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Abstract— When transmitting information over a noisy
channel, two approaches, dating back to Shannon’s work, are
common: assuming the channel errors are independent of
the transmitted content and devising an error-correcting code
or assuming the errors are data dependent and devising a
constrained-coding scheme that eliminates all offending data
patterns. In this paper, we analyze a middle road, which we
call a semiconstrained system. In such a system, which is an
extension of the channel with the cost constraints model, we do
not eliminate the error-causing sequences entirely, but rather
restrict the frequency in which they appear. We address several
key issues in this paper. The first is proving closed-form bounds
on the capacity, which allow us to bound the asymptotics of the
capacity. In particular, we bound the rate at which the capacity
of the semiconstrained (0, k)-RLL tends to 1 as k grows. The
second key issue is devising efficient encoding and decoding pro-
cedures that asymptotically achieve capacity with vanishing error.
Finally, we consider delicate issues involving the continuity of the
capacity and a relaxation of the definition of semiconstrained
systems.

Index Terms— Constrained coding, capacity, large deviations,
encoder construction.

I. INTRODUCTION

NE OF the most fundamental problems in coding and

information theory is that of transmitting a message over
a noisy channel and attempting to recover it at the receiving
end. This is either when the transmission is over a distance
(a communications system), or over time (a storage system).
Two common approaches to deal with this problem were
already described in Shannon’s work [31]. The first approach
uses an error-correcting code to combat the errors introduced
by the channel. The theory of error-correcting codes has
been studied extensively, and a myriad of code constructions
are known for a wide variety of channels (for example,
see [19], [21], [25], [26], and the many references therein).
The second approach asserts that the channel introduces errors
in the data stream only in response to certain patterns, such as
offending substrings. It follows that removing the offending
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substrings from the stream entirely will render the channel
noiseless. Schemes of this sort have been called constrained
systems or constrained codes, and they have also been exten-
sively studied and used (for example, see [8], [20], and the
references therein).

Both approaches are not free of cost. Error-correcting codes
incur a rate penalty, depending on the specific code used,
and bounded by the channel error model that is assumed.
Constrained codes also impose a rate penalty that is bounded
by the capacity of the constrained system.

The two approaches, one based on error-correcting codes
and one based on constrained codes, may be viewed as
two extremes: while the first assumes the errors are data
independent, the second assumes the errors are entirely data
dependent. Since in the real world the situation may not be
either of the extremes, existing solutions may over-pay in
rate.

The goal of this paper is to define and study semiconstrained
systems and their properties, as well as suggest encoding and
decoding procedures.

Arguably, the most famous constrained system is the
(d, k)-RLL system, which contains only binary strings with at
least d 0’s between adjacent 1’s, and no k + 1 consecutive 0’s
(see [8] for uses of this system). In particular, (0, k)-RLL is
defined by the removal of a single offending substring, namely,
it contains only binary strings with no occurrence of k + 1
consecutive zeros, denoted 011, Informally, a semiconstrained
(0, k)-RLL system has an additional parameter, p € [0, 1],
a real number. A binary string is in the system if the frequency
that the offending pattern 0! occurs does not exceed p.
When p = 1 this degenerates into a totally unconstrained
system that contains all binary strings, whereas when p = 0
this is nothing but the usual constrained system, which we call
a fully-constrained system for emphasis.

The capacity of the semiconstrained (0, k)-RLL system is
known using the methods of [23]. The expression involves an
optimization problem that does not lend itself to finding other
properties of the system, such as the rate at which the capacity
converges to 1 as k grows. This rate of convergence is known
when the system is fully constrained [28]. Additionally, the
capacity is known only in the one-dimensional case, whereas
the general bounds may be extended to the multi-dimensional
case as well.

The first main contribution of this paper is establishing
analytic lower and upper bounds on the capacity of semicon-
strained (0, k)-RLL. These bounds are then used to derive the
rate at which the capacity of these systems converges to 1 as
k grows, up to a small constant multiplicative factor.
The bounds extend previous techniques from [28] as well

0018-9448 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



ELISHCO et al.: SEMICONSTRAINED SYSTEMS

as employ large-deviations theory. These bounds are also
extended to the multi-dimensional case.

This paper is not motivated or limited solely by the case of
a single offending substring. We can define multiple offending
substrings, each equipped with its own limited empirical
frequency. Indeed, with a proper set of semiconstraints, vari-
ants such as DC-free RLL are possible (see [16] and references
therein). Another motivating example is the system of strings
over Z, where the offending substring is ¢ — 1,0, ¢ — 1. In the
case of multi-level flash memory cells, inter-cell interference
is at its maximum when three adjacent cells are at the
highest, lowest, and then highest charge levels possible [3].
By adjusting the amount of such substrings we can mitigate
the noise caused by inter-cell interference. Further restrictions,
such as the requirement for constant-weight strings (see the
recent [13], [24]) correspond to a semiconstrained system.
A similar case appears in [29], where the frequency of 101
in a binary code is suppressed, to mitigate the appearance
of a “ghost pulse” in optical communications. A more gen-
eral analysis in the same setting appears in [30] where the
probabilities of bit triplets are skewed and the redundancy of
coding for such systems is studied. Another motivation comes
from reconstructing DNA sequences using partial information
about their subsequences [15]. A part of the solution suggested
in [15] uses the distribution of different substrings of length ¢
and their growth rate as £ grows. This can be formulated as
a problem of calculating the capacity of a semiconstrained
system.

Coding schemes for some of these systems exist. They
are mostly ad-hoc and tailored for each specific case, as
in [13], [16], and [29]. A more general constant-to-constant
coding scheme exists [14] for a channel with cost constraints
model. However, it is not optimal in terms of rate, and
it addresses only scalar cost functions, which is a slightly
different model than the semiconstrained systems we study.
In the scalar cost function, each symbol receive a weight and
the goal is to limit the expected weight of the codewords. In the
semiconstrained systems the goal is to control the appearance
of each problematic pattern independently. Both models can
be viewed as a private case of a general model in which we
would like to control the problematic patterns with respect to
some functions on those patterns.

The second main contribution of this paper is a general,
explicit, constant bit-rate to constant bit-rate encoding and
decoding scheme. This coding scheme is based on the theory
of large deviations, and it asymptotically achieves capacity,
with a vanishing failure probability as the block length grows.
To that end, we also define and study a relaxation of semi-
constrained systems, allowing us to address the issue of the
existence of the limit in the definition of the capacity, as well
as the continuity of the capacity.

We would like to highlight some of the main differences
between this paper and previous works. In [11] and [14] the
capacity of channels with cost constraints is investigated. Such
channels define a scalar cost function that is applied to each
sliding-window k-tuple in the transmission. The admissible
sequences are those whose average cost per symbol is less
than some given scalar constraint. In our paper, however,
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we investigate sequences with a cost function which can
control separately the appearance of any unwanted word
(not necessarily of the same length).

The more general framework we study is similar to that
of [1], [22], [23]. In [22] some embedding theorems and results
concerning the entropy of a weight-per-symbol shift of finite
type (SFT) are presented. A weight-per-symbol SFT is a graph
representation of an SFT with a weight function which assigns
to each edge a weight in R?. In [1], some large-deviation
theorems are proved for empirical types of Markov chains
that are constrained to thin sets. A thin set is a set whose
convex hull has a strictly lower dimension (which means it
has an empty interior topologically). We also mention [23],
in which an improved Gilbert-Varshamov bound for
fully-constrained systems is found. Thus, [23] studies certain
semiconstrained systems as means to an altogether different
end. Using these works, the exact capacity of semiconstrained
systems, as defined in this paper, may be calculated. However,
key issues we address are not covered by these papers,
including the rate of convergence of the capacity, the existence
of the limit in the capacity definition, and continuity of the
capacity.

Lastly, in [14], coding for channels with cost constraints is
investigated. The main focus is given to functions with a scalar
cost on symbols, whereas the model we study in this paper
is different. The proposed constant-to-constant coding scheme
of [14] is based on the state-splitting algorithm and does not
achieve the capacity in general.

As a final introductory note, semiconstrained systems are
not to be confused with weakly-constrained systems [7].
Unlike the model we study, the weakly-constrained scheme
comprises of an encoder function from strings of length n
to strings of length n + r, and a prescribed error proba-
bility, p. The encoder must, on a 1 — p fraction of the
possible unconstrained input strings, produce fully-constrained
output strings. For the remaining p fraction of the input
strings, the encoder may produce totally unconstrained output
strings.

