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1. Introduction

The covering problem is a fundamental problem in metric spaces: given a non-negative
number r, find a set of points in the space that is of minimal size, such that the balls
of radius r centered those points cover the entire space. Such sets, often referred to
as covering codes, have been thoroughly studied due to their fascinating relations with
various topics in pure and applied mathematics, such as finite fields, discrete geometry,
linear algebra, communication and algorithms. We refer to the excellent book [3] for
further reading on covering codes and their applications.

The covering problem in Hamming spaces is frequently referred to as the football-pool
problem (e.g., see [7,9-11,13,15]), a name derived from a lottery-type gamble in which
the outcomes of a sequence of football games are guessed. The football-pool problem
deals with the following question: what is the minimal number of lottery tickets to be
bought in order to guarantee that at least one of the tickets wins, where n football games
are played, and a ticket with at least n — r games guessed correctly wins. The answer
to that question is the minimal size of a covering code of length n with covering radius
at most r in the Hamming space over an alphabet of ¢ elements (where ¢ is the number
possible outcomes in a single football game).

We consider a generalization of the football-pool problem. Assume that n football
games are played, but now, each game consists of two sub-games, a match and a rematch,
each with ¢ possible outcomes. A gambler buys lottery tickets with n guesses, (each from
the ¢ possible outcomes of a single match). The gambler is considered to guess correctly
the ¢ games i1, ...,y if they have two tickets, where the first ticket guesses correctly the
first matches in the games i1, .. .,y and the second ticket guesses correctly the rematches
of the same games i1, ...,43; (the same ticket may be used twice). The gambler wins if
they can guess correctly at least n —r games. The goal in our generalized (second-order)
football-pool problem is to determine what is the minimal number of tickets to be bought
in order to guarantee winning.

Similarly to the original football-pool problem, this minimal number of tickets would
be the minimal size of a second-order covering code of length n with second covering
radius at most r in the Hamming space over an alphabet of size q. Motivated by this
generalized version of the football-pool problem, we study generalized covering codes in
Hamming spaces.

The generalized covering radius was recently introduced as a fundamental property
of linear codes, shown to characterize a trade-off between access-complexity, storage and
latency in linear data~-querying protocols. In [4], the case of linear codes was studied: some
fundamental properties of the generalized covering radii were examined, and asymptotic
bounds on the optimal rates of linear covering codes were derived. An interesting relation
between the generalized covering radius and generalized Hamming weights of linear codes
(see [14]) was also observed. In another paper [5], the generalized covering radii of Reed-
Muller codes were examined.
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In this work, we focus on the generalized covering radii of general codes, i.e., codes
which are not necessarily linear. The main result in the paper is the derivation of the
exact value of the minimal asymptotic rate of second-order covering codes with a fixed
normalized second covering radius over an arbitrary finite alphabet. For a normalized
radius p € [0, 1], denoting the second-order optimal rate function over an alphabet of
size ¢ by ka2(p, q), we prove in Theorem 1 that

li( )_ 17qu(p) p6[0717ql2)7
2P, q) = 0 pE[l

where H,2(-) denotes the ¢?-ary entropy function. This result is an improvement upon
the best known upper bound on the minimal asymptotic rate of linear binary second-
order covering codes, given in [4, Theorem 22]. Thus, while a gap still remains for linear
codes, our main result for general codes completely finds k2(p, ¢), while also extending
to general finite alphabets.

Another important result in this paper is given in Theorem 3, where we prove that
second-order covering codes are very common among codes of sufficiently large rate. For
pel0,1— q%) let ag(n, p, M) denote the fraction of codes of length n over an alphabet
of size ¢ with normalized second covering radius at most p in the set of (n, M) q codes.
In Theorem 3 we prove that for any € > 0
lim oy (n,p7 g Hee (p)+5)> =1.

n—roo

2. Preliminaries

We consider codes over finite Abelian groups. We use G to denote an Abelian group
of size ¢ € N and + for the group operation. Naturally, G denotes the set of vectors of
length n with entries from G, and GfIX” denotes the set of ¢ X n matrices with entries
from G;. We also consider G and ngn as Abelian groups with the entry-wise group
operation. We use lower-case letters, v, to denote scalars and group elements. Overlined
lower-case letters, U, shall be used to denote vectors, and bold lower-case letters, v, to
denote matrices.

