mechanism through which helper nodes retrieve the re-
quired symbols from local storage. In many real deployments,
including HDD based storage, sequential reads are dramati-
cally faster than random reads, and even slight misalignment
in symbol positions can lead to significant seek overhead
during repair. Thus, the order in which symbols are stored
becomes crucial [11]. When the required symbols are scattered
across different positions, the helper experiences additional
disk seeks. This behavior, captured by the skip cost, directly
influences repair time, bandwidth consumption, and overall
system efficiency. To illustrate, consider the simple system
represented by the array

A =


1 2 1 2 1 1
2 3 3 4 3 2
3 4 4 5 5 4
5 6 5 6 6 6

 , (1)

where each column represents a node and each row represents
a coded symbol index within that node. Suppose the system
enforces a locality parameter ℓ = 2, meaning any failed node
must be repaired using at most two helper nodes. If Node
1:(1, 2, 3, 5) fails, one valid repair option is to contact helpers
Node 3 and Node 6 such that Node 3 contributes the symbols
{3, 5}, while Node 6 contributes {1, 2}. Because the two
requested symbols in Node 3’s storage vector are separated
by one irrelevant symbol that needs to be skipped, and two
requested symbols in Node 6’s storage vector are sequential,
this repair incurs a skip cost of 1. Alternatively, contacting
helpers Node 5 and Node 6 results in both helpers supplying
consecutive symbols {3, 5} and {1, 2} in their stored vector,
respectively. This option has a zero skip cost.

Several works study coding schemes for storage, that have
a small skip cost [1], [5], [13]. In particular, Chee et al. [1]
defined the skip cost of the FR code, with zero skip cost being
the most desirable. They went on to construct zero skip-cost
FR codes based on Steiner quadruple systems. Apart from this,
no other non-trivial FR codes with zero skip cost are known.

This motivated the study of zero skip cost FR and GFR
codes, in which each helper reads the required repair symbols
in strictly consecutive positions. Existing constructions, how-
ever, rely almost entirely on Steiner systems, and thus inherit

20
26

 IE
EE

 In
te

rn
at

io
na

l S
ym

po
si

um
 o

n 
In

fo
rm

at
io

n 
Th

eo
ry

 (I
SI

T)
 | 

97
9-

8-
33

15
-8

00
4-

9/
26

/$
31

.0
0 

©
20

26
 IE

EE
 | 

D
O

I: 
10

.1
10

9/
IS

IT
62

36
7.

20
26

.1
16

53
70

3

Authorized licensed use limited to: McMaster University. Downloaded on September 17,2026 at 15:02:05 UTC from IEEE Xplore.  Restrictions apply. 



their severe restrictions. When Steiner systems are unavailable,
which is the norm for most parameter choices, these designs
cannot be applied. To overcome this limitation, this paper
develops a general and flexible framework for constructing
zero skip-cost generalized fractional repetition codes based on
covering designs, which we call covering fractional repetition
(CFR) codes. Covering designs are known to exist for all
parameters while asymptotically approaching those of Steiner
systems, as shown by Rödl [9].

The main contributions of this paper are as follows: We
construct CFR codes with zero skip cost. The zero skip cost,
however, comes at a price of potentially having more nodes
than an FR code based on a Steiner system of the same
parameters (if it were to exist in those parameters at all). We
call the ratio of obtained nodes to the (mostly unattainable)
number of nodes in a Steiner system, the expansion factor. We
show a trivial construction with asymptotic expansion factor
2, and then a second construction with asymptotic expansion
factor 1. However, in finite cases, the expansion factor of the
second construction might be higher than that of the first. We
then provide a third more efficient construction for finite cases,
improving upon the first two in many cases. Finally, we show
using a probabilistic non-constructive argument, that for all
sufficiently-large covering designs, no expansion is required
whatsoever in order to attain zero skip cost.

The paper is organized as follows. In Section II we give the
notation and rigorous definitions used throughout the paper.
Our constructions of CFR codes are described in Section III.
Due to space limitations, some material has been omitted. The
complete version may be found in [12].

II. PRELIMINARIES

For integers i < j, we define [i, j] ≜ {i, i+ 1, . . . , j}, and
for v ∈ N, we define [v] ≜ [1, v]. Given a set S, we denote
by

(
S
k

)
the set of all k-subsets of S, namely,

(
S
k

)
≜ {S′ ⊆

S : |S′| = k}. For any two positive integers, a and b, we let
amod b denote the unique integer r ∈ [b] such that r ≡ a
(mod b). Thus, a = (⌈a/b⌉ − 1)b+ (amod b). We shall also
use the notation {{}} to denote multisets, i.e., sets with possibly
repeated elements.