The paper is organized as follows. In Section II we give the
basic definitions and the notation used throughout the paper.
We also cite some previous work and derive some elementary
consequences. In Section IV we introduce a relaxation called
weak semiconstrained systems, and study issues involving
existence of the limit in the capacity definition as well as
continuity of the capacity. In Section III we present an upper
and a lower bound on the capacity of the (0, k%, p)-RLL
semiconstrained system, as well as bound the capacity’s rate
of convergence as k grows. Section V is devoted to devising
an encoding and decoding scheme for weak semiconstrained
systems. We conclude in Section VI with a summary of the
results.

II. PRELIMINARIES

Let X be a finite alphabet and let £* denote the set of all
the finite sequences over X. The elements of X* are called
words (or strings). The length of a word @ € ¥* is denoted by
|®@|. Assuming ® = wow; ...we—1, with w; € X, a subword
(or substrings) is a string of the form w;w;t1 ...®i4+m—1,
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where 0 < i <i +m < {. For convenience, we define
®im = WjWi+] -..Oi+m—1,

i.e., ;,, denotes the substring of @ which is of length m and
is starting at the ith position.

Given two words, w,® € X*, their concatenation is
denoted by ww’. Repeated concatenation is denoted using a
superscript, i.e., for any natural m € N, ®" denotes

m

" =we... 0,

where m copies of @ are concatenated. As an example,
1(10)°01%0° = 1101010011000.

The following definition will be used later when defining
semiconstrained systems.

For any two words 7,0 € X*, let fr(t,®) denote the
frequency of t as a subword of o, i.e.,

lw|—|7]

Z [@iz) = ]

i=0

1

lo| — 7] +1 M

fr(t,w) =

Here, [A] denotes the Iverson bracket, having a value of 1
if A is true, and O otherwise. If |T| > |w| then we define
fr(t,w) = 0.

We are now ready to define semiconstrained systems.

Definition 1: Let F C X* be a finite set of words, and let
P € [0, 1]f be a function from F to the real interval [0, 1].
A semiconstrained system (SCS), X(F, P), is the following
set of words,

X(F,P)={we " :V$ € F,fr(¢,w) < P(¢)}.

When F and P are understood from the context, we may
omit them and just write X. We also define the set of words
of length exactly n in X(F, P) as

B.(F, P) = X(F,P)nz".

Example 2: We recall that the (d, k)-RLL constrained sys-
tem contains exactly the binary words with at least d 0’s
between adjacent 1’s, and no k + 1 0’s in a row. Using our
notation, after setting ¥ = {0, 1}, the (d, k)-RLL constrained
system is a semiconstrained system X (F, P), where

F= {11, 101,101, ..., 10d—11,o’<+1},

and P(¢) =0 for all ¢ € F. O

Another example is the constant-weight ICI-free codes
which are described in [13].

Example 3: The constant-weight ICI-free codes comprised
of a codebook that satisfies the following two constraints:

1) For code length n and some fixed r, r € [0, 1], every

codeword has constant Hamming weight of rn.

2) The subsequence 101 does not appear in any codeword.
We can rewrite this two constraints as a SCS system as
follows. Let F = {0, 1,101} and P = (r,1 — r,0) such that
PO)y=r,P(1)=1—r,P(101) =0. O

An important object of interest is the capacity of an SCS.
We define it as follows.
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Definition 4: Let X(F, P) be an SCS. The capacity of
X (F, P), which is denoted by cap(F, P), is defined as

1
cap(F, P) = limsup — log, |B,(F, P)|.

n—oo N
If we had a closed-form expression for |B,(F, P)|,
we could calculate the capacity of (F, P). As in [28], we trans-
late the combinatorial counting problem with a probability-
bounding problem. Assume p, denotes the probability that
a random string from X", which is chosen with uniform
distribution, is in B, (F, P). Then,

|Bn(f» P)I = DPn- IEI’!,
and then

1
cap(F, P) =log, |Z| + lim sup — log, py. 2)
n

n—o0
In certain cases, a different definition of semiconstrained
systems is helpful. The new definition has a cyclic nature.
In a similar manner to (1), for any two words t,w € X*,
let fr¥(z, w) denote the cyclic frequency of T as a subword
of w, i.e.,
lw|—1

1
fr(zr, w) = ol Z (@i ]z = 7],
i=0

where this time, w;,, = ®;w;y+1 ...wi+m—1, and the indices
are taken modulo |w|. We extend the definitions of X (F, P)
and B,(F, P) to X%(F, P) and B;°(F, P) in the natural
way, by replacing fr with fr¥¢.

We now give a brief overview of some basic definitions
and known results in large deviations theory that we use in
this paper. Let T denote the closure of a set I', and let I'°
denote its interior. Let X be some Polish space equipped with
the Borel sigma algebra.

Definition 5: A rate function I is a mapping I : X —
[0, o0] such that for all a € [0, 00), the level set ¢r(a) =
{x e X : I(x) < a}is a closed subset of X.

Definition 6: Let {u,} be a sequence of probability mea-
sures. We say that {u,} satisfies the large-deviation princi-
ple (LDP) with a rate function I, if for every Borel set T' C X,

1
— inf I(x) < liminf —log, u,(I')
xel° n—oo n

< lim sup l log, un(I') < — inf I(x).
n—oo N xel

Definition 7: A good rate function I : X — [0,00] is a
rate function for which all the level sets are compact subsets
of X.

Lemma 8 ([5, Lemma 4.1.5]): Let X be a polish space and
let Y C X be a Gs-subset of X (countable intersection of open
sets in X), equipped with the induced topology. Let {u,} be
finite measures on X such that u,(X \'Y) =0 foralln > 1
and let I be a good rate function on X such that I (x) = oo for
all x € X\ Y. Let uyly and 1|y denote the restriction of u,
and I to ), respectively. Then, I|y is a good rate function
on Y and the following statements are equivalent.

1) The sequence {u,} satisfies the LDP with rate
function 1.
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2) The sequence {unly} satisfies the LDP with rate
Sunction I|y.

Let M (X) denote the space of all probability measures on
some finite alphabet X.

Definition 9: Let Y =Yy, Y1, ...
alphabet X, and let y € X*. We denote by fr,{ (») the empirical
occurrence frequency of the word y in the first n places
of Y, ie.

be a sequence over some

1n—l
frY (v) = fr (v, Youriy—1) = ~ D [Visy = ¥]-

n
i=0

We denote by fr,{k € M (ZX) the vector of empirical distri-
bution of ¥ in Y, i.e. for a k-tuple y € 2K, the coordinate
that corresponds to 'y in fr,{k is fr,{ ).

Suppose Y = Yo, Y1,... are X-valued i.i.d. random vari-
ables, with ¢(o) denoting the probability that ¥; = o,
for all i. We assume that g(c) > O for all ¢ € X.
We denote by ¢(og,01,...,0r—1) the probability of the
sequence og, 01, ...,0k—1. The following theorem connects
the empirical distribution with the large-deviation principle.

Theorem 10 ([5, Sec. 3.1]): Let v € X = M{(Z%), and let
Y = Yo, Y1,... be Z-valued i.i.d. random variables, with
q(o) > 0 denoting the probability that Y; = o for o € X.
For every Borel set, I' C X, define

sy (T) = Pr [frzk c r].

Let us denote by vy € M1(Z*~1) the marginal of v obtained
by projecting onto the first k — 1 coordinates,

Zv(ao,...

ogeX

vi(00, ..., 0k-2) = ) 0k—2,0).
Then the rate function, I : X — [0, o], governing the LDP

of the empirical distribution fr,{ ¢ with respect to T is,

V(o . . . .
> v(o)log, m Vv is shift invariant,
gexk
o0 otherwise,

I1v) =

where v € X = M (ZX) is shift invariant if

Zv(a,al,ag,...,akq): Zv(al,az,...,

ceX oceEX

In the context of an X (F, P) SCS with F C >k je., all
the offending words are of equal length, the set ' € M;(ZF)
takes on the following intuitive form,

I ={(Po)gess € MI(ZH) : V9 € F, py < P@)}.

