IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 8, AUGUST 2020

4853

On Optimal Locally Repairable Codes
With Super-Linear Length

Han Cai*™, Member, IEEE, Ying Miao

, Moshe Schwartz

, Senior Member, IEEE,

and Xiaohu Tang™, Senior Member, IEEE

Abstract—In this paper, locally repairable codes which have
optimal minimum Hamming distance with respect to the bound
presented by Prakash et al. are considered. New upper bounds
on the length of such optimal codes are derived. The new bounds
apply to more general cases, and have weaker requirements
compared with the known ones. In this sense, they both improve
and generalize previously known bounds. Further, optimal codes
are constructed, whose length is order-optimal with respect to
the new upper bounds. Notably, the length of the codes is super-
linear in the alphabet size.

Index Terms— Distributed storage, locally repairable codes,
packings, Steiner systems.

I. INTRODUCTION

ARGE-SCALE cloud storage and distributed file

systems, such as Amazon Elastic Block Store (EBS)
and Google File System (GoogleFS), have reached such a
massive scale that disk failures are the norm and not the
exception. In those systems, to protect the data from disk
failures, the simplest solution is a straightforward replication
of data packets across different disks. However, this solution
suffers from a large storage overhead. As an alternative
solution, [n, k] maximum distance separable (MDS) codes,
i.e., codes achieving the Singleton bound, are used as storage
codes, which encode £ information symbols to n symbols
and store them across n disks. Using MDS codes leads
to a dramatic improvement in redundancy compared with
replication. However, for MDS codes, when one node fails,
the system recovers it at the cost of contacting k surviving
symbols, thus complicating the repair process.
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To improve the repair efficiently, in [15], locally repairable
codes were introduced to reduce the number of symbols
contacted during the repair process of a failed node. More
precisely, locally repairable codes ensure that a failed symbol
can be recovered by accessing only r < k other symbols [15].

The original concept of locality only works when exactly
one erasure occurs (that is, one node fails). Over the past
few years, several generalizations have been suggested for
the definition of locality. As examples we mention locality
with a single repair set tolerating multiple erasures [26],
locality with disjoint multiple repairable sets [7], [28], [31],
[35], hierarchical locality [30], and unequal locality [20].
For constructions of locally repairable codes refer to [4], [6],
[14], [25] as examples.

In this paper, we focus on locally repairable codes with a
single repair set that can repair multiple erasures locally [26].
By ensuring § — 1 > 2 redundancies in each repair set, this
kind of locally repairable codes guarantees that the system
can recover from § — 1 erasures by accessing r surviving code
symbols for each erasure. This is denoted as (r, §)-locality.

Research on codes with (r, d)-locality has proceeded along
two main tracks. In the first track, upper bounds on the
minimum Hamming distance and the code length have been
studied. Singleton-type bounds were introduced for codes with
(r, 0)-locality in [26], [32], [36]. In [5], a bound depending on
the size of the alphabet was derived for the Hamming distance
of codes with (r, §)-locality. Via linear programming, another
bound related with the size of the alphabet was introduced in
[1]. Very recently, in [13], an interesting connection between
the length of optimal linear codes with (r, 2)-locality and the
size of the alphabet was derived.

In the second research track, constructions for optimal
locally repairable codes have been studied. In [27], a con-
struction of optimal locally repairable codes was introduced
based on Gabidulin codes over a finite filed with size
q = O((r+ 6 —1)m/(r+3=1)) By analyzing the structure
of repair sets, optimal locally repairable codes were also
constructed in [32] with ¢ = ©((})). In [34], a construction
of optimal locally repairable codes with ¢ = ©(n) was pro-
posed. In [33] and [37], optimal locally repairable codes were
constructed using matroid theory. The construction of [34] was
generalized in [21] to include more flexible parameters when
n < q. Recently, in [23], cyclic optimal locally repairable
codes with unbounded length were constructed for § = 2
and Hamming distance d = 3,4. Finally, for the case of
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0 = 2 and Hamming distance d = 5, [3], [13], [17] presented
constructions of locally repairable codes that have optimal
distance as well as order-optimal length n = ©(¢?).

In a practical setting, long codes over small fields are
preferred. This is due to the fact that smaller fields have
much cheaper and faster implementations both in hardware
and in software. Thus, a common question is, given a desirable
code family, and given a field size, how long can a code
of this family be. Perhaps the most famous instance of this
question is the MDS conjecture (e.g., see [24]), stating that
any MDS code has length linear in the field size (in fact, its
length is almost exactly the field size). Recently, analogous
with the case of MDS codes, Guruswami et al. [13] asked a
fundamental interesting question: How long can an optimal
code with (r,d)-locality (with respect to the Singleton-type
bound in [26]) be for given r, §, and field size ¢? An answer
to this question was given for the aforementioned case § = 2,
which was proved to be tight for some cases. The motivation
of this paper is to further answer this question for the general
case 6 > 2.

The main contribution of this paper is the study of optimal
linear codes with (r, d)-locality and length that is super-linear
in the field size. We analyze the structure of optimal locally
repairable codes. Firstly, we derive a new upper bound on
the length of optimal locally repairable codes for the case of
0 > 2. Secondly, as a byproduct, we prove that the bound
for § = 2 in [13] not only holds for some other cases (see
Remark 1 in this paper) besides the one mentioned in [13]
but also can be improved for the case d > r + J. Finally,
we give a general construction of locally repairable codes with
length that is super-linear in the field size. Based on some
special structures such as packings and Steiner systems, locally
repairable codes with optimal Hamming distances and order-
optimal length (%) with respect to the new bound (§ > 2)
are obtained. This is to say, the bound for § > 2 is also
asymptotically tight for some special cases.

The remainder of this paper is organized as follows.
Section II introduces some preliminaries about locally
repairable codes. Section III establishes an upper bound for
the length of optimal locally repairable codes for the case
0 > 2. Section IV presents a construction of optimal locally
repairable codes with length n > g. Section V concludes this
paper with some remarks.

II. PRELIMINARIES

We present the notation and basic definitions used through-
out the paper. For a positive integer n € N, we define
[n] = {1,2,...,n}. For any prime power g, let F, denote
the finite field with ¢ elements. An [n,k], linear code C
over [F, is a k-dimensional subspace of Fy with a k£ X n
generator matrix G = (g, g2, ..., &n), Where g; is a column
vector of dimension k for all ¢ € [n]. Specifically, it is
called an [n,k,d], linear code if the minimum Hamming
distance is d. For a subset S C [n], let |S| denote the
cardinality of S, let 2° denote the set of all subsets of S,
and define

Rank(S) = Rank(Span {g;|i € S}).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 8, AUGUST 2020

In [11], Gopalan et al. introduce the following definition
for the locality of code symbols. The ith (1 < i < n) code
symbol ¢; of an [n, k, d], linear code C is said to have locality
r (1 <r < k), if it can be recovered by accessing at most r
other symbols in C. More precisely, symbol locality can also
be rigorously defined as follows.

Definition 1 ([11]): For any column g, of G with i € [n],
define Loc(g;) as the smallest integer r such that there exists
an (r + 1)-subset R; = {i,41,42,...,4,} C [n] satisfying

gi € Span(R; \ {i}), ie, g => Mg, MEF, (1)
t=1

Equivalently, for any codeword C' = (¢1,¢2,...,¢,) € C,

the 7th component

C; = Z/\tci“ )\t S Fq.

t=1

Define Loc(S) = max;ecs Loc(g;) for any set S C [n]. Then,
an [n, k,d], linear code C is said to have information locality
r if there exists S C [n] with Rank(S) = k satisfying
Loc(S) = r. Furthermore, an [n, k, d], linear code C is said
to have all symbol locality r if Loc([n]) = 7.

To guarantee that the system can locally recover from
multiple erasures, say, d — 1 erasures, the definition of locality
was generalized in [26] as follows.

Definition 2 ([26]): The jth column g;, j € [n], of a
generator matrix G of an [n, k], linear code C is said to have
(7, 6)-locality if there exists a subset .S; C [n] such that:

e jeS;and |S;|<r+d—1;and

o the minimum Hamming distance of the punctured code

C|s, obtained by deleting the code symbols ¢; (¢ € [n]\
S;) is at least 4,
where the set S is also called a (r,d)-repair set of g;. The
code C is said to have information (r, §)-locality if there exists
S C [n] with Rank(S) = k such that for each j € S, g; has
(r, 0)-locality. Furthermore, the code C is said to have all sym-
bol (r,d)-locality if all the code symbols have (r, §)-locality.

In [26] (for the case § = 2 [11]), the following upper
bound on the minimum Hamming distance of linear codes
with information (r, d)-locality was derived.

Lemma 1 ([26]): For an [n,k,d], linear code with infor-
mation (r, §)-locality,

sen-eni- ([ -)en o

Additionally, a locally repairable code is said to be optimal
if its minimum Hamming distance attains this bound with
equality.

The following fact is very useful to determine the minimum
Hamming distance.