Throughout this paper we work over the alphabet [v], and
we consider the distributed storage system based on a k ×N
array A ∈ [v]k×N with form A = (a(1), . . . ,a(N)), where
a(i) ∈ [v]k is column vector of length k. In this framework,
each column of A represents a node. There are v symbols
spread among the N nodes such that the i-th node stores k
symbols in an ordered sequence a(i).

When some node j fails, the system repairs it by transferring
symbols from other nodes. We consider repair by transfer, also
called uncoded repair [8]. The repair process calls upon a set
of nodes, called helper nodes, H(j) ⊆ [N ]\{j}, which depends
on j. Each node h ∈ H(j) transmits a subset of its entries,
R(h), back to node j such that the original entries of j are all
received, namely,

⋃
h∈H(j) R(h) is exactly the set of entries in

a(j). Since we would like to minimize the bandwidth required

TABLE I
REPAIRING A FROM (1) WITH ZERO SKIP COST

Column Repair Process Skip Cost

1 {1, 2} from a(6), {3, 5} from a(5) 0

2 {2, 3} from a(1), {4, 6} from a(6) 0

3 {1, 3} from a(5), {4, 5} from a(4) 0

4 {2, 4} from a(6), {5, 6} from a(5) 0

5 {1, 3} from a(3), {5, 6} from a(4) 0

6 {1, 2} from a(1), {4, 6} from a(2) 0

for repairing, we further assume no element is transmitted
twice, which means that R(h)∩R(h′) = ∅, for all h, h′ ∈ H(j),
h ̸= h′. Another standard assumption we make is that the
repair process has locality ℓ, which means no more than ℓ
helper nodes participate in the repair, i.e., |H(j)| ⩽ ℓ.

At this point we would like to consider the skip cost of the
repair process. The concept was first introduced by [1] as a
measure of the repair-process performance.

Definition 1. Assume the distributed-storage code A, as
defined above, with locality ℓ. Further assume that during a
repair process, node h ∈ [N ] transmits a subset of its con-
tents, R(h), where a(h) = (a

(h)
1 , a

(h)
2 , . . . , a

(h)
k ), and R(h) =

{a(h)i1
, a

(h)
i2

, . . . , a
(h)
it

}, for some 1 ⩽ i1 < . . . < it ⩽ k. the
skip cost for node h is defined in this case as

cost(R(h) | a(h)) ≜
t−1∑
j=1

(ij+1 − ij − 1) = it − i1 − (t− 1).

We naturally extend this to the skip cost of repairing node j,

cost(a(j)) ≜ min
H(j)

∑
h∈H(j)

cost(R(h) | a(h)),

where the minimization is over all ways of finding a set of
helper nodes H(j), |H(j)| ⩽ ℓ, and assigning each h ∈ H(j)

a transmission R(h). The skip cost of the entire array is

cost(A) ≜ max
j∈[N ]

cost(a(j)).

Example 1. Consider A from (1). Then cost(A) = 0 as
Table I shows.

To better understand the considerations in constructing A,
we recall the framework of fractional repetition codes. El
Rouayheb and Ramchandran [2] introduced the concept of a
DRESS (Distributed Replication-based Exact Simple Storage)
code, which consists of the concatenation of an outer MDS
code and an inner fractional repetition (FR) code. In their
setting, assume that k,N, v, ρ are positive integers satisfying
kN = vρ. An (N, k, ρ)-FR code is a collection of N k-subsets
of [v], B1, B2, . . . , BN ∈

(
[v]
k

)
, such that each symbol of [v]

appears in exactly ρ subsets. For convenience, a k×N matrix
A is defined, whose i-th column, a(i), contains the elements
of Bi in some arbitrary order.

Several studies have suggested ways of constructing the
blocks B1, . . . , Bn which define the FR code. Most of these
revolve around the use block designs, as these naturally contain
points and blocks as part of their definition. In some cases the
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blocks of the system are used as is, while in some the transpose
design is used, where the role of points and blocks is reversed.
As examples we mention the use of Steiner systems in [7],
[2], [14], [1], t-(v, k, λ) designs in [17], and affine resolvable
designs [6], [7], [16].