Ok—1,0).

In other words, I' contains all the vectors indexed by the
elements of X*, such that each entry is a real number from
[0, 1], the entries sum to 1, and each entry corresponding to
an offending word ¢ € F does not exceed P(¢).

Note that if 7 is continuous and I' € X is such that
T = T°, then inf cer I (x) = infrere I(x). In that case the
limit of Definition 6 exists, giving lim,_, s + S logy un(I') =
—infyer I(x).
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An important observation is the following. Assume
¥ ={1,2,...,]|X]}. Let us denote the vector of probabilities
for the symbols from £ by ¢ = (¢(1),¢(2),...,q(|Z])). For
a probability measure 4 € M;(Z*~!) we define the probability
measure 1 ®q € M;(Z¥) as follows. The measure 1 ® ¢ may
be viewed as a vector indexed by >k whose value at the
coordinate iy, 2, ..., 18

(@ q)(1,...ix) = ulin, ..., ig—1) - q(x).

We now note that the rate function on the set of shift-
invariant measures, that governs the LDP of fr,’; i s defined
in Theorem 10, can be written as

I(v) =H(@vvi ® g),

where H (-|-) is the relative-entropy function. Since the rel-
ative entropy is nonnegative and convex, and the set of
shift-invariant measures is closed and convex, we reach the
following corollary. .

Corollary 11: The rate function governing the LDP of fr,{ X
defined in Theorem 10 is nonnegative and convex on the set
of shift-invariant measures v € My (Z¥).

Finally, the following corollary shows cases in which the
constraints in P are redundant.

Corollary 12: Let F € k. If P(¢) >
then cap(F, P) =log, | Z].

Proof:  Assume Y = Yy, Y,... is a sequence of

ii.d. random variables distributed uniformly (each symbol
with probability IZI’I) Let I be the rate function governing

the LDP of fr¥ .k as defined in Theorem 10. Consider the shift-
invariant measure v € M1 (2%), v(o) = |Z| 7%, forall o € T*.
Note that we obtain that /(v) = 0 and by Corollary 11,

v minimizes the rate function. Let I" C Ml(Zk) be the set
associated with the constraint, then

|Z| 7% forall ¢ € F,

1 —
cap(F, P) = lim -~ log, (|z|" Prfr!, e r])

.1 Va
= logy |Z| + lim -~ log, (Pr[frnjk c r])

=logy || — I(v) =log, | Z]|.

III. BOUNDS ON THE CAPACITY OF (0, k, p)-RLL
SCS AND RATE OF CONVERGENCE

In this section we obtain closed-form bounds on the capacity
that allow us to analyze the asymptotics of the capacity of
semiconstrained systems, and prove bounds on the capacity
in the multi-dimensional case. We focus on the family of
semiconstrained (0, k)-RLL, since it is defined by a single
offending string of 0K*!. While the results are specific to this
family, we note that the method may be extended to some
more general semiconstrained systems.

For reasons that will become apparent later, we con-
veniently invert the bits of the system, and define the
(0, k)-RLL constrained system as the set of all finite binary
strings not containing the 1¥*! substring. We therefore con-
sider the semiconstrained system X (F, P) defined by

F— {1k+1}, PRy = p,
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for some real constant p € [0, 1]. We call this semiconstrained
system the (0, k, p)-RLL SCS, and throughout this section we
denote its capacity by Ci ,. Thus, Cy o denotes the capacity
of the fully-constrained (0, k)-RLL system.

In the case of fully-constrained (0, k)-RLL, the asymptotics
of the capacity, as k tends to infinity, are well known. It was
mentioned in [12], that

1—Cro= (1 +o(1))

4. 2"
together with bounds on the capacity of two dimensional
(0, k)-RLL. The rate was later extended in [28] to the
multi-dimensional case, where it was shown that

Dlog, e

(D)
1-C
4.0k

k0 —

(I +o(1)),
where C,E ) denotes the capacity of the fully-constrained
D-dimensional (0, k)-RLL.

Our analysis will proceed by proving a lower bound and an
upper bound on the capacity of (0, k, p)-RLL SCS, and then
analyzing it when k — oco. We note that due to Corollary 12
the interesting region is p < ; or else the capacity is
exactly 1.

2k+

A. An Upper Bound on the Capacity of (0, k, p)-RLL SCS

In order to obtain an upper bound on the capacity of
(0, k, p)-RLL SCS we employ a bound by Janson [9].
Consider an index set, Q, and a set {J;};co of independent
random indicator variables. Let A be a family of subsets of Q,
namely, A C 29 We define the random variables

S=> I Ia=]]7
AeA icA

Moreover, we define

E[l4], 4= E[S]

> Ellalgl,

A~B

1
pA = = ;pfx, d= 7
where, for A, B € A, we write A ~ B if AN B # ¢ and
A # B.
Theorem 13 ([9, Th. 1]): If n is an integer such that
0 <5< 4 then

I
Pr(s <7l < (mgw)‘”’.
Lemma 14: For the (0,k, p)-RLL SC.'S, let
F= {1"“}, P = p e o, 1].
Then
cap(X9(F, P)) = cap(X(F, P)).

Proof: For any @ € By, n > k + 1, by definition,
wwox € Buik. Thus, |BY°| < Byl for all n > k + 1.
In the other direction, we note that for any w € B5,_, one can
easily verify that 0 € B,C,yc, for all n > k + 2. It follows that,
forall n > k + 2,

1Bu1] < B < 1Bkl -
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Taking the appropriate limits required by the definition of the
capacity, we prove the claim. [ ]

Before stating the upper bound on the capacity of
(0, k, p)-RLL SCS, we explain briefly how Theorem 13 is
going to be used. We conveniently set the index set of a string
of length n to be Q = {0,1,...,n — 1}. For (0, k, p)-RLL
SCS we define the family of subsets of Q,

A={{i,i+1,...,i+k}:0<i <n},

where the coordinates are taken modulo n. Setting n = pn,
we have that Pr[S < pn] is the probability that a sequence of
length n obeys the cyclic (0, k, p)-RLL SCS, for some integer
0 < pn < 4. For this reason, Corollary 12 implies that in case
n > A the capacity is log, 2 = 1.

Theorem 15: For 0 < p < zk% the capacity of the
(0, k, p)-RLL SCS is bounded by

1 log, e e
1_3_27k+1 Sk+1 +p(k+1)—p10g2; .

Proof: Assume a sequence of n bits are randomly chosen
i.i.d. Bernoulli(1/2). It follows that

ZPA

For each A € A there are exactly 2k sets, B; € A,

Crp <

A= ElS]= 2k+1

i =0,1,...,2k— 1, such that A ~ B;. If [ANB;| =t
then E[Islp;] = W Hence,
Z Z Ellalp] = Z Z 22(k+1) r
AeA B~A AEA t=1
1 2k —1 1
=7 Z T2k T ST gkt
AcA
Applying Theorem 13 yields
1
Ck,p = lim sup log, | B|
n—oo
1
= lim sup — log, 2" Pr[S < pn]
n—oo
1
= 1+ 1lim sup log, Pr[S < | pn]]
n—oo
1
() 1 atpnd N T
< 1+ lim —log, {27 (Lpn] + 1) e~
n—o00 n Lpn]!
Alpnl
= 1+ lim ( Alog, e + log )
n=0 (3= Z)n ? ? Lpn)!
log, e
(3 = gmr)2k!
1 nlpnl
4+ lim log
100 (3 — gloyn 2 26D ([ pn )
@ _ log, e _ pk+1)
G- 72 G =)
p e
+——F—log, —,
(3 T k= l) p
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where (a) follows from Theorem 13 and from the existence
of the limit, and (b) follows from Stirling’s approximation.
Using Lemma 14 we complete the proof. ]

The same method can be applied for the D-dimensional
(0, k, p)-RLL SCS, extending the results of [28]. We briefly
define the extension of SCS to the multi-dimensional case, and
only sketch the proof since it is similar to that of [28].