For a vector ¥ = (v1,...,v,) € Gy, the support of ¥ is defined as

supp(v) £ {1 < i < nfu; # 0,
and its Hamming weight is defined as
wt(7) £ |supp(7)|.

The Hamming distance between two vectors 7,7’ € Gy is then defined as
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A set C C G is called an (n, M), code if it has cardinality M. The elements in a code
C shall also be called codewords. For an (n, M), code, log,(M) is called the dimension
of the code. In the case where G, is as also a field, we say that C is a linear code if it
is a linear subspace of G over G. In that case, C' is said to be an [n, k], linear code,
where k = log, (M) is its dimension (which is also the dimension of C' as a vector space).

For an (n, M), code C, the covering radius of C, denoted R(C'), is the distance of the
farthest point in Gj to the code, with respect to the Hamming distance. That is,

R(C) £ max mind(¢, 7).
veGy celC
Equivalently, the covering radius of the code is the minimum radius at which balls
centered at the codewords of C' cover the entire space Gy. Here, a ball of radius 7 (not
necessarily an integer) centered at T € Gy, is defined as the set of vectors in Gy that are
at distance no more than r from 7, i.e.,

B.(v) £ {ue G} |dw,u) <r}.
The normalized covering radius of C' is denoted by p(C), and is defined to be

. RC)

p(C)

The generalized covering radius was introduced in [4] as a fundamental property of
linear codes. While [4] only studied linear codes, we extend our view to general codes,
i.e., codes which are not necessarily linear. We begin by recalling the definition of the
t-metric, also known as the block metric, on the space of matrices GgX".

Definition 1. Let v € GZX" be a matrix with rows denoted by vy, ..., 7;. The t-weight of
v is defined by

wt®(v) £ U Supp v; |.
i€lt]
The t-distance between two matrices v and u in GfIX" is defined to be
d(v,u) £ wt®(u—v).
The t¢-Ball is defined in the usual manner, with respect to the ¢-metric:
BW(v) 2 {ue G d®(v,u) <r}.

We remark that for ¢ = 1, we get the well known Hamming metric. Thus, notationally,
when ¢ = 1 we may omit the superscript (). Next we define the t-th power of a code.
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Definition 2. Let C' be an (n, M), code and ¢t € N. We define C* € G{*™ to be the set
of t x n matrices over G, such that their rows are codewords in C'. That is,

C1
c' & Dl eGXM | Vielt,a el

Ct
We are now ready to define the ¢-th-covering radius of a code.

Definition 3. Let C be an (n, M), code and ¢ € N. The t-th-covering radius of C'is defined
to be the (regular) covering radius of C* inside GZX" with respect to the t-metric. That
is,

R,(C) %2 max mind?(c,u).

ueGLm ceC?

Once again, we note that for ¢ = 1, the ¢-th-covering radius of a code is the regular
well known covering radius of the code (with respect to the Hamming metric).

Remark 1. In [4], it is proved that in the case where G, is a finite field and C is a linear
code, the t-th-covering radius has several equivalent definitions, showing an algebraic
aspect of this property. However, in the general case, where such an algebraic structure
is missing, it is unclear if an extension of these equivalent definitions exists.

Remark 2. The definition of the ¢-th-covering radius depends on the ¢-metric, which
is defined using the group operation. However, it is easy to check that the ¢-metric
is invariant to a change of the group operation. Thus, the ¢-th-covering radius may
be considered as a property of codes over arbitrary finite alphabets (by considering a
finite alphabet of size g as a cyclic group of order ¢). Nevertheless, for convenience and
simplification of notation, we think of all codes as codes over finite Abelian groups.