Fact 1 ([24]): An [n, k], linear code C has minimum Ham-
ming distance d if and only if d is the largest integer such that

S| <n—d

for every S C [n] with Rank(S) < k — 1.
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III. BOUNDS ON THE LENGTH OF LOCALLY
REPAIRABLE CODES

The goal of this section is to derive upper bounds on the
length of optimal locally repairable codes. We extend known
techniques which were employed for the case of § = 2, and
apply them to the case of § > 2. In particular, we construct
linear codes from locally repairable codes and then apply the
Hamming bound to the constructed codes. This connection
requires a careful analysis of the structure and properties
of the repair sets. More precisely, we need to find a set
of repair sets that form a partition of the n code symbols,
where the punctured codes over each repair set is an MDS
code. This has been studied before only in some special
cases [13], [32], but in the general case it is still an open
question.

We open this section by first characterizing the properties
of repair sets of locally repairable codes in Theorem 1. We
then give connections between optimal locally repairable codes
with § > 2 and the case § = 2 (linear codes), in Lemma 2.
Then Theorem 2 provides bounds on the length of optimal
locally repairable codes. Finally, Corollaries 2 and 3 introduce
a method that may improve the performance of known bounds
for the cases d > r + 4.

Throughout this section, let

n=(r+06—Nw+m, k=ru+w,
where 6 > 2, 0<m<r+d6—2,and 0 <v <r—1 are all
integers.

Theorem 1: Let C be an optimal [n, k, d], linear code with
all symbol (r, ¢)-locality, where the optimality is with respect
to the bound in Lemma 1. Let T C 2[ be the set of all
possible (r,d)-repair sets. Write k& = ru + v, for integers u
and v, and 0 < v < r—11If (r +6 — 1)|n, & > r, and
additionally, u > 2(r — v 4 1) or v = 0, then there exists a
set of (r,0)-repair sets S C T, such that all R € S are of
cardinality |[R| =7+ J — 1, and S is a partition of [n].

The proof of Theorem 1 is lengthy, involving several aux-
iliary lemmas. It is therefore deferred to the appendix. Based
on Theorem 1, we derive a corollary that slightly extends [32,
Theorem 9], which was originally proved only for r|k. It has
a very similar proof, which we give here for completeness.

Corollary 1: Let C be an optimal [n, k, d|, linear code with
all symbol (r, §)-locality, where the optimality is with respect
to the bound in Lemma 1. If & > r, n = w(r + 6 — 1), and
additionally r|k or u > 2(r+1—wv), then there are w pairwise-
disjoint (r, 0)-repair sets, Ry, ..., Ry C [n], such that for all
1<i<w, |R;)|=r+9J—1, and the punctured code C|g, is
a linear [r +d — 1,7, ], MDS code.

Proof: We contend that the repair sets, S, from Theorem 1,
satisfy the requirements. Thus, it remains to prove that for each
C|r, R € S, the Hamming distance is exactly . Assume to
the contrary, and without loss of generality, that d(C|g,) > 9.

Note that J, ¢;¢,, % = [n] means Rank(UJ, ¢, i) =k
and then w = ;75— > [%] since Rank(R;) < r for 1 <4 <
w. Also recall our notation that v = kmod r and 0 < v < 7.
Fix some arbitrary set R’ C Rf%W’ with |R'| = v if v # 0,
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and |R'| = r if v = 0. Consider now the set

s=rRul | =&

INANEIE!

By the Singleton bound we have,

> Rank(R;)
1<i<[E]-1
’U—’_Zlgié[é'\—l(r—’_(g_1_d(C|Ri)+1)
<v+r([E]-1) =k, if v#£0,
r+21<i<r§}—1(r+5_1_d(C|R¢)+1)
<r+r([&] -1) =k, if v=0.

Rank(S) <Rank(R') +

We also have

But now this contradicts the optimality of C by Fact 1. |

In the sequel, the discussion is based on the structure of the
repair sets given in Corollary 1.

Lemma 2: Letn=w(r+06—1), >2, k=ur+v>r,
and additionally, r|k or u > 2(r+1—wv), where all parameters
are integers. If there exists an optimal [n, k, d], linear code C
with all symbol (r, §)-locality, then

i There exists a [w(r + 1),k,d'], linear code C’ with
all symbol (r,2)-locality (i.e., locality r), and d' >
2((d—1)/6] + 1;

ii There exists a linear code with parameters [wr, k' >
k.d >t+1],.

Proof: For the first claim, by Corollary 1, and up to a

rearrangement of the code coordinates, the code C has parity-
check matrix P of the following form,

LY 0 0 ... 0
0 L® o ... 0
0 0o L® ... 0
P = ;
0 0 0 Lw)
H, Hy, H; H,

where L) = (I;_1,P;) is a (§ — 1) x (r + 6 — 1) matrix for
all 1 < ¢ < w. Herein, without loss of generality, we assume
L with canonical form for 1 < ¢ < w. For all 1 < i < w,
rewrite the (6 — 1) x (r+ 0 — 1) matrix L) = (I;_y, P;) as

o= (4 4

LQz,l L2172

where ng isa (6 —2) x (6 —2) matrix. It is easy to check
that det(Lgf)Q) # 0 for all 1 < < w, since LW is a parity-

check matrix of an [r +J — 1,7, 6], MDS code according to
Corollary 1. By column linear transformations, the matrix P
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is equivalent to

Q. 0 0 0
0 Qs O 0
0 0 Qs 0
o | 3)
0o 0 0 Quw
H| H, H i,

o (@ = 1) - Iy L) L&fé) “
[ 0 L(IL) ’
2,2

H/=(Hl, = Hyy — His(LYy) 'L HL, = Hin)  (5)

(2

with H; = (Hi71, Hag).
Now consider the code C” with parity-check matrix

Q11 0 0 0
0 Q1 0 ... 0
, 0 0 Qi1 ... 0
P= : : s : , (©)
0 0 0 Qw,l

Hi, Hj, Hj, H, 4
where ;1 and H{J, for 1 < ¢ < w, are defined by (4) and
(5), respectively.

Given a set of coordinates T' = {t1,...,t;} C [r+d—1],
and given A = (A1,..., A,45-1), we define the projection of
A onto T by Ap(A) = (A4, Ay, ..., Ay,) (where the order
of coordinates in the projection will not matter to us). We
emphasize that @); 1, for all 1 < ¢ < w, does not have a zero
coordinate, since according to Corollary 1, Ag_(Q;) has full
rank, where we define S, = {r}U{r+2,7+3,...,r+5—1},
7 € [r + 1]. Thus, by (6), C' is a code with all symbol
(r, 2)-locality.

To complete the proof we only need to show d’ > 2t + 1,
where we define t = [(d — 1)/d]. Namely, we need to show
that any 2¢ columns of P’ are linearly independent. A selection
of 2t columns from P’, denoted by 7', has the following
general form,

Ar/(Q1,1) 0 . 0
0 AT2' (Q2,1) R 0
Aq/(P') = : : : :
0 0 Aty (Qu,1)

A (H1,) Agy(Hz,) Az, (Hy)

where >, ;. [T = 2t. Since the locality of C" guarantees
recovery from any one erasure independently, the non-trivial
cases to consider are those where TTI,- >2forl <7, <w
and 1 < ¢ < s, where s denotes the number of sets 7] with
|T/| > 2 and s < min(¢, w).

With a coordinate selection 7’ from P’ we naturally asso-
ciate a coordinate selection 7 from P, defined by

T, =T, U{r+2,r+2,....,r+0—1},

for 1 < < s, and with Zl<i<s |T: | =2t+s(0—2) <t§ <
d—1.Recall thatif {r+2,7+3,...,7+5—1} C T C [r+0—1]
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then (3), (4) and (5) imply that

Ap(LW) and Ar(Q:)

Ar(H;) Ar(Hj)
are rank equivalent, based on only invertible column linear
transformations for 1 < ¢ < w. Note that the distance of C

satisfies d > dt+1 > 2t+s(d —2)+ 1, which implies that any
Y icics | Tril < 2t +5(6 —2) columns of P have full rank of

Yicics | Trls i,

S

1<i<s
Ar, (L) 0 . 0
0 Ar,, (L), .. 0
=Rank : : . :
0 0 L Ag, (L))
ATTl (H‘rl) AT72 (H‘rz) cee ATTS (H‘rs)
Ar, (Qr) 0 e 0
0 Ar, (Qr,)- - 0
=Rank : : : , (D
0 0 . ~ATTS (Q‘rs)

Ag, (H.)Ar,, (H,). .. A, (HL,)

where the second equality holds by (3), (4), (5) and the fact
that {r+2,r+3,...,r+d—1} C T, for 1 < i < s. Therefore,
by (4), (5), and (7), we have

Rank (A7 (P'))

Ar, (Qr 1) 0 e 0

0 Az (Qrp1) - - 0

=Rank ; : :
0 0 o Ary (Qr 1)

Ar (Hy, 1) Az (Hy,,) - Az (H7 4)

-y

1<i<s

where T =T, \{r+2,r+3,...,r+6—1} for 1 <i <s.
This is to say, the code C’ can recover from any 2t erasures,
hence, d’ > 2t + 1.