Define [n] = {0,1,...,n—1}, and let e; be the
jth standard unit vector, containing all 0’s, except the
jth position which is 1. Assume X is a finite alphabet, and
e ="” isan n x --- x n D-dimensional array over X.
A substring of @ is defined as

Wi me; = WiWite; - - - Oi+(m—1)e;»

where i € [n]? is a D-dimensional index. We note that Wi,me;
is a one-dimensional string of length m. We naturally extend
fr¥¢ to the D-dimensional case in the following manner: For
we XM andr e >*, the frequency of 7 as a cyclic substring
of  is defined as

D-1
1
i (@, 0) = 5 DD [@igele; = Tl

J=0ien)P

where indices are taken modulo »n appropriately.
The D-dimensional cyclic (0, k, p)-RLL SCS is defined as

Bk, p) = fo e (0,17 : 5920, @) < pl,
chc’(D)(1k+l, P) — UBflyca(D)(lkJrl,p).
n

Its capacity is defined as

1
D . (D
C,i,p) = lTisolép D log, ‘B;yc( )(1k+1, p)’ .

We obtain the following upper bound on C ,El;):

Theorem 16: The capacity of the D-dimensional
(0, k, p)-RLL SCS is bounded by the following.

DD + plk+1) — plog, 2
32K 2k(D — )k + 1)%
(Sketch of Proof): We use Janson’s method, a direct cal-
culation of the expected number of appearances of a sequence

of k+ 1 ones, together with direct calculations of the value of
J. We obtain that

(D)
<1

Lo Dn”
2k+1

1 1 (D — 1)(k+ 1)?
o= 3 3 Elitnl =2 - gy + O EE
Ac A B~A

Placing 4 and ¢ in Theorem 13 yields the wanted result. W

We return to the one-dimensional case. The upper bound of
Theorem 15 converges to 1 as k grows. We now find the rate
of this convergence. To that end we prove a stronger upper
bound on the capacity, that does not have as nice a form as
Theorem 15 in the finite case, but does have a nice asymptotic

form. Note that p must be a function of k since p < 2,(%
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Theorem 17: For p = p(k), assume ¢ = limg_, 27(—5(7“)
where ¢ € [0, 1], and let

3—/1+8¢c I+4c++/1+8¢
b, = %logze—clogz(%) c>0,
% log, e c=0.

Then,

b
1= Cip > 5rp (1 +0(1),

where o(1) denotes a function a of k tending to 0 as k — oo.

Proof: Let S;1 =14 +ZB~A Ip and hence, given 14 = 1,
S, €{1,2,...,2k + 1}. We denote y(t) = E[e~']. For all
t > 0, it was shown in [9] that

d 1
——Iny(t) = — E[lxe™"5]
dt w(t) AZEJ;‘
> D" paEle”Sa|Iy = 1], 3)
Ac A

While [9] bounded z = E[e~"S4|I4 = 1], we proceed by
calculating it explicitly. Due to symmetry, z does not depend
on A or n (for large enough n). Thus, (3) becomes

d
——Iny() >z Y pa =z “)
AcA

However, z does depend on k and ¢, which we will sometime
emphasize by writing z(k, 7).

We assume that the length of the sequence is at least 3k, and
recall that we may consider sequences cyclically. A tedious
calculation gives

S <<k
PrSy = ]Iy = 1] = { 2 k<< 2%k

s C=2k+1.

Thus,
J & 2%k 44— —tj 4 ks
2= 2 5510 Z S+ ¢ j+22k+2e
j=1 j=k+1
92k p—(142k)t (ez _ okl _ 1)2
(1 —2e")?

Since w(0) = 1, (4) implies

t
—Inw(r) 2/ Az(k, u)du.
0
For b’ > 0 and ¢ > 0 we have
e AP < b'A] < E[e™S),
it follows that
t
InPr[S < b'A] < —l/ z(k, u)du +tb' 1.
0

Recall that in our setting we consider the value In Pr[S < pn]
where p is the constraint and »n is the length of the sequence.
Therefore, since 4 = 5, we set b’ = p25tlto get b'A = pn.
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For any k, the following upper bound on the capacity holds
for any t > 0,

1
Cr,p = 1+ limsup — log, Pr[S < pn]

n—oco N

1 t
08¢ / z(k, u)du + tplog, e,
0

<1- k+1

where we note that the change of logarithm base introduces a
factor of log, e. Thus,

t
—/ z(k, u)du — tplog, e. (5)
0

Note that for any # > 0, by Lebesgue’s dominated conver-
gence we obtain that

t

'
lim z(k, u)du :/ lim z(k, u)du
k—o00 Jo 0 k—oo

t et
= ——du.
A (1 _ zeu)z u

It follows that for any fixed » > 0, multiplying the right-hand
side of (5) by 25*1/b gives,

2logye (1 (1
Jim. b (2k+1 /0 z(k, u)du — tp)

lim
1 t u
25 / ¢ du —tc
b 0 (l — 28”)2
log, e 1
= 1 —2tc ).
2b ( T e C)

Thus, to get a bound of the claimed form, this expression must
equal 1, i.e.,

1 1

b= 3 (1+1_726t—2tc)10g26.

Since we are lower-bounding 1 — Cy ,, we would like to
maximize this expression by choosing an appropriate value
of . When ¢ > 0 the maximum is attained by

. (l+4c+«/l+8c)
=1In
8c ’

and then we get b = by, i.e.,

3—-J1+48¢ 1 4+4c++/1+438c
b= ————1log,e—clog, .
4 8c
When ¢ = 0 we take the limit as ¢t — oo to obtain b = b, =
% log, e, which completes the proof. ]

We note that taking ¢ = 0 in Theorem 17 gives 1 — Cy o >
12%22: (1 + o(1)), which coincides with the capacity’s rate of
convergence for the fully-constrained system [28].

We also mention that in order to apply this method to more
general constraints we can use [10]. Unlike [9], in which the
events are positively correlated, in [10] a general dependence
structure is allowed. The relevant bounds of [10] have the same

flavor as those of [9].
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B. A Lower Bound on the Capacity of (0, k, p)-RLL SCS

We turn to consider a lower bound on the capacity of the
(0, k, p)-RLL SCS. We can extend the method of monotone
families that was used in [28] to obtain such a bound. However,
the result that we describe next, which is based on the theory of
large deviations, outperforms the monotone-families approach.

As mentioned in Theorem 10, the capacity of (0, k, p)-RLL
SCS is given by

cap(F,p)=1—inf I (v)
vell

where I' = {v € My (ZF) vkl < p}. The main idea of
the bound is that by fixing some v € I' we find a lower bound
on the capacity. We do, however, have to keep in mind that
the measure we choose must be shift invariant.

Theorem 18: For all k > 1 and 0 < p < 2~ k+D),

Cop>lo—iP | 2-2p
>1— ———log | —————
kp 2k 1 82\ T 2pk - )

2p(2k+1 -1
— plog, (—1 T 2pE 1)) (6)

Proof: Construct the following measure,

V*(i) = {plp

2k+1_1

=1k,

otherwise.

It is easy to verify that v* is indeed a shift-invariant measure.
Plugging v* into Theorem 10 gives,

Crp=1—inf I(v) > 1—-1(")
vell

:1—1_7plog _2-2p
21— T2\ 1+ 2p2k — 1)

| 2p(2k+1 _ 1)
R O —_— .
PRSI\ T apk — 1)

as claimed. [ ]
The bound of Theorem 18 can now be used to prove an
asymptotic form when k — oo.
Corollary 19: For p = p(k), assume ¢ = limi— oo 357
where ¢ € [0, 1], and let by = (1 + ¢)(1 — H (-

=7)), where
H () is the binary entropy function. Then,

b
1= Cip < 5p (L +0(1),

Proof: We take the limit of the right-hand side of (6)
divided by by/2k+1. We obtain that

2-2p
lim 2(k+1) (1 - p) 10g2 (1+2p(2k71))
k— 00 bU 2k+1 - 1

2p(2k+1 -1 )

1 -~ 0007
tp Og2(1+2p(2k— 0

log, (l%—c) c log ( 2c )
- T 2

bU +bU 1+C

1 1
o ((l +c)—(14+c)H (I——i—c))

=1,

which proves the claim. [ ]
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In order to obtain a lower bound on the capacity of the
D-dimensional (0, k, p)-RLL SCS we use the method of
monotone families. The bound is recursive in the sense that it
is given in terms of the one-dimensional capacity. Thus, the
expression may be further simplified by plugging in lower
bounds on the one-dimensional capacity from Theorem 18
or Theorem 19. We follow the steps presented in [28], and
therefore, only sketch the proof.