The fundamental problem in any coverings-type setting is to find the minimal size of
a set with a covering radius which is at most r. Thus, we are interested in the minimal
size (or equivalently, dimension or rate) of a code C' C G such that R;(C) < 7.

Definition 4. Let n,t,q € N, and 0 < r < n. The optimal dimension function, denoted
by k¢(n,,q), is the minimal dimension of a code of length n over a group of size ¢ with
t-th-covering radius at most r. Namely,

k(n,.q) 2 min {log, [C]| C € G5 Ri(C) < r}.
For p € [0, 1], the asymptotic optimal rate is then defined as

k
k¢(p,q) = liminf M

n—00 n
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We remark that the group Gy is omitted from the notation, as by Remark 2, k; and
k¢ only depend on the size q.

A restriction to linear codes of the above functions was studied in [4]. Similarly to the
general case, if G, = F, is the finite field of size ¢, then k™ and xM™ are defined to be

k}in(/nﬂ T, q) = min {lqu |C| ‘ CQF;,Rt(C)QT} ’

C' is linear

and

i kLin
Ky (p, q) = lim inf ki (n, pnq)

n—00 n

Obviously, for all n,t,r, p and prime power ¢ we have

ki(n,r,q) < k™(n,r,q) and  ke(p, q) < k™ (psq).

It is well known [2] that in the case of t =1,

_ ﬁLin _ 1- HQ(p) pe [071 - %)7
k1(p,q) = Ky (ﬂ,q)—{o pello L1l

where H, is the g-ary entropy function defined by

H,(x) £ xlogq(q -1) - xlogq(x) —(1-2) logq(l —x),

and for continuity, H,(0) £ 0.

At this point, our knowledge of k:(p,q) becomes severely limited, and we restrict
ourselves to the first unresolved case, i.e., ¢ = 2. The lower bound from [4, Proposition
12] gives us:

1
e {“Hﬁ(p) peL” ) ©)

0 pell

This bound is based on a simple ball-covering argument. We also remark that while [4]
only considered linear codes, the proof for the bound does not use the linearity of the
code in any way, and thus the bound applies not only to xk5"(p, q), but also to ka(p, q).
In the other direction, [4] only managed to handle the further restricted case of ¢ = 2,

and thus [4, Proposition 14 and Theorem 22] proved two upper bounds which give us:

F2(p,2) < RE™(p,2) < 1— Ha (%), (3)

1— (4H4(p) — f(p)) p<0,2),

ﬁ2(pa2> g K%in(p72) < {
0 p € [3,1],
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Fig. 1. A comparison of the bounds on k2(p, 2): (a) the ball-covering lower bound of (2), (b) the upper bound
of (4), and (c) the upper bound of (3).

where, for all p € [0, 2) we define

f(p) 2 Hy(s(p)) + 2s(p) + 2(1 — s(p))Ha </’__3(/’)>’

1—s(p)
1
s(p) 2 1—0(1 +80— /11 16p— 16,02).
The bounds of [4] are depicted in Fig. 1, and a gap between the lower and upper bounds
is evident. Our main theorem, proved in the following section, closes the gap completely,
while extending the setting to a general alphabet of size ¢, giving us the exact value of
K2(p; q)-

A key component in the proofs ahead is an estimate of the size of balls. Let Vr(frz,q
denote the size of a t-ball of radius 7 in G&*™ with respect to d®,

ZASOES

T,n,q

B{(v)

9

which does not depend on the center, v, as the metric is translation invariant. By choosing
v = 0, one can easily see that VT(Z),q counts the number of ¢ X n matrices with at most r
non-zero columns. Thus, after conveniently denoting p = -,