The popularity of Steiner systems is shadowed by their rel-
ative rarity. The strict divisibility conditions required prohibit
many parameters, and the few constructions known provide
only Steiner systems with small parameters. However, in [18],
[15], more flexible codes were suggested, called generalized
fractional repetition (GFR) codes, paving the way to using
other designs, such as covering designs, which are the focus of
this paper. To describe these codes, we first recall the definition
of covering designs.

Definition 2. Let t ⩽ k ⩽ v be positive integers. A (t, k, v)
covering design is the pair (X,B), where X = [v] (the points)
and a multiset B = {{B1, . . . , BN}} ⊆

(
X
k

)
(the blocks), such

that any t-subset of points T ∈
(
X
t

)
is contained in at least

one block.

This definition generalizes the notion of (t, k, v) Steiner
systems, which require that any t-subset is contained in exactly
one block. Assume (X,B) is a (t, k, v) covering design. Let

rs ≜

(
v−s
t−s

)(
k−s
t−s

) , (2)

for all s ∈ [t]. If we are given an s-subset, S ∈
(
X
s

)
,

we use rS to denote the number of blocks containing S.
By standard counting techniques (e.g., see [10]), we have
rS ⩾

(
v−s
t−s

)
/
(
k−s
t−s

)
= rs. For (t, k, v) Steiner systems, this

holds with equality. Since k ⩽ v, we have r1 ⩾ r2 ⩾ · · · ⩾
rt−1 ⩾ rt. Additionally, the number of blocks satisfies,

|B| ⩾
(
v

t

)
/

(
k

t

)
, (3)

and once again, this is attained with equality for Steiner
systems. Now, define GFR codes based on covering designs:

Definition 3. Let (X,B) be a (t, k, v) covering design with
blocks B = {{B1, . . . , Bn}}. A covering fractional repetition
(CFR) code with parameters (N = |B|, k, ρ)v is a k × N
array A ∈ [v]k×N , whose columns are the blocks of B in
some order. Each symbol of [v] appears in at least ρ columns.

Thus, a CFR code is just the blocks of a covering design
written as columns of an array. The order of the columns does
not matter. Within each column we may choose to order the
block elements in any way we want, however, this crucially
determines the skip cost of the code.

The main relaxation of CFR codes, compared with FR
codes, is that not every symbol of [v] appears the same number
of times in the array A. We can always safely assume ρ
from Definition 3 is at least r1 from (2). If we denote by
ρa the number of time a ∈ [v] appears in A, then we have
kN =

∑
a∈[v] ρa, which reduces kN = vρ when all the ρa are

equal. Thus, each node contains exactly k symbols, and each

symbol a ∈ [v] appears in ρa nodes. We comment that [18],
[15] study the transpose design, resulting in each symbol in [v]
appearing the same number of times, but nodes may contain
a different number of symbols.

Finally, we recall Rödl’s proof of the existence of good
covering designs [9]:

Lemma 1 ([9]). For all positive integers t ⩽ k ⩽ v, there exist
(t, k, v) covering designs (X,B), with size |B| =

(
v
t

)
/
(
k
t

)
(1+

o(1)), when t and k are constants, and v → ∞.

Lemma 1 shows that it is possible to build covering designs
whose number of blocks approaches that of Steiner systems,
even in parameters where no Steiner systems exist.

III. CONSTRUCTIONS OF ZERO SKIP-COST CFR CODES

The goal of this section is to construct CFR codes with
zero skip cost. As we show shortly, this is always possible
in a trivial way – simply repeat columns in the CFR code.
However, we would also like to minimize the number of
columns in the CFR code, a notion we shall also formalize
as the expansion factor. Another simple construction we
present gives an asymptotic optimal expansion factor, but
poor expansion factor for many practical parameters. We
then present a more elaborate construction which significantly
reduces the expansion factor. We conclude by showing, using
the probabilistic method, that in fact almost all orderings of
covering designs have zero skip cost, and no expansion is
needed. This, unfortunately, is not a constructive proof.

We first ask ourselves what is the locality restriction. Par-
ticularly, since lower locality is better, we shall determine the
minimum locality we can guarantee given just the parameters
of the covering design used to construct the CFR code. To that
end we first define a set of desired design parameters.

Definition 4. Let (X,B) be a (t, k, v) covering design. We
say it is properly local if

rt−1 =

⌈
v − t+ 1

k − t+ 1

⌉
⩾

⌈
k

t− 1

⌉
+ 1. (4)

Lemma 2. Let A ∈ [v]k×N be a CFR code based on
a properly local (t, k, v) covering design (X,B). Then the
minimum locality of A satisfies ℓmin ⩽ ⌈k/(t− 1)⌉.