Theorem 20: The capacity of the  D-dimensional
(0, k, p)-RLL SCS is bounded by the following,

=140 (e, -1).

(Sketch of Proof): Fix j € [D], and let A; denote
the set of all w € {0, 1}[”]D such that Wi ne; are each
one-dimensional (0, k, p/D)-RLL semiconstrained strings.
As in [28], we note that the D-dimensional (0, k, p)-RLL SCS
is a superset of the intersection () jerp) Aj- Additionally, each
Aj is a monotone decreasing family in the sense that it is
closed under the operation of turning 1’s into 0’s. Thus, as in
[28, Corollary 8], we obtain the desired result. ]

As a final comment we note that the ratio between the
bounds of Theorem 17 and Theorem 19 is at most ~ 1.5.

IV. WEAK SEMICONSTRAINED SYSTEMS

Let us consider the following two examples of binary
semiconstrained systems.

Example 21: Let X (F, P) be an SCS with F = {0, 1} and
PO) = P(1) = % Note that in this example the limit in the
definition of the capacity does not exist. For an even number, n,

one can calculate |B,(F, P)| and obtain (n%) which gives

cap(F, P) > 0. For an odd n we have that |B,(F, P)| = 0.
It is easy to construct more examples in the same spirit. [l
Example 22: Let X (F, P) be an SCS with F = {0, 1} and
PO) =r,P(1) = 1 —r where r € [0,1] is an irrational
number. We have that the possible words are those with exactly
an r-fraction of zeros and a (1 — r)-fraction of ones. Since
the capacity is defined on finite words, for every n we obtain
B, (F, P) =W, which implies that cap(F, P) = —oo. O
These two examples are interesting because the first shows
that the limit in the definition of the capacity does not always
exist, and the second one shows that the capacity is not a
continuous function of the restrictions P. That is, in the second
example, from Theorem 10 we know that for every € > 0,

1
lim —log, |B, (F,(r +€,1 —r+¢€))| >0
n—oon
exists. However, the second example shows that

lim lim
e—>0n—o0

1
;10g2|8n(-7:»(’"+6;1_r+6))|
#Cap(]-—a(ral_r))‘

We therefore suggest a more relaxed definition of semicon-
strained systems.

Definition 23: Let F C X* be a finite set of words, and let
P € [0, l]]: be a function from F to the real interval [0, 1].
A weak semiconstrained system (WSCS), X(F, P), is
defined by

X(F,P)= {w €X*:Vp € F,fr(¢p, w) < P(¢) +f(|w|)},
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where & : N — RY is a function satisfying both &(n) = o(1)
and ¢(n) = Q(1/n). In addition, we define

B.(F,P)=X(F, P)n "

We can think of &(Jw|) as an additive tolerance to
the semiconstraints. The requirement that £(n) = o(1) is in
the spirit of having the WSCS X “close” to the SCS X. In the
other direction, however, if we were to allow &(n) = o(1/n),
then for large enough n, we would have gotten B, = B,
i.e., no relaxation at all. Thus, we require £(n) = Q(1/n).

The capacity of WSCS is defined in a similar fashion.

Definition 24: Let X(F, P) be a WSCS. The capacity
of X (F, P), which is denoted by Cap(F, P), is defined as

1 —
cap(F, P) = limsup — log, |B,(F, P)|.
n—oo N

We show that under this definition of the capacity, the limit
superior is actually a limit. Moreover, for cases such as the
first example, cap(F, P) = cap(F, P), i.e. the capacity is
continuous with respect to the restrictions P. We do however
note that weak semiconstrained systems are not a generaliza-
tion of fully-constrained systems since the set of sequences
in the latter does not contain any word which belongs to F,
while the former does.

In order to show that the limit in the definition of Cap exists
we need to show that it is possible to work only over the set
of shift-invariant measures with the induced topology. In order
to show this, we first show that the rate function governing the
LDP as defined in Theorem 10 is a good rate function.

Lemma 25: The rate function governing the LDP of the
empirical distribution fr};k, as defined in Theorem 10, is a
good rate function.

Proof: Recall that the rate function / governing the LDP
of the empirical distribution fr,fj > a8 defined in Theorem 10,
can be written as the relative-entropy function. Let us denote
¢ = |Z|¥. The set M (ZF) is isomorphic to a closed and
bounded subset of [0, 1] and hence, compact. The subset
of shift-invariant measures in Ml(Zk) is a closed subset of
M (=) as a finite intersection of closed sets. Every closed
subset of a compact set is compact and therefore the set of
shift-invariant measures on M (Z¥) is compact. Since I is a
rate function, the level sets are a closed subset of the shift-
invariant measures on M;(Z¥) and hence compact. [ ]

Corollary 26: Let X = M{(Z%) be the set of probability
measures on k-tuples and let Y = M, (Z¥) C X be the set
of shift-invariant probability measures on k-tuples. If S is a
sequence of ii.d. symbols, denote u,(I') = Pr[frf’k e I'l
Let uyly and 1|y denote the restriction of p, and I to ),
respectively. If the sequence {u,} satisfies the LDP with
rate function I then p,l|y satisfies the LDP with the rate
Sunction I|y.

Proof: The shift-invariant measures on M;(Z¥) form a
G s-subset, and the probability of a sequence to have a measure
which is not shift invariant is 0, i.e., ¢, (X'\)) = 0 where ) is
the set of shift-invariant measures. Moreover, by the definition
of the rate function governing the LDP of the empirical
distribution, frr{k, we have I(x) = oo for x € X \ ). Thus,
we can use Lemma 8 which allows us to restrict ourselves to
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the set of shift-invariant measures with the induced topology,
which is denoted by M, (). [ ]

The set F could contain words of various lengths, a fact
that sometimes complicates proofs. In order to keep things
as simple as possible we would like to work with a set of
forbidden words of the same length, i.e., a set F C % for
some k € N. The next definition and theorem help us achieve
this goal.

Definition 27: Let F C X* be a finite set of words. Set
k = maxgcr |@| and define the operator f : M (ZF) —
[0, 117! as follows. Let M be a |F| x |2 |* matrix, where for
¢ € F and w € =X, the (¢, ®) entry is given by

Mgo = [@0,4) = ¢]-

Then, for any v € M{(Z%), we define f(v) = Muv, where v
is viewed as a vector indexed by .

Example 28: Let F = {1, 100} thus k = 3. The matrix M
has two rows and eight columns. Each rows corresponds to a
word from F: the first row to 1 and the second row to 100.
Each column corresponds to a triple 000,001,010, ..., 111.

0
M=

11 1 1
1 0 0 OFf
]

The key point we make is that by using f~! we are able
to convert constraints on a general set F to constraints on
k-tuples. The following theorem shows that the limit in the
definition of the capacity of the WSCS exists.

Theorem 29: Let X(F, P) be a WSCS, and

0 0 O
0 0 O

A= {v c 10,117 :Vé € F,v($) < P(¢)}.

Set k = maxger ||, and let X = M, (X¥) and Y = [0, 117
Define the linear function f : X — Y as in Definition 27.
Then, if f~1(A)NX # @ the following equality holds (and
the limit exists):

inf

I(w),
nef=1(a)

cap(F, P) = lim l1og2 |B.(F, P)|=1-
n—-o0o n

provided the tolerance function for the WSCS satisfies

) = 2|2/ "n~t, and where I is the rate function defined

in Theorem 10.

Before proving Theorem 29 we need a technical
lemma.

Lemma 30: Let S = So, S1, -+ be a sequence of X-valued
i.i.d. random variables. Denote ) = [0, 1]|f‘, and let frf]_-
denote the vector of empirical distribution of words in F ‘in
the first n places of S, i.e., the coordinate frf’ (@) that cor-
responds to ¢ € F is fr(¢,§05,,+|¢‘,1). Set k = maxger ||
Then, for all n > k, and for every Borel set A C ),

PrltrS ;€ Al =PrlfrS, € f7(A)L.