For the second claim, the proof is similar and the only
different is that we consider the parity-check matrix P, which
is equivalent with

)

(15_1,0) (0,0) . (0,0)
(0,0) (Is-1,0) ... (0,0)
0.0) (0.0 (I51,0)

(Hi1, HY) (H2,1,H3) (Huw,1, Hy)

where H = (H; 2 — H;1) for 1 <i < w. By the analysis as
the first case, it is easy to check that
(HT7 H2*7 MR H::))

=(Hy2—Hi1,Ho—Hoq, -+ ,Hyo— Hyn)

is a parity check matrix of a linear code with parameters
[wr+1),k > k,d>t+1], [ |
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The following bound is derived from Lemma 2. The proof
follows the same path as the proof of [13, Theorem 3.2].
We bring it here for completeness.

Theorem 2: Letn=w(r+d6—1),0 > 2, k = ur+v, and
additionally, r|k or u > 2(r+1—v), where all parameters are
integers. Assume there exists an optimal [n, k, d], linear code
C with all symbol (r,d)-locality, and define ¢t = [ (d — 1)/d].
If 2¢t + 1 > 4, then

2(w—u)r—2v—2 . .
_ T+£—1 2(*;;11)(1 =T + 1) , if t is odd,
S tr+d6—1) 2(w—u)r—2v ifti
5 a=T) q ¢, if ¢ 1s even,

where w — wu can also be rewritten as w —u = |(d — 1+ v)/
(r+6-1)].
Proof: By Lemma 2-(ii), we have a linear code C;, with

parameters [wr, k = ur +v,ds >t + 1],.

Now we apply the Hamming bound [24] to C;. We distin-
guish between two cases, depending on the parity of .

Case 1: t is odd. In this case, consider the shortened code
of C; with parameters [wr — 1,k = ur 4+ v, dy > t|4, then by
the Hamming bound we have

wr—1

q
(-

2
wr—1

(¢-1)=
q 1

qur+1}<

Eogi

<

<
q
iy

2
wr—

t—1 )

(%) " @-1

i.e.,
2(w—u)r—2v—2

<———q 1 4L

This is to say,
r+46—1 t—1 2(w—u)r—2v—2
< t=1 1].
N G “1)
Case 2: t is even. Similarly, by the Hamming bound,
we have

which means
t(r + 46— 1) 2(w—u)r—2v
n< ———¢q 7 .
2r(q—1)
By Lemma 1, C is optimal means that
d—1
Jw(r+6—1) —ur —v —u(d - 1),
w46 —1) —ur — (u—1)(6 — 1),

if v 0,

8
ﬁv:m()

ie, w—u=|[(d—14wv)/(r+d—1)]. This completes the
proof. [ ]

Remark 1: For the case 6 = 2, let d = 47 + a for
a € {1,2,3,4}, then t = 27 fora = 1,2 and t = 27 + 1
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for a = 3,4. Note that by (8), t = L%J > 2 (ord > 5)
means that w > u. By Lemma 1 and (8), the bounds can be
rewritten as

+1 (_d= =
r’“ (4(q—tll)q ¢ +1
4(d—3)

r+1 d—a —
< T (4(q—1)q ¢

4(d—3—w+u) )

+Q, if a = 3,4,

"S @ Memen
4r(g—1) q '( ) )
d— 1) 4(d—2 .
< %q d-a , ifa= 172a
for v = 0, and
11 d— 4(d—2::)+14,)
TT (4((1_(11)(] ‘ +1

4(d—3)
r+1 d—a —
< T (4(q—1)q ¢

+Q, if a = 3,4,

s (d—a)(r+1) w
4r(g—1) q ( :
4(d—2
< ot g ifa=1,2
for v > 0.

Although, for the case of § = 2, we obtain a similar bound
to the one in [13], our bound is an improvement since it
has more relaxed conditions. In particular, the bound of [13,

£—>m—2—[gﬂxw+m+

1
L‘Zﬁj + 1, ie., k = Q(dr?) [13], whereas we only require
k= Q(r?).

Recalling Corollary 1 again, we can improve the perfor-
mance of the bounds on the length of optimal locally repairable
codes with all symbol (r, §)-locality for the case d > r+ 6 by
the following corollary.

Corollary 2: Letn =w(r+d—1),0 > 2, k =ur+v > r,
and additionally, |k or u > 2(r+1—wv), where all parameters
are integers. If there exists an optimal [n, k, d], linear code C
with d > r + 6 and all symbol (r, §)-locality, then there exists
an optimal linear code C’ with all symbol (r, §)-locality and
parameters [n —e(r+0—1),k,d =d—e(r+9—1)],, where
e=[(d-1)/(r+d6d-1)] — 1.

Proof: By Corollary 1, there are R;, Ro, - - - , R, such that
Clr,, 1 <i<w,isan[r+0—1,r ], MDS code. Note that
e=[(d—1)/(r+6—1)] — 1. The fact C is optimal means

that k
imn-re- () 6on o

by Lemma 1. Recall that & > r, n = w(r + 6 — 1), and
d > r + 6. Thus, we have 1 < € < w — 1. Now let C’ be
the punctured code of C over the set W = Ue+1gi<w71 R;,
ie., C' = C|lw. The fact C'|g, = C|g, fore+1 < i < w
is an [r + § — 1,7,0], MDS code means that C’' has
all symbol (r,d)-locality. The fact C' = Cl|w implies
n'=n-3 ¢ |Ri|=n—€r+d5—1)and

Theorem 10] requires

d>d- Y |R|=d—e(r+5—1)>0,

1<i<e

which also means |C| = |C’|. However, by Lemma 1, we have

Jgﬂ—k+1—<ﬁﬂ—1>w—u

ﬂpfu+5—u—k+1—<ﬁﬂ—1>w—n
—d—e(r+6—1),
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where the last equality follows by (9). Thus, we have
d =d—e(r+9—1). Again by Lemma 1 the code C’ is
also an optimal linear code with all symbol (r,¢)-locality
and parameters [n —e(r +d — 1), k,d =d —e(r +§ — 1)],,
which completes the proof. [ ]

By Corollary 2, we can firstly reduce the optimal locally
repairable code C into an optimal locally repairable code C’
with d’ < r + § and then apply Theorem 2 to get an upper
bound for the length of C.

Corollary 3: Letn =w(r+d—1),0 22,k =ur+v >r,
and additionally, r|k or u > 2(r+1—wv), where all parameters
are integers. If there exists an optimal [n, k, d], linear code C
with d > r + ¢ and all symbol (r, §)-locality, then

2w’ —u)r—20-2
el <2{q‘_11)qt1 + 1> ,

if ¢ is odd,

n<e(lr+6—1)+
t(r+0—1) w
2T(q71) i )

if ¢ is even,

where e =[(d—1)/(r+d6d—-1)]—-1,d =d—e(r+d—1),
w =w—e¢, and t = [(d' —1)/(d)] so that 2¢ + 1 > 4 holds.

In the next section, we will prove that the bound in Theorem
2 is asymptotically tight for some special cases, i.e., there
indeed exist some optimal linear codes with all symbol (r,d)-
locality and asymptotically optimal length. In addition, we
will also prove the condition 2t + 1 > 4 is necessary,
by constructing linear codes with length independent of the
field size ¢ for the case 2t + 1 < 4.

IV. OPTIMAL LOCALLY REPAIRABLE CODES WITH
SUPER-LINEAR LENGTH

In this section, our goal is to construct optimal locally
repairable codes with length n that is super-linear in the field
size q. To this end, we first introduce a generic construction of
locally repairable codes (Construction A). Next, in Theorem 3,
we derive our main result on the minimum Hamming distance
of codes constructed by Construction A. Finally, we demon-
strate applications of Construction A by employing some
combinatorial structures such as union-intersection-bounded
families, packings, and Steiner systems to generate optimal
locally repairable codes with super-linear length.

A. A General Construction

In the subsection, to streamline the presentation we adopt
a slightly different notation than the previous one: we use
n=w(r+06—1)and k = (w—1)r+v for 0 < v < r, where
all parameters are integers.