Following Lemma 2, we shall consider only properly local
covering designs, and analyze the skip cost of CFR codes
based on them using locality ℓ = ⌈k/(t − 1)⌉. We comment
that restricting ourselves to properly local covering designs is
a very mild restriction, since all (v, t, k) covering designs with
v ⩾ k2

t−1 are properly local, and increasing v for any constant
t and k is possible by Lemma 1.

The first construction we describe is completely trivial, serv-
ing only the purpose of providing a baseline, and motivating
the definition of the expansion factor. To describe it, we define
the following notation: for any multiset, S, and any integer
n ∈ N, we denote by n ·S the multiset that contains n copies
of each of the elements of S.
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Construction 1. Let (X,B) be a properly local (t, k, v) cov-
ering design. We construct the CFR code, A, whose columns
are the blocks of (X, 2 · B), in some arbitrary order.

Theorem 3. Let A be the CFR code from Construction 1. Then
it is a (2|B|, k, r1)v-CFR code with locality 1 and cost(A) =
0, where r1 is given in (2).

Construction 1 is indeed trivial. It also seems quite wasteful,
since we simply have repeated nodes. One might therefore ask,
given k, ρ, and v (or alternatively, given t, k, and v), what
is the smallest N for which an (N, k, ρ)v-CFR code exists.
We observe that (3) gives a lower bound, which inspires the
following definition:

Definition 5. Let A be an (N, k, ρ)v-CFR code from a (t, k, v)
covering design. The expansion factor of A is defined as

ξ(A) ≜
N(

v
t

)
/
(
k
t

) .
We have ξ(A) ⩾ 1 for all CFR codes, and we would

obviously like to have ξ(A) as low as possible.

Corollary 4. For any fixed 1 ⩽ t ⩽ k, there exists an infinite
sequence of integers, k ⩽ v1 < v2 < · · · , such that there
are CFR codes, Ai, with parameters (Ni, k,

(
vi−1
t−1

)
/
(
k−1
t−1

)
)vi ,

locality ℓ = 1, with cost(Ai) = 0 and limi→∞ ξ(Ai) = 2.

Having constructed zero skip-cost CFR codes with asymp-
totic expansion factor of 2, we turn to show a construction
with an asymptotic expansion factor of 1.

Construction 2. Let (X,B) be a properly local (t, k, v)
covering design, 2 ⩽ t ⩽ k, and let (X,B′) be a (t− 1, k, v)
covering design. Define r ≜ k mod (t− 1).

If r = t−1 or r = 1, we construct the CFR code, A, whose
columns are the blocks of (X,B ∪

(
k

t−1

)
· B′) arranged as:

• Blocks from B appear in some arbitrary order.
• Each block of B′ is written in

(
k

t−1

)
columns, where each

possible (t− 1)-subset of the block appears contiguously
as the first t− 1 elements in one of the

(
k

t−1

)
copies.

If 2 ⩽ r ⩽ t − 2, we construct the CFR code, A, whose
columns are the blocks of (X,B∪

(
k

t−1

)
·B′∪

(
k
r

)
·B′) arranged

in the following order:
• Blocks from B appear in some arbitrary order.
• Each block of B′ is written in

(
k

t−1

)
columns, where each

possible (t− 1)-subset of the block appears contiguously
as the first t− 1 elements in one of the

(
k

t−1

)
copies.

• Each block of B′ is written in
(
k
r

)
columns, where each

possible r-subset of the block appears contiguously as
the first r elements in one of the

(
k
r

)
copies.

Theorem 5. Let A be the CFR code of Construction 2. Define

N ≜

{
|B|+

(
k

t−1

)
|B′| r = 1, t− 1,

|B|+
((

k
t−1

)
+
(
k
r

))
|B′| 2 ⩽ r ⩽ t− 2.

Then A is a (N, k, r1)v-CFR code with locality ℓ = ⌈k/(t−1)⌉
and cost(A) = 0, where r1 is given in (2).

Corollary 6. For fixed 2 ⩽ t ⩽ k, there is an infinite sequence
of integers, k ⩽ v1 < v2 < · · · , such that there are CFR
codes, Ai, with parameters (Ni, k,

(
vi−1
t−1

)
/
(
k−1
t−1

)
)vi , locality

ℓ = ⌈k/(t− 1)⌉, cost(Ai) = 0, and limi→∞ ξ(Ai) = 1.