Lon] n . W
Vl)(fl),nyq = Z <’L> (qt - 1)Z = Vpn,n,qt'
=0

By a standard use of Stirling’s approximation (e.g., see [6, Chapter 3]) it is well known
that for p € [0,1 — qi,}
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tn(H,t(p)—o(1)) (€] tnH ¢ (p)
q < Vpn,n,qf <q ’ (5)
and therefore
Lo ] tn(H i (p)+o(1)) 1
Vina= 3 (1)@~ 1 = v, =} reBITh )
e =\ P gtnt—em) p€l— %, 1].
Using the same approximation, we also mention that for 0 < m < n, n > 0,
<T":L) (q — 1)7” = q”(Hq(m/”)'i‘O(l))' (7)

Finally, here in (6)-(7) and throughout the paper, we use o(1) to denote a function of n
whose limit is 0 as n — oco. Then, given a continuous real function f(z), we shall often
use the fact that f(z + o0(1)) = f(z) + o(1).

3. The second-order optimal rate

The purpose of this section is to prove the following main theorem:

Theorem 1.

1- HqZ(p) pE [0’1 - l2)’
K/Q(pvq) = 1 !

Since the proof of Theorem 1 is long and involved, we first describe the overall strategy
in brief. We start by noting that the lower bound of (2) matches the claim of Theorem 1.
Additionally, the upper bound of (4) matches the claim of Theorem 1 in the range
1- q%, 1]. Furthermore, the case of p = 0 is trivial. Hence, it remains to prove an upper
bound matching Theorem 1 in the interval (0,1 — q%)

In order to show that ka(p,q) is upper bounded by some number 7y, we are required
to find a sequence of codes with lengths that tend to infinity, whose normalized second
covering radius is no more than p, and whose rate (asymptotically) does not exceed .

In order to find such codes, we take a probabilistic approach. We generate random
codes using a carefully chosen distribution. Then, we prove that the event of obtaining
a second-order covering code with a normalized radius not bigger than p, is non-zero for
a large-enough length. We then make sure that some of these codes have a sufficiently
low rate. This will imply that the desired codes exist and the upper bound holds.

From now on, we fix some p € (0,1— q%) Let {Xg}ﬁeag, be a set of i.i.d Ber(p) random
variables. We consider the random code C which consists of all the vectors v € G such
that yz =1, i.e.,
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Let wy,u2 € Gy be two vectors, and assume v € G?IX". We say that the unordered
pair {1, Uz} covers v, denoted {@y, Uz} ® v, if v is contained in at least one of the two

balls of radius pn centered at u; and {gf ] That is,

(@, %) v iff veB@)([ })UB@([ })andm;éw

Equivalently,

{u,us} v iff {[Z;],{ }}HBQ)()#@andul#uQ

Then, for any matrix v € GZX" we define the random variable

Xv2 > Xa X

{ﬂl ,EQ}DV

We observe that if X, > 0 then v is 2-covered by at least one matrix from C? with
distinct rows.

Aiming for a lower bound on P[X, = 0], we use the Janson-type concentration in-
equality given as follows:

Theorem 2 ([12, Theorem 11]). Let {xi}ico be a finite set of independent Boolean ran-

dom variables, and let A C 22 be a family of non-empty subsets. Let X be the random
variable defined by

X2 E:ALM IAéEIIZW7
AeA icA
and for each A € A let us define

Xa2Isa+ > Ip, and pa2P[Ly=1].

A#£Bec A
ANB#0D

Then,

P[X =0 exp< ZpAE{

AcA

1} ) (8)

One can easily see that for any v € ng", our probabilistic model exactly fits the
setting of Theorem 2 with

X =Xy, Q= GZ, and A= {{al,ﬂz} ‘ﬂl #ﬂg and {ﬂl,ﬂg} D V} .
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Given A = {w;,us}, with wy,us € Gy, and given v = {g;} IS G?IX", we shall conve-

niently define

wa £ i,jgl{i?,z} d(u;, v5), 9)

where the dependence on v is implicit in the notation w4 .