Construction A: Let the k information symbols be parti-
tioned into w sets, say,

IO =AL1, La,.... I}, fori€w—1],

I(w) - {Iw,la Iw,Q; L) Iw,'u}~
A linear code with length 7 is constructed by describing a
linear map from the information I = (I11,...,1y ) € F’;
to a codeword C(I) = (c1,1,..,Cuw,r+6-1) € [y, thus the
[n, k], linear code is C = {C(I) : I € F!}. This mapping
is performed by the following three steps:
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1) Step 1 — Partial Parity Check Symbols: For 1 < 1 <
w—11letS;={0;; : 1<t<r+d—1}bean (r+J—1)-
subset of I, and let f;(z) be the unique polynomial over F,
with deg(f;) < r—1 that satisfies f;(6;) = I; s for 1 <t < r.
Forl<i<w—1land1<t<r+06—1,setcir = fi(0is)

2) Step 2 — Auxiliary Symbols: Let {oy : 1<t <r—v} C
F(I\(Ulgigwfls’i)’ Forl<i<w-—-1l,and 1 <t<r—w,

define
fi(at)

HQES{, (at - 9)

3) Step 3 — Global Parity Check Symbols: Let S, =
{0+ 1 <t<r+d—1} bean (r + 9§ — 1)-subset
of Fy \ {ov 1 <t < r—wv} and let f,(z) be the
unique polynomial over F with deg(f,,) < r—1 that satisfies
fuw(Owi) = Iy for 1 <t < v, as well as

(10)

Qi t =

> a=0forl<t<r—u, a1
1<iKw
where @, = eef:(azie) for 1 < t < r — v. Here, the

polynomial f,(z) can be viewed as a polynomial over F,
determined by I, ;, 1 < j <wvand a,y for 1 <t <r—w.
Thus, f.,(x) is unique and well defined. Set ¢y, ; = fu (Ow,5),
for1<j<r+4d6—1

Remark 2: At first glance there appears to be a distinction
between code symbols ¢; ; with 1 < ¢ < w—1 and those with
1 = w. However, careful thought reveals that the code symbols
that correspond to the sets S; for 1 < @ < w are essentially
symmetric, i.e., any w — 1 sets of code symbols can determine
v code symbols of the remaining set according to (11).

Theorem 3: Let 11 be a positive integer, and let S; C F,,
i € [w] be the sets defined in Construction A. If every subset
R C {S; 1 < i < w}, |R| = p, satisfies that for all
S'eR,

<4, (12)

snf U s

SER\{S’}

then the code C generated by Construction A is an [n, k, d],
linear code, with d > min{r — v + 6, (p + 1)0} and
with all symbol (r,d)-locality, where n = w(r + § — 1),
k=(w—-1)r+wv, 1 <v<r, and all parameters are integers.

Proof: By Steps 1 and 3, it is easy to check that the code
C generated by Construction A has all symbol (r, §)-locality.
By Definition 2, the repair sets are the coordinates of the
code symbols {f;(0) : 0 € S;} for 1 < i < w. To simplify
the notation, instead of define those coordinates, we directly
use 5;, 1 <4 < w to denote the repair sets in this proof. The
code C is an [n, k], linear code with n = w(r +J — 1) and
k = (w — 1)r + v according to Construction A. To complete
the proof, we only need to show that d > d; = min{r —v+9,
(u + 1)d}, ie., the code C can recover from any dy — 1
erasures.

According to the all symbol (r, §)-locality, it is sufficient to
consider those repair sets containing strictly more than § — 1
erasures, where for the code C the repair sets correspond to
S; for 1 < i < w. Since the maximum number of erasures we
should consider is d; — 1, there are at most dlgl repair sets
which can have size larger than or equal to §. Without loss
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of generality, we assume that there are ¢ sets, S1, ..., Sy, that
contain at least § erasures each, and those erasures are located
in coordinates £; C .S; for 1 <@ < ¢ < dl*l . Denote |E;| =
TZ>5for1<z<£andzl<z<én<d1 <r—v+0-1.
In what follows, we prove the claim by 1nduct10n on both ¢
and the total number of erasures ), ;. 7;.

For the induction base consider the case of { =1 and § <
|Eq| < di—1. By Steps 1 and 3, we know f;(z) for 2 < i < w,
ie., a;; is available for 2 < ¢ < wand 1 <t < r — .
By (11), a1 for 1 < ¢t < r — v can be calculated. Recall
that |[Ey| < dy —1 < r—wv+0— 1. We know at least v
values f1(0) for & € Sy \ E4, which together with fi(ay) =
ar ngjgr+571(at—017j) for 1 < ¢ < r—wv show that fi(z)
can be recovered. Here we use the fact that {«y 1<t
r—v}NS =, ie, [[1cjcrs1(e —01;) # 0. This is to
say, we can recover all the code symbols f;(#) for § € Ej.
We emphasize that in this case, the S;’s are not required to
satisfy (12), so the restriction on the size of the finite field in
this case is ¢ > 2r+ 6 —v — 1.

For the induction hypothesis assume that for the case 1 <
(=s< %=L and > i<ics Ti = T < di—1, the code symbols
1i(6) for 9 € E; and 1 < i < s are recoverable.

The induction step is divided into two cases. For the first
case, assume an erasure pattern with ), <ics i =T +1<
d; — 1. Note that if s = 1 the claim holds by the induction
base. Therefore, we only consider s > 2. Since s < dlgl <

%, we have s < p. Thus, by (12),
En| U BEll<isin| U s||<6-1,
1<j<s 1<j<s
J#i JF#i

which means that the elements of each E; may be indexed
E; ={e;; : 1<t< 7} such that
{eir : 1<t<m—0+1INE; =

¢ for 1 <

1# 7 <s. (13)

By polynomial interpolation, f;(z) for 1 < i < s with
deg(f;(z)) < r — 1 is represented as

fi(z)
fi0) 11

(0 —eij)
[1 -0

0eSi\{es,; : Ti—0+2<j<Ti} 9:€5:\{0}

I1 (z—61)

01€8;

(z=0) I (o-

—0+2<j<T;

€ij)

Cit [, s1ogicr (Bin — €iy)
Lo, es0\(0;.,3 (Bt — 1)

. HQES{, (iL' — 9)
=0 I

P>

0;+€Si\E;
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1<t<ri—6+1

+ Z Wit (:L’ — ei’t) ' H (x —

=gi(x) +

2 T e

1<t<m —6+1

(14)

where g;(x) is determined by the accessible code symbols
corresponding to .S; \ F; and

I, —s1ocj<n (Cit — €ij)
fz(ei t) ] 0 )
HelESi\{ei.t}(ezvt B 1)
with I, 2 <y (€it — ei,j)/Hele 7\{e ,}(ezt t1)
being a nonzero constant for 1 <i < sand 1 <t < 7;,—0+1.
Combining (14) with (11), we have
(W11 Wl =641+ Wy —s41) M
=(@11, s W —541s - D7 —641)
m)\1,171 m)\1,172 mkl,lﬂ“—v
Mxi 2,1 Mx, 5,2 Mx 2, r—v

My 7 —s41,1 A1 - —541,2 My 7 541,70

mx mx,

s rg —5+1°7 U

5)

Mg rg—s41,1

,wr,v),

s,7s—6+1,2

=(w1,wa, ...

where (wq, wa, ..., w,_,) is a constant vector determined by

the accessible code symbols with
g;(ai)

2 T 0
1<<s HHOES

3 filai)

srigicw Hoes, (@ =0)

forl1<i<r—o,
vy = Z (i—0+1)<r—v—(s=1)0—-1)<r—w
1<j<s
and
1
m)\iyj,z -
(O‘Z - em) HT,'76+2<t<-ri (O‘Z - ei,t)
for1<i<s, 1<j<—d+lL,and1<z<r—w.
Recall that
I Ce—e)/ ] (enr—00)

Ti —6+2< KT 01€Si\{ei¢}

is a nonzero constant for 1 < ¢ <sand 1 <t <7 —6+ 1.

Thus, recovering the vector

(fl(el,l);“' 7fs(es,‘rsf(5+1))

is equivalent to recovering the vector

5f1(61,7'175+1)5 o

(wl,la ceey W, =641y e e 7ws,‘r575+1)~

Note that the equation (15) has at least one solution, namely,
the solution that corresponds to the original codeword. Thus,

by (15)» (fl(el,1)7 RN fl(el,Tl—(S-‘rl)) LRI fs(eS,Ts—(S—‘rl)) iS
recoverable if and only if the solution is unique, i.e., the rank
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of M is w1, or equivalently, there exist v; columns of M
forming a non-singular sub-matrix. Recall that by the induction
hypothesis, the erasure pattern Ey, Eo, ..., Es \ {€sr.—s541}
is recoverable, i.e., there exists a (v; — 1) x (v — 1) matrix

with
My 1t TMXy 1t My 1ty -1
My 2.t Mg 2.t ML 2ty -1
det
LD S SN S (LD SIS S 2 Xy 7 —5415tvg -1
M, o5t M, 7o —s:t2 Mg 7o —5:tvy -1
£0). (16)

If the erasure pattern Fy, Fs, ..., E, is not recoverable, then
each v; X v; sub-matrix of M is singular. Thus, «; for 1 <
i < r —w are roots of h(x) =0 with

h(z) =
M1t XL 1t -1 mx; ((E)
MXy 5.t My 2ty -1 Mx 5 (J))
det
m)\l,T1—5+17t1 te m)‘lﬂ'1—5+1rtv1*1 m)‘1v71—5+1(x) ,
Mg g —sqtstre - TG 1o sq1to -1 TG 1y 541 ({E)
(17)
where
(x) . (1)
mM xXr) =
’ (QC - ei;j) HT,;—5+2<t§T7; (QC - ei’t)
forl<i<sand 1 <j<n—0+1