While Construction 2 attains an expansion factor of 1,
it does so only asymptotically. Thus, for many practical
values its performance is inferior to the trivial Construction 1.
Motivated by this, we provide a more elaborate construction
of CFR codes. It is based on a method for constructing
covering designs from other covering designs that is inspired
by the doubling construction of Steiner quadruple systems
of Hanani [4] used in [1] to get a zero skip-cost FR code.
While the construction almost never results in an optimal
asymptotic expansion factor, it out-performs Construction 1
and Construction 2 for many practical values.

Before proceeding, we introduce the following notation. For
any vector x = (x1, . . . , xk) ∈ [v]k and any a ∈ [v], we denote

|x|a ≜ |{i ∈ [k] : xi = a}|

the number of coordinates of x containing a.

Construction 3. Let (X,B) be a properly local (t, k, v)
covering design, X = [v], B ⊆

(
X
k

)
. Define

q ≜

⌈
k

t− 1

⌉
r ≜ k mod (t− 1). (5)

We construct a design (X∗,B∗), with X∗ = [v∗], B∗ ⊆
(
X∗

k

)
,

where v∗ = qv, in the following way.
We first define three index sets:

I1 ≜ {i ∈ [q]k : {{|i|1, . . . , |i|q}} = {{r, t− 1}}},
I2 ≜ {i ∈ [q]k : {{|i|1, . . . , |i|q}} = {{0, t− 1 + r, t− 1}}},
I3 ≜ {i ∈ [q]k : r + 1 ⩽ m ⩽ ⌊t/q⌋,

{{|i|1, . . . , |i|q}} = {{m, t− 1 + r −m, t− 1}}},

where an overline means repeating the value underneath it.
Given an integer x ∈ X = [v], and an integer i ∈ [q], we
define ⟨x, i⟩ ≜ x + (i − 1)v ∈ X∗ = [v∗]. Similarly, for
U ⊆ X = [v], we define the translation of U by (i − 1)v as
⟨U, i⟩ ≜ {⟨u, i⟩ : u ∈ U} ⊆ X∗ = [v∗]. We then define:

B1 ≜ {∪q−1
j=1⟨U, ij⟩ ∪ ⟨V, iq⟩ : U ∈

(
X
t−1

)
, V ∈

(
U
r

)
,

{i1, . . . , iq} = [q]},
B2 ≜ {∪q−2

j=1⟨U, ij⟩ ∪ ⟨V, iq−1⟩ ∪ ⟨W, iq⟩ :
U ∈

(
X
t−1

)
, V ∈

(
U
m

)
,

W ∈
(

U
t−1+r−m

)
, {i1, . . . , iq} = [q], r + 1 ⩽ m ⩽ ⌊t/q⌋},

B3 ≜ {{x1, . . . , xk} ∈
(
X∗

k

)
:

(⌈x1/v⌉, . . . , ⌈xk/v⌉) ∈ I1 ∪ I2,{
x1 mod v, . . . , xk mod v

}
∈ B}

B4 ≜ {{x1, . . . , xk} ∈
(
X∗

k

)
: (⌈x1/v⌉, . . . , ⌈xk/v⌉) ∈ I3,{

x1 mod v, . . . , xk mod v
}
∈ B}
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The entire block set, B∗ is then defined by

B∗ =

{
B1 ∪ B3, ⌊t/q⌋ ⩽ r ⩽ t− 1,

B1 ∪ B2 ∪ B3 ∪ B4, 1 ⩽ r ⩽ ⌊t/q⌋ − 1.

Finally, we construct the CFR code, A, by writing the blocks
of B∗ in columns, where the numbers in each column appear
in ascending order.

Theorem 7. Assume the setting of Construction 3. Then
(X∗,B∗) is a (t, k, qv) covering design. Additionally,

|B∗| =


c1(t, k)|B|+O(vt−1), r = t− 1,

c2(t, k)|B|+O(vt−1),
⌊
t
q

⌋
⩽ r ⩽ t− 2,

c3(t, k)|B|+O(vt−1), 1 ⩽ r ⩽
⌊
t
q

⌋
− 1,

(6)

where

c1(t, k) =
k!

(t− 1)!q
+ q(q − 1)

k!

(2t− 2)!(t− 1)!q−2
,

c2(t, k) = q
k!

r!(t− 1)!q−1
+ q(q − 1)

k!

(t− 1 + r)!(t− 1)!q−2
,

c3(t, k) = c2(t, k)

+ q(q − 1)

⌊ t
q ⌋∑

m=r+1

k!

m!(t− 1 + r −m)!(t− 1)!q−2
.