Lemma 1. With the notation above, for any v = [51} € GiX” and A = {u1,us} € A,

U2
we have that

1 1—(1—p)ratt 1 1—(1—p)ratt
—-%QE{— IA:l} g%
2 p(na+1) Xa p(na+1)
where n 4 is an integer satisfying
qu : Vp(i)fwA,nfwA,q Sna<4- qu : Vp(rlb)fwA,nfwA,q’

Proof. Under the conditional measure given the event {I4 = 1}, with probability 1 the
random variable X 4 is equal to the random variable Z + 1, where Z is given by

zZ2 Z a(W)xw, where (W) £ H{m,ﬁl}av + H{mﬁg}av,
wEG\ {1,z }

and where for an event P, Ip denotes its corresponding indicator function.
For each w € G} \ {T1,Ua}, we have a(w) € {0, 1,2}, and therefore, for Z defined as

z& > xw
meG;\{ﬂl,Uz}
a(w)#0

we have

In particular, under the conditional measure given the event {I4 = 1}, with probability
1 it holds that

1 1 1 1

- = é - < —_.

2 Z+1 Xa  Z+1
By the monotonicity of the expectation,

1
_.E{Nl
2 Z+1

1

A

1
IA=1:|<E|:~
Z+1

n=1].
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We observe that Z is a function of {XW}EGGH\ (1>} a0d T4 is a function of x5, and
o\,

Xu,- Hence, 7 is independent of 14, which implies that

[l

Z+1
Directly from its definition, we get that Z ~ Bin(n 4, p) with

= |{w e G} \ {u1,u2} | () > 0}].

We now use the result given in [1, Chapter 3.1, Eq. (3.4)], stating that if Y ~ Bin(n, p),
then

) e

and conclude that

1— (1 _ p)n,A+1

_ _ na+1
1= =pm™ <E[ !
p(na+1)

1
5. p(nA+1) X4

IA—I]

In order to complete the proof it remains to bound n4. We recall that ny is the
number of vectors in G;‘ \ {1, s} that together with @; or Ty can form a 2 X n matrix in
B,()%) (v). We further sub-divide this set (perhaps with overlaps) in the following manner.
For 7,7 € {1,2} we define ¢; ;(w) to be the 2 x n matrix whose ith row is w, and whose

other row (the (3 —¢)th row) is u;. We then define

S(i,4) 2 {@ € Gy \ {7, T} | 4P (60, (), v) < pn}

Since we can flip simultaneously the order of rows in ¢; ;(w) and v without affecting the
distance between them, we can equivalently write,

S(i,j) = {weG \{ul,u2}‘d( ({u]] , MD <pn}. (10)

By recalling the definition of n4 one may easily observe that

max [S(i,§)| <na< Y |SG4)| <4- max |S(i,5)]-

i,j€{1,2} i) i,j€{1,2}

Let us now compute |S(i,7)| for any 4,5 € {1,2}. For our convenience we denote
r £ |pn]. First, if d(@;,D3_;) > r, then by (10) we must have |S(i,j)| = 0. Otherwise,
denote m £ d(w;,73_;) < r. In that case, the choices for W € S(i, ) are exactly the
following: In the m positions where ; and v3_; differ, we can set w arbitrarily. In the
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remaining n — m positions of W we copy the entries of 7;, but we may change the value
of at most r — m of those positions. Hence,

T—m

.o m n—m m
|S(Z7])| =q ( ¢ )(q - 1)€ =q - V;"(i)rn,nfm,q'
=0

We observe that the expression describing |S(4, 7)| is monotone non-increasing in m.
This might be proved by noting that when we change an entry in u; in one of the
coordinates in supp(@; — U3—;), and make it equal to its counterpart in Ts_; (thereby
decreasing m by 1), any vector that belonged to S(4, j) before the change, still does after
the change, and in particular the size of S(i,j) does not decrease. This shows that

r—wa
L. w n—wa i w V(l)
S — A — 1 = A
i,g%?l},{Z} 1S(i,7)| = q ;zo ( i ) (¢ ) q T—WA,N—WA,Q

where w4 is defined in (9). O

1—-(1—p)*att

from Lemma 1, we immediately arrive
p(na+l)

By further analyzing the function
at the following corollary:

Corollary 1. For any [Z;] =ve Gi”" and A = {u1,u2} € A, with wgy =m = un < pn
we have that

n- 3 - o
- 1 o1l 1 1—(1—p) Tt _ 1 1= (1—p) (F()+o(1)
Xa|™ T2 D) 2 pogUTem
where
1 pe0,1—q(1—p),

p+ (1 —u)%(%) pe (L—q(l=p)pl

1-(1—p)"att
p(na+l)

techniques, or by recalling its equivalent definition as an inverse moment of a Bin(n4, p)

—(1—p)Aat+1

random variable, we note that 1=(-p"am

p(na+1)

€ (1—q(1—p),p] we have % €0,1— %), and therefore by Lemma 1 and (5) we have

Proof. We consider the function as a function of n 4. By standard analysis

is decreasing with n 4. We observe that for

r—m n—m )
na+1<1+4-¢m) < Z_ )(q—w:1+4-qm.v}3m_myq
=0

<5gm v < 3 H(82E) _ n(7G0+3),

r—m,n—m,q
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Combining the above inequality with the (decreasing) monotonicity and the lower-
bound from Lemma 1

n (L3
s 1 1_(1_p>q (F)+5)

For p € [0,1 — ¢(1 — p)] we have

na+1<5¢"- VY < 5" < g < grIioT),

r—m,n—m,q
and the conclusion similarly follows. O

We now turn towards an asymptotic analysis of P[X, = 0]. Our strategy is to show,
using the Janson-type inequality given in Theorem 2, that for an appropriate choice of
p, this probability decreases rapidly to 0 for all the matrices in szn. Let A = {w;,us}
be such that wag = m = pn < pn. As we continue, we shall find the case of u = #p
of particular interest. In the following lemma we show the existence of a large subset
A’ C A such that for all A € A" we have wa = n(p + o(1)).

U1
U2

there exists a subset A’ C A with

Lemma 2. Let [ =veE G(QIX” be any matriz, p € (0,1 — q%), and p = #p. Then

A > qn(Hq(l‘)+ll+(1f,u)Hq(%)Jro(l))

)

such that for all A € A" we have
un —11 < wy < pn.

Proof. Throughout the proof we shall occasionally use the fact that for any real « € [0, 1]
and any integer ¢,

lof] + [(1 —a)l] = 2.

Let d £ d(7;,7,) and denote § 2 %. By translation invariance and coordinate reordering,
we may assume, without loss of generality, that v; = 0,, and vy = 050,_4, with v, €
(G, \ {0}
The proof strategy is to show the existence of sufficiently many elements {u;,us} =
A € A such that wyg = n(p+ 0o(1)). These elements will form the set A’. We first choose
Uz to be the same as Uy, except that we change |§|un]] entries of the T} part into other
2

values, exactly | == |d|un] || of which are non-zero. We also change [(1—4)|un]|] entries
q—1 LOLH Iz

of the 0,,_q part into non-zero values. We emphasize that

[0Lpn]] < on, [(1=0)[pn]] < (1=d)n,
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and so it is possible to choose that many coordinates. Thus, the number of ways for
choosing us in this fashion is

. Jlenl] 422 5 un
)t o
(30 Yoo
— <L6L5unn“) (g — 1)°mn(i+o(1) (((1(1__5)6&2“) (g — 1)0=un

- qén(Hq(u)+0(1)) .q(1—5)n(Hq(u)+0(1))

= ¢"(Ha(w)+o(1)) (11)
where we used (7), the continuity of the entropy function, and in particular when ¢ = 2
by convention we set 0° = 1.

The set of coordinates in Ty that started as non-zero and remained unchanged shall be
denoted as Zyy, whereas those that were changed shall be denoted by Zyc. Similarly, the
set of coordinates in us that started as zero and remained unchanged shall be denoted
as Zzy, whereas those that were changed shall be denoted by Zzc. The number of
coordinates in each such set is then

Iy = 0n — |8|pn]| = 6(1 — pw)n(l + o(1)),

Ine = [0 pn]] = dpn(1 + o(1)),

tzc = [(1 = 0)[pn]] = (1 = 6)un(1 + o(1)),

lzy = (1 =0)n—[(1=0)[un]] = (1 =61 — pw)n(l+o(1)).