Note that h(x) H1<ugs [Iycp, (x—0) is a polynomial with
degree less than Zlgigs” - o< r—-v+6-1-6 =
r—v—1and o; for 1 < ¢ < r — v are its roots, hence
h@) [T cucs [lper, (x —0) = 0. However, for 1 <i,i1 < s,
1<j<m—0+1and 1< j; <7, —6+1, (13) means that
€i,j ¢{ei17j1}u{ei1, T —0+2< t<7—1} when (Z .7)7&
(i1,71). It follows that for 1 i<sand 1<j<m—60+1,
eij is arootof my, . (x )ngugs [lycp, (x—0) =0 forall
(il,j1)7£(i,j)with1<i1\sand1<j1\7'i1 6+ 1.
Again by (13), ¢;j for1 <i<sand1<j<7—3d+1only
appears in one of F; for 1 <t < s, i.e.,

(x —ei;) H H T —
1<u<s 0€E,
however,
e [(I] [ -0
I<uLs VEE,
forl<i<sand 1 <j<7 —0+1. By (18), we have that

e;,j is not a root of my, ; () [, c,cs [pep, (z —6) =0 for
1<i<sand 1 < j <7 —0+ 1. Thus, the polynomials

()H1<u<qHGEE( f) for 1 < i < sand 1 <
J < 7; — 0 + 1 are linearly independent over F,. Therefore,
h(z) [Ticucs [lpep, (z — ) = 0 implies that the coefficients
of mx, ; (%) [[1cucs [lpep, (r —0) for 1 < i < sand 1<
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j<mi—d+1linh(z)[[ ¢, <. [lpep, (x—0) are 0. This is to
say, the coefficient of m, ., (¥) [[1cucs [lpep, (x —0)
in h(2) [[1<ucs [oem, (x — 0) is zero, ie.,

Myt Myt Xy 1ty -1
My 2.t X 2,t2 Xy 2ty -1
det
My 7 —sq1ts TN 7 5410t My 7 —s41tog -1
MX - —s.t1 MX ro—sit2 MXg ry—sto,—1

which is a contradiction with (16). Thus, the erasure pattern
FEq, s, ..., Es is also recoverable.

For the second case of the induction step, assume ¢ = s +
1< dlé_l sets and |Fs1| =9, when T < dy —d <r—wv. In
this case, by a similar analysis, we have s + 1 < p, and thus
we also have

{eir 1<t —0+1}NE;j=¢for1 <i#j<s+1,
with B; ={e;; : 1 <t<n}fforl <i<s+1,and
(w1,17 s Wl —64+15 -+ -y Ws,7,—6+15 ws+1,1) Ms+1
:(wl,lv ey Wy =641y ooy Ws,1a—6+1, werl,l)
My 1,1 Mx ;1,2 Mxy ,r—v
mMxy 2,1 M, 2,2

Mxy 2,r—v

My 7 sl TN 1 54152 MXL 7 —s41,7—V

mx MX41,1,2 s m,

,wr,v),

s41,151 s+1,107 Y

=(w1,wa, ...

where (w1, wa, ...,

the accessible code symbols, vy = >, . (7 —

T4+6—(s+1)(0—-1)<r—v+1—s(6d—
1

wy_,) 18 a constant vector determined by
d+1) <
1) <r—wv, and

mM z =
i (Oéz - ei:j) HTi—5+2<t§T,; (Oéz - ei7t)

forl <i<s+1,1<j<n+d—1,and 1 < 2z <
r — v. Again by the induction hypothesis, there should exists
a (v2 — 1) X (vg — 1) matrix with

Myt Myt XL 1ty —1
My 2,t M 2t TNy 2ty —1
det
My 7 —s1tt TN 7 510t Xy ) —s41tvg—1
M, 7o st Mg 7y —s:t2 M, o6 tvg—1
# 0, (19)

i.e., the erasure pattern Ey, Ea,...,Es, (Esy1 \ {e€s+1,1})
is recoverable. Here, fsy1(6) for 0 € Eoi1 \ {est1,1} is
recovered by the (r,d)-locality independently, since |Esi1 \
{es+1,1} 0 — 1. If Fy,FEs,...,FEsq1 is not recover-
able, then all the vy X vg sub-matrices of M,y are sin-
gular. Therefore, by the same analysis, the polynomials
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mki,,J (J)) ngugerl HGEE,M(J" - 6) for 1 < { g s+ 1 and
1 <j <1 —90+1 are linearly independent over IF,. This
is also a contradiction with (19) and all the v X vy sub-
matrices of M, are singular, by the same analysis as the
previous case. Thus, the erasure pattern Ey, Fo, ..., Fsyq 1S
also recoverable.

Therefore, by mathematical induction, the distance of C
satisfies d > dy, which completes the proof. [ |

Example 1: Letr =2, =3, w=3, n=w(r+d6—1)=
12, v =1, and k = (w — 1)r + v = 5. Consider the linear
code over F7 = Z7. Set S = {1,2,3,4}, So = {3,4,5,6}
Sz = {1,2,5,6}, and o; = 0. Then the generator matrix of
the linear code C by Construction A can be listed as

G :(glagQa' "ag12)
1 00006 5 0056 4
0100023001435
= 0010O0O0O0G6GS5 3 51
0001O0O0O0233251
000O01O0O0O0GO0OZ2%56©6

It is easy to check that (gi,g2,86,87) is a generator
matrix of a [4,2,3]7 linear code (as are (g3, 84,85, o) and
(85,810,811, g12)). Thus, the code C has all symbol (2, 3)-
locality. A computer program verified that indeed the weight
of the codewords generated by G is at least 4, i.e., d = 4 =
n—k+1—([£]—1)(6 — 1) = r — v + 4. Thus, the code
C generated by G is a [12,5,4]; optimal locally repairable
codes with all symbol (2, 3)-locality, which is consistent with
the result of Theorem 3.

B. Explicit Locally Repairable Codes With n > q

According to the bound of Lemma 1, the minimal Hamming
distance of the code C generated by Construction A, i.e, n =
wr+d—1)and k = (w—1)r+wv for0 < v < r, is at
most  — v + d. In fact, the key point in applying Theorem 3
is to find sets S, ..., .S, of evaluation points, that both allow
optimal code construction with the minimal Hamming distance
d=r—wv+4J as well a long code. In this subsection, based on
Construction A, we analyze special structures of Si,...,.Sy,
that can yield optimal locally repairable codes with n > q.
Two trivial optimal locally repairable codes with n > ¢

Corollary 4: Let n = w(r+6 — 1), k = (w — )r + v,
1<v<r beintegers. f r—v<dandg>2r+0—v—1,
then there exists an optimal [n, k,d = r — v + ], linear code
with all symbol (r, §)-locality, where optimality is with respect
to the bound in Lemma 1.

Proof: By Lemma 1, a code with the given n and k is
optimal if d = r — v + . Since r — v < J, in the proof
of Theorem 3 we only need to consider the case that there is
only one repair set containing strictly more than § —1 erasures,
which easily holds. [ ]

Remark 3: We remark that in the case described in Corol-
lary 4, we can let S; = S; for 1 < ¢ # 7 < w. In this
case, r —v < 0 and ¢ > 2r + 6 — v — 1 are sufficient for
the code generated by Construction A to be optimal. This
is to say, the value w is independent of ¢. Thus, the length
n = w(r +J — 1) of the code C can be as long as we wish.
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This result is already known for the case § = 2 and d < 4 (see
[23]), and is, to the best of our knowledge, new for the case of
0 > 2. This result also shows that the condition 2t + 1 > 4 is
necessary for Theorem 2, since the code length is unbounded
for the case 2t + 1 < 4, i.e., t < 1 corresponding to the case
r—v <0, where t = [(d—1)/5] = [ZFeE=L

Corollary 5: Let n = w(r +6 — 1), k = (w — 1)r + v,
1 <wv<r, beintegers. Let S CF,\ {a; : 1<i<r—uv},
|S| = 6 — 1, be a fixed subset. Take S; C F, \ {ay 1<
i<r—ovpforl<i<w IfSNS; CSforl<i#j<w,
then the code C generated by Construction A is an optimal
[n, k,d = r—v+4], linear code with all symbol (r, §)-locality,
where optimality is with respect to the bound in Lemma 1.

Corollary 6: Let n = w(r +6 — 1), k = (w — )r + v,
1 <wv<r beintegers. If ¢ > (w+ 1)r +6 — v — 1, then
there exists an optimal [n, k,d = r — v 4 d], linear code with
all symbol (r, §)-locality, where optimality is with respect to
the bound in Lemma 1.