Proof: Let fiS, = v e f7'(A), and ¥ = w.
We show that u € A. Note that f(v) € A hence if u = f(v)
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TABLE I

EMPIRICAL DISTRIBUTION OF TRIPLES fr1§0 3 IN THE
SEQUENCE w = 101001101000 . ..~

| Triple | Distribution [[ Triple | Distribution |

000 /10 100 2/10
001 Y10 101 /10
010 /10 110 /10
011 Y10 111 0
we are done. For all ¢ € F, we get,
fO)@) = D Mg ov(@)
weXk
= Z [@0,14) = ¢] fr(@, So,n+k—1)
weXk
1 n—1 B
= > D [Sik = o] [wo9 = ¢]
weXxk i=0
1 n—1
=2 [Siw =9]
i=0
= 1r(d, So,n+ig/-1) = u(@).
The proof for the other direction is symmetric. [ ]

Example 31: Let F = {1,100} and k = 3 as in
Example 28. Consider the sequence §0,12 = 101001101000.
The empirical distribution of triples in §0,12 is shown
in Table I.

Thus,

T
)

1 1 2 1 2 2 1
:(E’TO’E’E’TO’E’TO’
and we have that
5 2

T
Mo = (E,E) .

Indeed,_frfo,]_-(l) = fr(1, So.10) = /10 cind frfo,]_-(lE)O) =
fr(100, So,12) = 4/12 and we obtain that frfo’]_- = Mfrf0’3. O

We are now ready to prove Theorem 29.

Proof of Theorem 29: We first note that A is closed and
hence compact. Let {A,} be the sequence

F 2 | ) |k71
Ap=qvel0,1]" : Vo € F,v(¢) < P(p) + —— .
n

We let I' = f~!(A), and define the sequence {I',} where for
every n, I', = f’l(An), ie.,

I, = {v e M, (=) :

2|Z|k71
Yo € F. f(0(9)) < P(@) + T]

From Corollary 26 we can restrict ourselves to the shift-
invariant measures M, (£X). Clearly, for every n, I, is a
closed and compact set, and I, — I when n — oo
(in the sense that for every open neighborhood U of T
there exists N € N such that for all n > N, I, € U).
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Moreover, (), I, = I'. Since I' is not empty and is closed,
from LD theory we obtain that for every / € N

lim sup 1 log un(T'y) < lim sup 1 log un(I')) < — inf 1(v),
n—oo N n—oo N vely
where u,() = Pr[fr;ik € -]. Since the rate function is
continuous we obtain,
lim sup 1 log un(I'y) < lim (— inf 1(1))) @ _ inf I(v)
n—oo N [—00 vely vell
where (a) follows from the convergence of I, to I'.
Now we argue that for every n, the set [, contains a
probability measure which belongs to the support of u,,
i.e., dw; € I';, such that w; € fr,ik. Moreover, if g1 € T then

we have @) € T, such that w; € fry , and [lg1 — @illoo < 2
(see appendix for a proof). Note that a tolerance of 2/n
becomes, after applying f, a tolerance of at most 2 | [¥~1 !
since the maximum sum of entries in a row of M is |Z[F~1.

It is known [1] that

1

- log pn(w1) = —I(w1) + O(n~"logn).
For every n ¢ N

1
—logu,(I'y) 2 — inf _ I(w)+ O0(n~"logn).
n

wel",,ﬂL;ik
Since the rate function 1is continuous and since
lg1 — @1l < 2 we obtain
1
—log un(I'y) = — inf I(w) + O 'logn) + o(1),
n wely
which implies
1
liminf —log 1, (I'y) > — inf I (w).
n—oo n wel’
Therefore,
1
lim —log u,(T,) = — inf I(w).
n—oon wel’
From Lemma 30 and since
pn(Tn) = Prlfry € f1(A)] = Pr[fr;ff € Ayl
we have that
1 1 <
lim — log un(Ty) = lim — log (Pr[Lf]_— c A,,])
n—-oon n—-oon >
=— inf I(w)
wef~1(A)
as claimed. |

The proof shows another important property, namely, the
continuity of the capacity as a function of P. Note that the
function f is continuous and the rate function is continuous
when reduced to its support. Thus, if P is not empty and P +e€
is not empty, lim¢_.o Cap(F, P + €) = cap(F, P).

V. ENCODER AND DECODER CONSTRUCTION FOR WSCS

In this section we describe an encoding and decod-
ing scheme for general weak semiconstrained systems,
that asymptotically achieves capacity. The scheme relies on
LD theory, and its implementation is inspired by the coding
scheme briefly sketched in [2].

We outline the strategy used to construct the encoder. Given
a general semiconstrained system, by LD theory we can solve

1697

an optimization problem to find the empirical distribution of
k-tuples that both satisfies the semiconstraints, as well as
maximizes the entropy. We then use this empirical distribution
to construct a Markov chain over a De-Bruijn graph of order
k — 1, with a stationary distribution of edges matching the
empirical distribution given by LD theory. We then use this
Markov chain to translate a stream of input symbols into
symbols that are sent over a channel. The decoder simply
reverses the process to obtain the input symbols.

The encoder we present is a block encoder which is also
a constant bit rate to constant bit rate encoder. We analyze it
for input blocks that contain i.i.d. Bernoulli(1/2) bits. In what
follows we present some notation, then describe the encoder
and decoder, and finally, analyze the scheme and show its
rate is asymptotically optimal, and its probability of failure
tends to 0.

A. Preliminaries

Several assumptions will be made in this section, all of them
solely for the purpose of simplicity of presentation. We will
make these assumptions clear. We further note that the results
easily apply to the general case as well.

Let (F, P) be a WSCS. The first assumption we make is
that the system is over the binary alphabet ¥ = {0, 1}. Another
assumption we make is that 7 C Tk e, every word ¢ € F
is of the same length k (see Theorem 27).

Solving the appropriate LD problem (see Theorem 10)
yields the capacity of the system, which is denoted by
C = cap(F, P), together with an optimal probability
vector, p, of length 2k Each entry of the vector p cor-
responds to a k-tuple and contains the probability that a
k-tuple should appear in order to achieve the capacity of the
system, as well as satisfy the constraints. We denote the entries
P = (po, p1,--., Pok_y)-

Let G be the binary De-Bruijn graph of order k — 1,
i.e., the vertices are all the binary (k — 1)-tuples, and the
directed labeled edges are

Su)=u', (1)

where u; € X. Thus, each vertex has 2 outgoing edges labeled
0 and 1. Additionally, each edge corresponds to a binary
k-tuple. For example, the edge from (7) corresponds
to uuy = uu’.

For convenience, we define an operator R : Tt — X*,
(where T* denotes the set of positive-length finite strings
over X) which removes the first bit of a sequence. Namely,
for a sequence u = (uj,un,...,u,) € X", we define
R@u) = (uz,us,...,u,) € "' Thus, the edges of the
De-Bruijn graph are of the form u — R(ua), forallu € ¢!
and a € X. Another operator we require is £ : T — X,
which maps to the first bit of the sequence. That is, £L(u) = u;.

We can construct a Markov chain over G, whose transition
matrix, A, is a 2! x 25~ matrix whose i, j entry, A;;, is the
probability of choosing the edge going from vertex u; € ¥~
to vertex u; € £*~! given that we are in state u;. At this point,
for simplicity of presentation, we assume that from each vertex
emanate exactly two outgoing edges with positive probability.

ug
u= uy,uy,... up—1) — (up,us,..
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Denote by v = (vo, 01, ..., 0y-1_;) the stationary distrib-
ution of the vertices of the Markov chain, i.e., v is the unique
left eigenvector of A associated with the eigenvalue 1, whose
entry sum is also 1. We would like to find a Markov chain
on G whose stationary distribution of the edges matches the
vector p. More precisely, the variables appear in the non-zero
entries of A (we have 28! variables), and we would like
to find a vector v as above (another set of 2k—1 variables)
satisfying

VA=, (8)
as well as, for each edge u; 4 uj,acx,
ViAij = Pujas

where py,, is the entry in p that corresponds to the
k-tuple u;a. We note that since the vector p is shift invariant,
the set of equations has a solution (see [4]).

B. Encoder

Assume @ € X" is a sequence of n input bits at the
encoder, which are i.i.d. Bernoulli (1/2). The encoding process
is comprised of three steps: partitioning, biasing, and graph
walking.