(7)

Proof sketch: The proof proceeds by induction. By
slowly going over all possible cases we show every t-subset
of points is contained in at least one block of B∗.

Theorem 8. Let A be the CFR code from Construction 3.
Then it is a (|B∗|, k,

(
qv−1
t−1

)
/
(
k−1
t−1

)
)qv-CFR code with locality

ℓ = ⌈k/(t − 1)⌉ and cost(A) = 0, where |B∗| is given in
Theorem 7.

Corollary 9. For any fixed 2 ⩽ t ⩽ k, there exists an infinite
sequence of integers, k ⩽ v1 < v2 < · · · , such that there are
CFR codes, Ai, with parameters (Ni, k,

(
qvi−1
t−1

)
/
(
k−1
t−1

)
)qvi ,

locality ℓ = ⌈k/(t− 1)⌉, with cost(Ai) = 0 and

lim
i→∞

ξ(Ai) =
1

qt
·


c1(t, k), r = t− 1,

c2(t, k),
⌊
t
q

⌋
⩽ r ⩽ t− 2,

c3(t, k), 1 ⩽ r ⩽
⌊
t
q

⌋
− 1,

where q and r are defined in (5), and c1(t, k), c2(t, k) and
c3(t, k) are defined in (7).

Proof: By Lemma 1, there exists a sequence of (t, k, vi)
covering designs, (Xi,Bi), with

|B| =
(
vi
t

)(
k
t

) (1 + o(1)).

We apply Construction 3, which by Theorem 8 gives us
a sequence of (|B∗

i |, k,
(
qvi−1
t−1

)
/
(
k−1
t−1

)
)-CFR codes, Ai, and

where |B∗| is given by (6) and (7). We therefore have

lim
i→∞

ξ(Ai) = lim
i→∞

|B∗
i |(

qvi
t

)
/
(
k
t

) = lim
i→∞

|Bi|(
qvi
t

)
/
(
k
t

) · |B
∗
i |

|Bi|
,

TABLE II
THE ASYMPTOTIC EXPANSION FACTOR OF CFR CODES RESULTING FROM
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(t, k) (3, 4) (4, 5) (4, 6) (5, 6) (5, 7) (5, 8)

ξ 1 11
8

11
8

1 9
4

9
4

TABLE III
THE EXPANSION FACTOR OF CFR CODES FROM (5, 6, v) COVERING

DESIGNS USING CONSTRUCTIONS 1, 2, AND 3

v 12 14 16 18 20 22 24 26
Con. 1 2.00 2.22 2.22 2.14 2.17 2.12 2.00 2.11
Con. 2 10.32 8.30 7.37 6.03 5.52 5.03 4.32 4.21
Con. 3 1.61 1.83 1.68 1.73 1.59 1.63 1.43 1.50

which proves our claim since the first fraction tends to 1
qt ,

and by (6) and (7), the second tends to cj(t, k), j ∈ {1, 2, 3},
where j is determined by the parameters ranges.

Some examples of the asymptotic expansion factor result-
ing from Construction 3 are provided in Table II. We note
that generally, the asymptotic expansion factor guaranteed by
Construction 3 is worse (i.e., higher) than that of Construc-
tion 2. However, in the non-asymptotic regime, Construction 3
may significantly outperform Construction 2. As example, we
consider CFR codes from (5, 6, v) covering designs for even
values of 12 ⩽ v ⩽ 26. For the constructions we use the
smallest known covering designs parameters given in [3]. The
resulting expansion factors from Constructions 1, 2, and 3, are
summarized in Table III.

We conclude this section by showing that, for all sufficiently
large v, any (t, k, v) covering design may be directly placed as
the columns of a CFR code with zero skip cost. This will create
a CFR code with the optimal expansion factor. However, the
claim is proved using the probabilistic method, and is therefore
non-constructive.

Theorem 10. Fix integers 2 ⩽ t ⩽ k. Then for all sufficiently
large v, any (t, k, v) covering design, (X,B), can create a
CFR code A, whose columns are the blocks of B, with locality
ℓ = ⌈k/(t− 1)⌉, such that cost(A) = 0.

Proof sketch: We use the probabilistic method. We
first place the covering design in an array. We then permute
each column independently and uniformly. We bound the
probability that a column does not have zero skip cost. Using
the union bound we can show that with a positive probability,
there exist good permutations for the columns resulting in zero
skip cost.
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