Proof: When ¢ > (w + 1)r + 6 — v — 1, those S;’s in
Corollary 5 can be easily constructed by letting |S| = § — 1
and S; N S; = S forall 1 < i # j < w, which form a
sunflower with center S [9]. [ |

Remark 4: When w > 1 + %, the optimal linear codes
with all symbol (7, §)-locality in Corollary 6 are all with n >
q. In [21], optimal locally repairable codes are also constructed
with flexible parameters. However, in [21] the construction is
based on the so-called good polynomials [22], [34] and n < q.
Optimal locally repairable codes with n > ¢ based on
union-intersection-bounded families

A combinatorial structure that captures the interaction
between the evaluation-point sets, S1, . . ., .Sy, in Construction
A is a union-intersection-bounded family [12]. Its definition
is now given:

Definition 3 ([12]): Let ny,7,0,t,s be positive integers
such that ny > 7 > 2, 7 > §, and t > s. The (s, ¢;d)-union-
intersection-bounded family (denoted by (s, ¢; 6)-UIBF(7, n1))
is a pair (X,S), where X is a set of n; elements (called
points) and & C 2% is a collection of 7-subsets of
X (called blocks), such that any s + ¢ distinct blocks
Al, AQ, ey AS, By,Bs,...,B, € S satisfy

U 4N <.

1<i<s

U n

1<i<t

Example 2: Let ny = 6, 7 =4,0 =3, s =t =1, and
X = [6]. Then it is easy to check that the family of sets {57 =
{1,2,3,4}, 5, = {3,4,5,6}, 55 = {1,2,5,6}} in Example 1
forms a (1, 1; 3)-UIBF(3, 6).

The following corollary follows from Theorem 3 and
Lemma 1.

Corollary 7: Let n = w(r +6 — 1), k = (w — 1)r + v,
1 < v < r, be integers, and let 1 be a positive integer with
o = r—u If (Fo\{ar : 1<t <r—v},§={5; : 1<i<
w})isa (1, u—1;0)-UIBF(r+0—1, ¢g—r+w), then the code C
generated by Construction A is an optimal [n, k, d = r—v+4],
linear code with all symbol (r, §)-locality, where optimality is
with respect to the bound in Lemma 1.
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Proof: By Definition 3, each p-subset R C S satisfies
that for any S’ € R,

'

By Lemma 1 we have d < r — v + 0. Thus, the desired
conclusion follows from Theorem 3 and Lemma 1. [ ]

In [12], a lower bound on the size of (1, u—1;6)-UIBF(r+
d—1, q) is given, which immediately implies a lower bound on
the length of the codes generated by Construction A according
to Corollary 7.

Lemma 3 ([12]): Let pu,d,r,n1 be positive integers. Then
there exists a (1, — 1;6)-UIBF(r 4+ — 1,n1) (X, S) with
IS| = Q(m%), where 7, §, p are regarded as constants.

Based on Corollary 7 and Lemma 3, we have the following:

Corollary 8: Let n = w(r +6 — 1), k = (w — )r + v,
1 < v < r, be integers, and let 1 be a positive integer with
uo = r — v. Then Construction A can generate an optimal
(with respect to the bound in Lemma 1) [n, k,d = r— v+ 4],
linear code C with all symbol (r, §)-locality and length n =
Q(qur%l), where we regard r, 0, and p as constants.
Optimal locally repairable codes with n > ¢ based on
packings or Steiner systems

In the following, we consider some special sufficient condi-
tions for (12) to construct optimal linear codes with all symbol
(r, 0)-locality.

Theorem 4: Let n = w(r +6 — 1), k = (w — 1)r + v,
1 < v < r, be integers, and let a be a positive integer. If
|S;NS;| <aforl<i#j< wand r —v < &, then the
code C generated by Construction A is an optlmal [n k,d=
r — v + 0], linear code with all symbol (r, §)-locality, where
optimality is with respect to the bound in Lemma 1.

Proof: Denote S = {S1,...,5y}, and let u = [%1 Then
the fact that |.S;N.S;| < @ means that for any p-subset, R C S,
and for any S’ € R, we have

SN U

S <(u—1)a:([é—‘—1>a<5—1.
SER\{S"} a

Since pd > % > r — v, the conclusion follows by
Theorem 3. [ |

Definition 4 ([8], VI. 40): Let n1 > 2 be an integer and
u a positive integer. A 7-(n1,t, 1)-packing is a pair (X,S),
where X is a set of n; elements (called points) and S C 2%
is a collection of t¢-subsets of X (called blocks), such that
each 7-subset of X is contained in at most one block of S.
Furthermore, if each 7-subset of X is contained in exactly
one block of S, then (X, S8) is also called a (7, t, ny)-Steiner
system.

The following corollary follows directly from Theorem 4.

Corollary 9: Let ny = q — r + v. If there exists a
(tr + -(n1,r + 6 — 21,1)—packing with blocks S and

U s||<o.

SeR\{S"}

0 < r —wv < ‘57, then there exists an optimal
[n, k,d], linear code with all symbol (r,d)-locality, where
n = |S|r+d -1, k = (S| — )r + v, and
d=r—v+0.
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The number of blocks of a packing is upper bounded by
the following Johnson bound [18]:

Lemma 4 ([18]): The maximum possible number of blocks
of a (14 1)-(n1,r + 0 — 1,1)-packing S is bounded by

S| < ni ny —1 ny—T
Slr+d—1|r+6-2""|r+d-1—-7]"""]]"

Thus, the number of blocks for a (74 1)-(ny,r+46—1,1)-
packing can be as large as O(n{“), when 7, 7, and § are
regarded as constants.

Corollary 10: Let ny = ¢ —r +v. If there exists a (74 1)-
(n1,r+0—1 1) -packing with blocks S, |S| = O(n] ™), and
0<r—v<? -, then there exists an optimal [n, k, d|, linear
code with all symbol (r, §)-locality, where n = (r—|—6 1) =
IS|(r+6—1) =0(¢" ), k = (|S|-1)r+vand d = r—v+4.
In particular, for the case w—1 > 2(r—v+1),r—v =4§+1,
ie., d=20+1and 7 = ¢ — 1, the code based on the (7+ 1)-
(n1,7 + 6 — 1, 1)-packing has asymptotically optimal length,
where r and § are regarded as constants.

Proof: By Corollary 9, we have n = |S|(r +6 — 1) =
O(q"*1) for the code generated by Construction A. For the
caser—v=0+1lL,w—122(r—v+1),d=25+1, and
t=1|(d—1)/8] =2, by Theorem 2 we have

t(r +0 — 1) 2(w—wiir=2v

S !
t(’l“ + 0 — 1) r—v __ r—uv—1
\mq = O(q )

Thus, for the case r —v = 0+ 1 and 7 = § — 1, the code
C has length n = O(q"*') = O(¢%), which is asymptotically
optimal with respect to the bound in Theorem 2, when r and
0 are regarded as constants. |

As an example, we also analyze the length of the codes
based on Steiner systems.

Corollary 11: Let ny = q — r + v. If there exists a
(t+ 1,7+ —1,n1)-Steiner system and 0 < r —v < 5 , then
there exists an optimal [n, k, d], linear code with all symbol
(r, 0)-locality, where

<T+1) (r+d6-1)
)

—1)7"—1—1),

and d = r—v+0. In particular, for the case w—1 > 2(r—v+1),
r—v=240+1,ie.,d=20+1and 7 = § —1, the code based on
the (8,740 —1,q— 6 — 1)-Steiner system has asymptotically
optimal length, where  and § are regarded as constants.
Proof: The first part of the corollary follows directly from
Corollary 9 and Definition 4. For the second part, the fact
T=d—1means that r—v=0+1< 5 7 is possible, which
also means the code C has length (r+d—1)(*"9") /(")
and d = 20+ 1. Since w — 1 > 2(r —v+1), u = w — 1,
r—v=9—1,and d = 2§ + 1, i.e.,, t = 2, by Theorem 2,
we have
tr+0-1) 2w=w)r=av

2r(q—1)

n=wlr+d§—1)=

()
k= <(r+61)

T+1

tr+0—-1) ,_,

2r(q — 1) = 0(a").
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Now the conclusion comes from the fact that the upper bound
is O(¢°) and the constructed code has length n = Q(q%),
where we assume 7 and § are constants. |

Remark 5: For the existence of packings in general the
reader may refer to [29] and the survey in [8, VI.40].

Remark 6: For the case § = 2 and d = 5, optimal linear
codes with all symbol (r, 2)-locality and asymptotically opti-
mal length ©(¢?) have been introduced in [3], [13], [17]. The
constructions in [3], [17] are given by parity-check matrices
with 3 or 4 global parity checks, which means they only works
for the cases d = 5, 6. It is easy to check that our construction
yields codes for more general cases even if we only consider
the case § = 2.