1) Partitioning: The first step in the encoding process is par-
titioning the sequence w of n input bits into 2¥~! subsequences
of, perhaps, varying lengths, denoted n;, 0 < i < k=1 _ 1,
Obviously, n; > 0 for all i, as well as Ziz:)l_l n; = n. Bach
subsequence is to be associated with a vertex of the Markov
chain, or equivalently, with a (k — 1)-tuple. The first ng bits
of the input are associated with state u(, the following n; bits
are associated with state u;, and so on.

For every vertex u;, let u; be the vertex for which u; g uj,
ie., uj = R(u;0), and denote by ¢; the entry A;;. For every
k-tuple i, let

~ n
= Hlqvi -

For all 0 < i <21 — 1 take n; = |#;], where |-] denotes
either a rounding down or a rounding up. The rounding is
done in such a manner as to preserve the sum,

2k=1_1 2k=11

S i= 3w
i=0 i=0

This is always possible, for example, by taking 25! steps,
where at the ith step, 7; is rounded in a direction that keeps
the intermediate sum strictly less than 1 away from the original
sum. We additionally note that indeed

2k=1_1

- >
i=0

n
(a=) E z H (gi)vi

iexk-1

2k=1_1

2 n
i=0

n
=C Z (—givi logy gi —(1— gi)vi logy(1— g;))

iexk-1
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n
=C Z (—piology i — pirlogy (1 — i)
iexk-1
n Dio
== —piology —————
Cieé“_,( l * pio + pil
_ pi log, — L1 )
l % pio + pin
(b:) ﬁ . C = n’
C

where (a) follows from the one-to-one correspondence
between states and (k — 1)-tuples, and (b) follows from
Theorem 10.

2) Biasing: After obtaining 2! subsequences, we take
each subsequence and bias it to create subsequences that are
typical for a Bernoulli (¢) source, for some ¢. To that end,
we use an arithmetic decoding process on each subsequence.

Let »; be the subsequence that corresponds to vertex u;,
namely,

M = @5 tn
For every i, we decode n; using an arithmetic decoder
with probability ¢; to obtain a new sequence #; distributed
Bernoulli(g;). Since the decoding process can continue indef-
initely, we stop the process when the obtained sequence #; is

of length | n; /H (q;) + n%H—I bits for some known arbitrarily

small € € (0, 41_1)' For every state u;, we call the obtained
sequence “the information bits of state u;.”

The resulting arithmetically-decoded sequence, #;, corre-
sponds to a closed segment in [0, 1]. If there exists a state u;
for which #; corresponds to a segment of length greater
than 27" an error is declared. For a detailed description of
arithmetic coding see [27].

3) Graph Walking: The encoder now has the sequences 7;,
which are of various lengths. The encoder appends to each

A 1 S .
sequence 1); an extra ’7n2+2€ bits distributed Bernoulli(g;).

These extra bits carry no information and are used for padding
only.

Then, the encoder starts the transmission in the following
manner:

Intuitively, when arriving at a state, the encoder takes a
bit from the sequence associated with the state. This bit is
transmitted, removed from the sequence, and determines the
next state. The encoder fails if a bit is required and the
sequence associated with the state is already empty, or if at
the end of the main loop, not all information bits have been
transmitted. This is described formally in Algorithm 1

C. Decoder

The decoding process mirrors the encoding. A simple graph
walking is the first stage of the decoding (see Algorithm 2).

After the graph walking is completed, the decoder
takes from each received subsequence #; only the first
lrn,- /H(gi) + n3+€ | bits and passes them through an arith-
metic encoder, thus reversing the second stage of the encoder.
The resulting sequences are now n; of length n;. Finally, the
decoder takes each n; and concatenates them in order to obtain
the desired input sequence @ = 1. .. fok—1_j.
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Algorithm 1 Encoding — The Graph-Walking Stage

Input: The sequences 7;
Output: Transmitted bits
u <« 01
repeat
if 7, is an empty sequence then
Declare error and stop

> Set initial state

end if

a < L(1,) > Read first bit in queue
Transmit a

My < R(y,) > Remove first bit from queue
u < R(ua) > Proceed to the next state

1 . .
until | % + n7+2€—‘ bits are transmitted

if Jue =t s |g,] > (n%”f-‘ then
Declare error and stop
end if

Algorithm 2 Decoding — The Graph-Walking Stage
Input: Received bits
Output: The sequences #;

u <« k-1 > Set initial state
Set #; to be empty sequences, for all i
repeat
Receive a bit a
Ny < Nua > Append received bit to queue
u < R(ua) > Proceed to the next state

1 . .
until ’7% + n7+2€-‘ bits are received

D. Analysis

We first show that the transmitted sequence indeed admits
the constraints given by P. Let G be the De-Bruijn graph
and A be the associated transition matrix with the stationary
distribution vector v. It is easy to see that G is irreducible and
aperiodic. It is well known that for such graphs, starting with
any vertex-probability vector u, lim,_,oc #A" = v. For € > 0,
a divergence of € in some coordinate of v induces a divergence
of € in some coordinate in p. Although the WSCS allows
some tolerance, we need to make sure that the tolerance is
indeed o(1). To show that for large enough n the transmit-
ted words satisfy the semiconstraints we need the following
theorem.

Theorem 32 ([18, Ch. 4]): Suppose A is the transition
matrix of an irreducible and aperiodic Markov chain, with
stationary distribution v. Then there exist constants o. € (0, 1)
and ¢ > 0 such that

max [|(A");. —v|lry < ca”,
1

where (A"); . denotes the ith row of A", and || - ||ITv denotes
the total variation norm.

This implies that the rate of convergence to the stationary
distribution is exponential and as such, the divergence from
the semiconstraints decays as o(1).

We now examine the rate of the presented coding scheme.

. . . 1
The encoder takes n input bits and transmits ’7% +n2t2e
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bits over the channel. Since € € (0, %), the asymptotic rate of
the scheme is

im — "¢,

n— 00 IV% +n%+25—|
and the coding scheme is asymptotically capacity achieving.
We now show that the error probability vanishes as n grows.
We define the following events:

1) E;: There exists a state u; for which the arithmetic-
decoded word #; corresponds to a segment of length
greater than 27",

2) E>: Some of the information bits have not been
transmitted, i.e., there exists a state j which, during
the graph-walking stage, is visited strictly less than
lrnj/H(qj) + n%+€—‘ times.

3) E3: There exists a state j which, during the
graph — walking stage, is visited strictly more than

nj/H(q;) + nate + n2+2€ | times.
Thus, the total error probability is

Pery =Pr[E1 U EyU E3] < Pr[E(]+ Pr[E> U E3].

We bound the two probabilities appearing on the right-hand
side separately, showing each of them vanishes.

We start by considering Pr[E;]. The arithmetic-coding
scheme used here receives a sequence of n; bits distributed
Bernoulli(1/2), employs the decoding process first, and then
uses the encoding process. The main obstacle in arithmetic
decoding is that the arithmetic decoder does not know when
to stop the decoding process. In our construction we stop the
arithmetic decoder after | n;/H (q;) + n2+€ | bits are obtained.
It is well-known (for example, see [27]) that the error prob-
ability in the arithmetic-coding scheme vanishes as the block
length grows, and therefore, using a simple union bound
Pr[E{] tends to O.

We continue to the case of bounding Pr[E; U E3]. The

encoder transmits exactly {n /C + n%+25-| bits. Let V be the

2k=1 5 2k=1 matrix all of whose rows are the stationary vector
v from (8). We denote by Z the matrix

Z=U—-A+V)",
where A is from (8) and [/ is the identity matrix. The

matrix A is invertible by [6, Ch. 11]. We also define, for each i,

O'l-z =20iZij —vj — Z)iz.
Let Sl.(") denote the number of times a walk of length n
.. . 1
on G visits the vertex i. Let us denote f(n) = n2¢ and
1 . . .
g(n) = n21%€ . For any state u;, it is easy to verify that since
v; # 0,1 for every i,

S —v;) — g

lim ~ lim n(1 —v;(1 4 n%))
n— 00 \/0','2 (%+f(n)+g(n)) n— 00
= -
and that
GO+ A=) o
= fim %€ = oo

lim
" Jo? (B4 Fn) + ()
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< 1
H(q;)
(&+fm)+gn)
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+ n%Jre + n%+2e:|

:Pr[%+f(n)<Si <%+f(n)+g(n)]

Bt f)— (B4 f) +gm)v;i .S

= Pr

(& _
i

2+ f(n)+gm)v;

JE+ £ + g) o7

JE+ £ + g) o

_ AT s — (E 4 f0) +g) v

(%4 f(m)+g(n)
FyA—v) — gy, S CTTTE
= Pr <

JE+ f@) +5m) o}
(& 4+ +gtm)vi  (f() +gm) (1 —v)

JE+ £ + ) o7

1 2
— e Zdx =1
n—oo 2w |_

oo

JE+ £ + ) o7

JE+ £ + g) o7
©)

Using the central limit theorem (CLT) for Markov chains
[6, Ch. 11] we bound 1 — Pr[E; U E3]. For any start-
ing vertex and for every state i, the probability that

a walk of length lrn/C +nite +n%+25-‘ on G visits
state u; at least n;/H(q;) + n3%€ times but no more than
ni/H(g;) + n27€ £ n3+2 | times is given in (9), as shown

at the top of this page. Thus, as n increases, the probability
Pr[E,> U E3] tends to O.