Given positive integers 7, r and 6 > 2, the natural nec-
essary conditions for the existence of a (7 + 1,7 + 0 — 1,
q —r+wv)-Steiner system are that (q;:’{ff) | (Tiﬁiﬁ) for all
0 < 7 < 7. It was shown in [19] that these conditions
are also sufficient except perhaps for finitely many cases.
While ¢ might not be a prime power, any prime power
q > g will suffice for our needs. It is known, for example,
that there is always a prime in the interval [q,q 4+ ¢*'/*°]
(see [2]). Thus, Construction A provides infinitely many opti-
mal linear [n, k, d]7 locally repairable codes, with all symbol
(r, 0)-locality, and

(")
n=(r+5-1)- (,;L) =@ =@,
T4+1
(")
k= ((T+51) — 1) 7"+U,
T4+1
d=r—v+§6,

i.e., with length super-linear in the field size. This is to say,
Corollary 12: For given integers 7, d, 7 with 0 < r — v <

%, let ¢t be an integer with (";ﬁﬁ:’ﬂ(’"jﬁ:’) for all
0 < ¢ < 7. Then, for all large enough ¢, there exists an
optimal [n,k,d], locally repairable code, with all symbol
(r, 0)-locality, and
(7h")
n=(r+8-1) 4= = Q) =g,
( T4+1 )
(7
k= (r+6—1)_1 r 4+,
T4+1
d=r—v+9,

where ¢ is a prime power with ¢t < ¢ < t + t21/40,

V. CONCLUDING REMARKS

In this paper, we first derived an upper bound for the
length of optimal locally repairable codes when § > 2. As a
byproduct, we also extended the range of parameters for the
known bound (the case 4 = 2) and improve its performance
for the case d > r 4+ . A general construction of locally
repairable codes was introduced. By the construction, locally
repairable codes with length super-linear in the field size can
be generated. In particular, for some cases those codes have
asymptotically optimal length with respect to the new bound.

4863

Several combinatorial structures, e.g., union-intersection-
bounded families, packings, and Steiner systems, satisfy (12)
and play a key role in determining the length of the codes
generated by Construction A. If more of those structures with
a large number of blocks can be constructed, more good codes
with length n > ¢ can be generated. Finding more such
combinatorial structures and explicit constructions for them,
is left for future research.

APPENDIX

The goal of this appendix is to prove Theorem 1. In
Lemmas 5 and 6, we first characterize how many code symbols
should have more than one repair set if the repair sets do
not form a partition of all the code symbols. Following that,
in Lemmas 7-10, we prove a relationship between the rank,
the number of repair sets, and the number of code symbols
that have more than one repair set. Finally, we prove, under
some restrictions, that if the repair sets do not form a partition
of all the code symbols then the Singleton bound in Lemma 1
cannot hold with equality, namely, Theorem 1 holds.

To prove Theorem 1, we need some basic combinatorial
covering designs and property of repair sets. We begin with
some notation and definitions. Recall that

n=(r+0—w+m, k=ru+uv,

where 6 > 2, 0<m<r+d6—2,and 0 <v <r—1 are all
integers.

Definition 5: Let n,T,s € N. Also, let X be a set of
cardinality n, whose elements are called points. Finally, let
B = {Bi1,Bs,...,Br} C 2% be a set of blocks such
that (J,c iy Bi = &, and for all i € [T], |Bi] < s and
Ujery Bi # &X. We then say (X,B) is an (n,T)s)-
essential covering family (ECF). If all blocks are the same
size we say (X, B) is a uniform (n,T, s)-ECF.

There are some similarities between ECFs and covering
designs. Recall that in an (n,k,t)-covering design we
have n points, all blocks are of size k, and every t-set
of points is contained in at least one block. An ECF
is more relaxed, in the sense that blocks need not be
of the same size. On the other hand, coverage is tested
only for single elements, i.e., ¢ = 1, and each block
must contain a unique element not found in other blocks.
For example {{2,4,1},{3,5,2},{0,6}} is an ECE In
contrast, the well known 2-design with parameters (7,3, 1),
ie.,{{2,4,1},{3,5,2},{4,6,3},{5,0,4},{6,1,5},{0,2,6},
{1,3,0}} is not an ECF for the simple reason that each
element appears exactly in 3 sets. This is to say for any given
set we can not find an element only included in that set.

An important quantity associated with any family of subsets,
B C 2%, is its overlap, denoted D(B), and defined as

U B

BeB

D(B)= ) |B|-

BeB

Obviously D(B) > 0 and D(B) is monotonically increasing.
Additionally, D(B) = 0 if and only if its sets are pairwise
disjoint.
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In what follows we investigate the structures of repair
sets.

Lemma 5: Let (X,B) be an (n,T,r + § — 1)-ECF, and
assume it is non-uniform or that D(B) # 0. Then for every
0 <t < T, there exists a subset B/ C B, |B’| =t, such that

U B

BeB’

tr+0—-1)— >min{r+0—-1—-m,|t/2]}.

Proof: We first construct a uniform B from B, by arbitrar-
ily adding elements to sets in B that contain less than r+¢6 —1
elements. Note that B is not necessarily an ECF. Obviously

D(B) > D(B). We contend now that D(B) > 0. If D(B) # 0
this is immediate, since we have D(B) > D(B) > 0. If B is
not uniform, at least one set B € BB has |B| < r+d — 1, and
adding elements to it in the process of creating B necessarily

increases the overlap, i.e., D(B) > D(B) > 0. We also
observe that,

DB)=) |Bl-||JB
BeB BeB

=B|(r+d5-1)—n

=—m (mod r+d—1).

Next, we partition B into two subsets, B; and Bo, where

B.—{BeB : 3B €eB B +B,BnEB £0)},

and

B, =B\ B..
For convenience, denote By = {Bi,...,Bg} and By =
{Bk+1,...,Br} where 0 < K < T.

Let /1 < t < T be a positive integer. Obviously, if ¢t > K,
then B = {Bi1,...,Bk,..., B} is a t-subset satisfying

t
Uz
i=1

For the case 0 < t < 1, the fact |t/2| = 0 means that the
lemma follows trivially. For the case 2 < ¢ < K, we claim that

we can select a t-subset B CB containing |t/2] different
pairs of sets {B,, ,, B, } for 1 <i < [t/2] with

S BI-|UBzt+ Y B-| U B

BeB; BeB; BeB;_1 BeB;_1

DB) =Y Bl - ~DB). Q)

2J,
for By = 0 and B; = {B,, : 1 <i<2j},1<j<
especially B 2 BL ] satisfying

t
2

3):

21
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Otherwise, there exists a subset B; C By with size at most
— = ek —1 =
2(|£] — 1) such that for any B’ € B, \B,,B" €B,

> 1B- U B
BeB,U{B',B"} BeB,U{B',B"}
<> BI-1U B
BeB; BeB;

which implies
,if B € By \ B,
it B € B;.

B+ B <|(B'UB")\Upes; B
e _
B < [B'\ Ugez; B|.

. =l =\ 5
However, this means that every B € B \ BI has an empty
intersection with any other set in B, which contradicts the
definition of B;.

By combining (20) and (21), for any given 0 < ¢ < |B|,
— - = — —
there exists a t-subset, say B = {Bi,Bs,...,B;} C B,
such that
— _ _
DB)=> Bl-||J B
BeB' BeB'

>min {D(B), |t/2]}
>min{r+46—1-—m,|t/2]}, (22)
where the last inequality holds since D(B) > 0 and

D(B) = —m (mod r+§ — 1).
= _
If B, € B was created from B; € B, i.e., B; C B;, then
by (22) we have,

i=1 i=1
>min{r+4d6—1-—m,|t/2]}.

Now set B/ = {By, ..., B;} to complete the proof. [ |
Lemma 6: For any [n, k], linear code C with all symbol
(r,8)-locality, let T' C 2" be the set of all possible (r,d)-
repair sets. Then we can find a subset R C T such that ([n], R)
is an (n,|R|,r+ 6 — 1)-ECF with |R| > [£].
Proof: By Definition 2, I" contains at least one repair set
for each code symbol, hence

U r=1n].
ReT

If foreach Re T, R ¢ UR,EF\{R} R/, then set R = T and
the lemma follows. Otherwise, set 'y = I'\{R}, where R € T
satisfies that R C UR/GF\{R} R’. Thus, by (23), we conclude

that
U R =R

R'eD\{R}

(23)

Since |T'y| < |T'|, and T'; also satisfies (23), we can repeat the
elimination procedure to obtain the desired set R. The facts
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Rank({Jper R) = k and Rank(R) < 7 imply that [R| >
[£], which completes the proof. [ |

Lemma 7: Let C be an [n, k], linear code with all symbol
(r, 0)-locality. Let R be the ECF given by Lemma 6. If for a
subset V C R, and for all R € V,

RN U R||<IRI-6+1, (24)
ReV\{R'}
then we have
Rank<U R) U Rl - VI —1).
ReV ReV
Proof: Denote |V| =/ and V = {R;,...,R¢} C R. For

each R; € V, (24) means that there exists a (§ — 1)-subset
R C R; such t.ha.lt.Rg N (Ujep iy £5) = 0. Thus, we can
get ( pairwise disjoint subsets R7, R5,. .., R).

By Definition 2, Rank(R;) = Rank(R;\ R}) for 1 <14 < 4.
Therefore, we have

Rank ( U R) =Rank U (Ri \ R})

ReV i€ 4]
< U (R: \ R;)
i€[f]
= J Rr|->_ IR
REV il
= J B - MIE-1).
ReV

|

We note that when § = 2, (24) is always satisfied by

the ECF R. We now continue with our exploration of the
properties of R.

Lemma 8: Let C be an [n, k], linear code with all symbol

(r,0)-locality. Let R be the ECF given by Lemma 6. If

there are subsets V C R’ C R with [V (2] -1,
Rank(Upzers R) = K, and
Rank < U R) <IUR-MIEs-1) @9
ReV ReV

then we can obtain a ([£] —1)-set V' with V C V' C R’ such

that
Rank< U R) U R[-IVI6-1).
ReV' ReV'
Proof: If |V| = [£] — 1, then the lemma follows by

setting V' = V. Otherw1se we have [V| < [£] — 1. Since
every R € R is an (r,d)-repair set, Rank(R) < r. This
means that Rank (Jzep R) < ([£] — 1)r < k. Note
that by the lemma requirements, Rank (Jper B) = k.
which implies that there exists a R' € R’ \ V such that
Rank(R" U (Ugey R)) > Rank(Upey R). We recall,
however, that since R’ is an (r,d)-repair set, if R* C R/,

4865

|R*| = |R'| — § + 1, then Span(R*) = Span(R’). It follows
that R’ cannot have a large intersection with | ;,, R, namely,

(Y

Hence, there exists a R C R\ (UReV R) with |[R"| =6 —1.
Again, using the fact that R’ is an (r,d)-repair set and
|R'\ R"| = |R'|—d+1, we have Rank(R’) = Rank(R'\ R"),
and therefore,

<|R|-6§+1.

Rank U R
REVU{R'}

=Rank U R
REVU{R'}

P ((Y)e)
(U
= U =r

REVU{R'}

\ R//

+ Rank <RLEJV R)
UR

ReV

5+ 1+ — V(6 —1)

—[VU{R}( - 1),

where the last inequality holds by the fact R” C R’ \
(U RV R) and (25). Therefore, repeating the above opera-
tions, we can extend V to a ([£]—1)-subset V' C R’ such that

Rank (RLEJV R) U R -

ReV’
Lemma 9: Let C be an [n, k], linear code with all symbol
(r, 0)-locality. Let R be the ECF given by Lemma 6. Assume
V C R such that |V| < [£] — 1. If there exists a R’ € V such

that
R U R

ReV\{R'}

then there exists S C [n] with Rank(S) =k — 1 and

S| >k + (m —1) 6 —1).

Proof: Assume V satisfies (26). Let V' C V be a minimal
subset for which (26) holds, i.e., there exists a set R’ € V' with
[R' 0 (Ugrevn (ry B > |R'| — 6 + 1, which in turn implies
that Span(R’) € Span(Ugeyn (g} £2). By the minimality of
V', the set V' \ {R'} satisfies the requirements of Lemma 7,
which implies

V(6 —1).

>|R|-d0+1, (26)

Rank U R|< —[V\{R}|(6 - 1).

ReV'\{R'}
' As npt.ed before, Span(R’) C Span(Ugeyn (r1) R), and
since trivially Rank({Jz.z R) = k, we also necessarily have
Rank(UReR\{R/}} R) = k. Therefore, by Lemma 8, we can

U =R

ReV'\{R'}
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extend V' \ {R'} to a ([£] — 1)-subset V"’ C R\ {R'} such
that

Rank< U R>< U R -V"6-1)
ReV" ReV"
k
ER(Em=

Considering the set V' U {R'}, we have

Rank U R
REV"U{R'}

—Rank( U R)
ReV"

R

ReV”

< U }R—l—([ﬂ—l)(é—l), (27)

ReV"U{R/

where the last inequality holds due to the fact that R’ ¢
Upgeyr R by the properties of the ECF R.

Since
:Rank< U R)
ReV”

()

<k -1,

Rank U R
REV"U{R'}

we can find a set S with Rank(S) = k — 1 by taking
Urevru (ry 1t and adding arbitrary coordinates until reaching
the desired rank. This set .S has size

Sj>k—1-Rank | () R|+| (J R
ReV"U{R'} ReV"U{R'}

e ([ 2) -0

which follows from (27). [ |

Lemma 10: Let C be an [n, k], linear code with all symbol
(r, 0)-locality. Let R be the ECF given by Lemma 6. Assume
V C R such that V| < [£] — 1. If A is an integer such that

U R[>

ReV

VI(r+6—1)— A>0 (28)

and [E£2] > [E7 then there exists a set S C [n] with
Rank(S) =k — 1 and

S| >k + (W —1) 6 —1).

Proof: 1If the requirements of Lemma 9 hold for V, then
the desired S may be obtained by Lemma 9, and we are done.
Otherwise, )V does not satisfies the requirements of Lemma 9,
and then using Lemmas 7 and 8 (setting R’ = R in the latter),

(29)
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V may be extended to a set V' C R with [%] — 1 elements
satisfying

Rank<UR> U BR[-VI(6-1)
ReV ReV
=JR —([q—1>(5—1).
ReV "
Recall that & = ru + v, with 0 < v < r — 1. It now follows
that
k—l—Rank(U R)

ReV
zru+v—1- UR+|V/|(5—1)

ReV
Ju(r+6-1) = |Upey Rl +v—1, if v#0,
B r+(uw—1)(r+6-1) = |Upey B| +v—1,if v=0,
N +6-1) = |Ugey Rl +v—1, ifv#£0,

r+Vr+6-1) = |Upey Bl -1, ifv=0,
(i) WVIr+6—1)— |Upey Rl +v—1, ifv#0,
T lr+ VI +6-1) = |Ugen Bl -1, ifv=0,
(Q A4+v—1, ifv#0,
T lr+A-1, ifv=0,
(30)

where (a) follows from the fact that |[R| < r+ ¢ — 1 for all
R eV, and (b) follows from (28)

For the case v # 0, [BE28] = u + [E2] > [E] =y + 1
means that A +v > r, i.e., A+v—1 > r. Thus, by (30) and

A >0,

€1V

Rank(U R)ék—l—ra

ReV’

for both v = 0 and v # 0.

Again, by the same analysis as in Lemma 8, we can obtain
yet another set R’ € R\ V' with Rank(R' U (U R)) >
Rank(|J zeyr R) and then

Rank U R

ReV'U{R'}
< U B-VU{RrR}ME-1)
ReV'U{R'}
= U =B|- FW (6 —1). (32)
ReV'U{R'} "

Note that Rank(Ugeyripy B) < Rank(Upey R) + 7 <
k — 1 by (31). Therefore, construct S by adding
coordinates to  Jpey (R} R until reaching sufficient
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rank, Rank(S) = k — 1, and then by (32) we have
Sj>k—1-Rank | |J R|+| |J R
ReV'U{R'} ReV'U{R'}

>k—1+{ﬂ (6-1)

e ()00

which completes the proof.
Now we are ready to prove Theorem 1.

Proof of Theorem 1: Let R C I be the ECF obtained in
Lemma 6. If D(R) =0 and |[R|=r+dJ —1forall R € R,

then set S = R the theorem follows.

Otherwise, we have D(R) # 0 or |R| < r+ 6 — 1 for
some R € R. We distinguish between two cases. First, assume
k > 2r. By Lemma 6, we know that |R| > [k/r]. According

k

to Lemma 5 we can find a ([2] — 1)-subset V C R satisfying

T

Vir+s-1)-||J R
Rev

: B
>A=minqr+4J—1, TT

>0.

Since u > 2(r — v+ 1) or v = 0, we have [££2] >
[%] Therefore, by Lemma 10, there is a set S C [n] with

Rank(S) =k —1 and

S| >k + (W —1) 6 —1).

Thus, by Fact 1

sen-si<n-i- ([£]-1) -,

This is a contradiction to the optimality of C with respect to

the bound in Lemma 1.

In the second case, r < k < 2r. We note that we only

need to consider the case v = 0, namely, K = 2r, since if

v # 0 then the condition v > 2(r — v+ 1) > 2 implies that
k = ur + v > 2r. We therefore assume k = 2r. The theorem
now follows directly from [32, Theorem 9]. In what follows,

we include a proof for this case for completeness.

If D(R) # 0 or |[R| <7+ 06— 1 for some R € R then
we can find two distinct repair sets R, R’ € R such that
RN R # { or min(|R|,|R|) < r+ ¢ — 1. In either case,

we have Rank(RU R’) < 2r = k.

We again distinguish between two cases depending on |RN
R'|. For the first case, if |[RNR’| < min(|R|,|R'|)—3d+1 then
we have Rank(RUR') < |RUR'|—2(6—1) < |RUR'|—6+1.
In the second case, when |R N R'| > min(|R], |R'|) — 0 + 1,
assume without loss of generality, that [RNR’'| > |R'|—d+1,
then Rank(RUR') = Rank(R) < |R|—0+1 < |RUR/|—d+1.

We now construct a set S C [n] by arbitrarily adding
coordinates to R U R’ C S such that Rank(S) = k — 1.
Therefore, |S|— (k—1) > |RUR'|—Rank(RUR') > 6 —1,

or equivalently, |S| > k 4+ 6 — 1. Again by Fact 1, we get
d<n—|S|<n—k—(5-1),

which is again a contradiction with the optimality of C with
respect to the bound in Lemma 1. |
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