VI. CONCLUSION

In this paper we studied semiconstrained systems, as well
as a relaxation in the form of weak semiconstrained systems.
We used tools from probability theory, and in particular,
large deviations theory, to formulate closed-form bounds on
the capacity of the (0, k, p)-RLL SCS. These enabled us
to bound the capacity’s rate of convergence as k grows.
We also examined the limit in the definition of the capacity
for these systems does exist, unlike SCS. We also showed the
capacity is continuous, again, unlike the case of SCS. Finally,
we devised encoding and decoding schemes for WSCS with
rate that asymptotically achieves capacity, and with a vanishing
failure probability.

Many questions remain open. An important one is the
study of multi-dimensional semiconstrained systems, and in
particular, the two-dimensional case. While problems concern-
ing two-dimensional fully-constrained systems are notoriously
difficult (e.g., finding their exact capacity), perhaps the gen-
eralization suggested by semiconstrained systems may bring
new insight to the problem. Other research goals suggested by
this work are the study of the complexity of the associated
encoding and decoding algorithms, as well as the goal of
finding encoders that have a zero-probably of failure. We leave
these problems for future works.

APPENDIX

We provide a proof that for every n, the set I, con-
tains a probability measure which belongs to the support
of uy.

Definition 33: Let G (V,E) be a directed graph.
An n-circulation is an assignment of weights w(-) to the edges
such that:

1) w(e) >0 forallecE.

2) 2eetn() 0(€) = 2 couw) w(e) forallv € V.

ccp W(e) =n.
An integer n-circulation is an n-circulation for which w(e) € Z
forall e € E.

We assume throughout that a directed graph has no parallel
edges.

Definition 34: Let G (V,E) be a directed graph.
A cycle is a sequence vg, 01, ...,0k—1, Such that v; € V,
and (vi,viy1) € E for all i, where the indices are
taken modulo k. The cycle is vertex simple if the vertices
are all distinct. It is edge simple if the edges are all
distinct.

We note that using this notation, a cycle of length 1
is described by a sequence with one vertex only. We say
two cycles are distinct if they do not contain the exact same
set of edges.

The underlying graph of a direct graph, is the undi-
rected graph obtained by removing the orientation of
the edges. An underlying graph may contain parallel
edges.

Definition 35: Let G = (V, E) be a directed graph. Let
C = vg,...,0k—1 be a cycle in the underlying graph. For
all i, we say (v;j,vi4+1) is cooriented if (v;i,vi+1) € E, and
disoriented if (vi11,v;) € E. The set of cooriented and
disoriented edges are defined as:

CO(C) = {(vi, vi41) : (vi,vi41) € E},
DO(C) = {(vi,vi41) : (vi,viy1) € E}.

We say the effective length of the cycle is CO(C) — DO(C).
A cycle with effective length of 0 is called balanced.
Definition 36: Let G (V,E) be a directed graph, w

a weight assignment to the edges, and C 00, « - ., Vk—1

an edge-simple cycle in the underlying graph. Let ¢ € R.

An e-adjustment of the cycle C is a weight assignment w'
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such that,

w(e) + € e e CO(C),
w(e) —e e € DO(C),
w(e)

Lemma 37: Let G = (V, E) be a directed graph, and let
C be a balanced edge-simple cycle in the underlying graph.
Assume w is an n-circulation, and € € R is some real number.
Denote by w’ the edge-weighing function obtained from w by
e-adjusting C. If w'(e) > 0 for all e € E, then w' is also an
n-circulation.

Proof: Property 1 is satisfied by requirement. It is easily
verifiable that an adjustment preserves property 2. Finally, the
overall weight of the edges is not changed. ]

Lemma 38: Let G = (V, E) be a directed graph, and let
C1 and C; be two distinct edge-simple cycles in the underlying
graph of effective lengths ki and k» respectively. Assume
w is an n-circulation, and € € R is some real number.
Denote by w’ the edge-weighing function obtained from w by
kye-adjusting Cy, and then —kie-adjusting Ca. If w'(e) > 0
for all e € E, then w' is also an n-circulation.

Proof: Property 1 is satisfied by requirement. It is easily
verifiable that an adjustment preserves property 2. Finally,
the overall weight of the edges if increased by k1kye€ after the
first adjustment, and decreased by the same amount after the
second adjustment. ]

Theorem 39: Let G = (V,E) be the De-Bruijn graph
of order m over the finite alphabet X. Assume w is an
n-circulation for some n € N. Then there exists an integer
n-circulation w' such that

w'(e) =

otherwise.

lw(e)] < w'(e) < [w(e)] +1,

forall e € E.

Proof: We first look at the underlying unoriented graph.
This is a regular graph of degree 2 | Z|. Because of property 2,
there is no vertex with exactly one incident edge of
non-integer weight. It follows, that every edge of non-integer
weight is on an unoriented cycle in the underlying graph,
all of whose edges have non-integer weights. We call such
cycles, non-integer cycles.

Assume there is a balanced non-integer cycle C.
By Lemma 37, and since all of the weights on the cycle’s
edges are non-integers, there exists a minimal ¢ > 0 such that
e-adjusting C creates a new n-circulation with at least one
edge of the cycle having an integer weight. Furthermore, for
this edge e, since we took the minimal € possible, the new
weight of the edge is either [w(e)] or [w(e)].

We can repeat the process as long as we have balanced
non-integer cycles. If we do not, assume we have two distinct
non-integer cycles, C; and C,. We can assume they are edge
simple. Again, there exists a minimal € > 0 such that adjusting
by Lemma 38 turns at least one of the cycle-edge weights to
an integer weight. Like before, choosing the minimal such €
ensures the new weight is either a rounding down or a rounding
up of the original weight.

After this, we go back to looking for balanced non-integer
cycles, an continue this way. Repeating the above, we must
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end up with either an integer n-circulation w’ as desired,
or with a circulation all of whose non-integer weights form a
single vertex-simple non-balanced non-integer cycle. Denote
this cycle as C, and assume it has an effective length of k.
It is easy to verify that the fractional part of the weight of
all cooriented edges is equal to some constant 0 < a < 1,
whereas the fractional part of the disoriented edges is 1 — a.
Since the sum of the edges of C is an integer, we have

ICO(C)| o + [DO(O)[ (1 — @) = [DO(C)]| + ka,

is an integer. Thus, ka is an integer and 0 < ka < k.

It is well known [17] that the De Bruijn graph of order m
has an edge-simple directed cycle for each length between 1
and |X|™. We find such a cycle of length ka. We then round
down all the weights of the cycle C, and add 1 to all the edges
of the ka-cycle. We call the resulting n-circulation w’. Since
the weights of the edges of the ka cycle may have already
been increased in a previous rounding operation, we have

lw(e)] < w'(e) < Tw(e)] +1,

for all e € E, as claimed. |

Finally, in the proof of Theorem 29 we are given g1, a shift-
invariant distribution over X*. By identifying the elements
of =X with the edges of the De Bruijn graph of order k — 1
over ¥, and assigning each edge ¢ € XX the weight 7 - g1 (),
we obtain a circulation. Using Theorem 39, we can obtain
an integer circulation, which we denote w’. If we define
w; = w'/n, then w; is a shift-invariant distribution in Lf’k
satisfying

>

S

lg1 — o1lloo <

as claimed.
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