A schematic drawing is presented in Fig. 2.

We now choose w; by describing where the non zero elements are placed. In Zyy we
place [7=£ ENUJ non-zero elements, exactly a L L €NUJJ of which disagree with their
correspondlng elements in 5. In Znc we place | == 7 éch non-zero elements, exactly a
LZ:—? L%ENCJJ of which disagree with their corresponding elements in Ty, In Zz¢c we
place L%fzcj non-zero elements, and in Zzy we place L%ézuj non-zero elements. We
again refer to Fig. 2 for a schematic drawing. We observe that we can eliminate all of
the floor and ceiling operations, and in return, multiply each expression by (1 + o(1)).

It then follows that the total number of ways to choose %; in this fashion is'

() (e Yot

1 In the interest of having a readable expression, we removed all floor and ceiling operations, and nota-
tionally omitted multiplication by (1 4 o(1)), as it is absorbed in the (1 + o(1)) from (7).



D. Elimelech, M. Schwartz / Journal of Combinatorial Theory, Series A 203 (2024) 105834

1 1 1
A : ZNe : Zzc : Zzu
1 1 1
1 1 1
n : : :
1 1 1
1 1 1
[} 1 1
U 1 1 1
1 1 1
| | |
inu] : Lq;qlfNCJ : L%ézd : [ =5z
1 1 1 1
) : ) : I : )
1 1 1 1 [} 1 1
1 1 1 1 1 1 1
1 1 1 1 [} 1 1
f O R O R o
1 1 L 1 1 1 1
1 1 1
— — X
_ _ 1 1 _ | 1 1
Uz =02 ' # U2 ! ]
1 1 | 1 1
ST :
1 : LhZNCJ : 1 1
1 1 1 1 1
1 1 1
Iny | Ine | lzc | lzy
1 1 1

15

Fig. 2. The vectors vy, V2, U1, U2 in the proof of Lemma 2. Shaded areas contain only non-zero entries,
whereas non-shaded areas contain only zero entries. The notations = Ty and # T2 mean component-wise
equality or inequality when comparing with the corresponding entries in T2. Additionally, (%) denotes that

exactly a Z—j—fraction of entries (rounded down) disagree with the corresponding entries in vs.

oun q%l&m =25,n
() (o

2

1 — g—1
. <q_(1 §)un )(q 1) -oun
q

. <(1 —0)(1—p)n
(L=08)(p—p)n

(I=6)un

)(q _ 1)a=9p-pn

8(1—p)nH, (522 ) (1+0(1)) . gPrn(i+o(1)

- =mn(1o(V) (A= A=p)nHy (£ ) (1+o(1)

_ qn(/1r+(1—u)Hq(%fj[)+0(1))'

Again, we used (7) and the continuity of the entropy function.

(for ZNC)

(for Zzc)

(for Zzu)

(12)

Having constructed sets A = {u;, s}, we turn to proving that they satisfy all the

requirements. First, we examine w,4. We have the following inequalities:

d(ur,v1) = {

T 0n = 13Lun]))

J+[*

T |6 pn] ]

|
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|- o] + |22 - o - 10 9 i)
Y

q—1
> on —oun) + ——dun
1—u( pn) . oK

-1 —
+qT(1—5);m+p_—“

u((l —0)n—(1=0)un) -8

1
:un+(p—%u>n—8:/m—8,

A7) = H;Z((sn— Lﬂﬂ"“ﬂ + {3;2{

—2| 4=t 0n - oL |
q—2

| St + | 123 | = st | + [ £ 1= o)L
L )]

-2 1 -2
=201 —p)n+ %(5@— wn + a(S,un—l— q—é,un
q—1
+ T(l —8)un+ (1 =06)(p—p)n — 11

= pun+ (1 — q2qi 1p>6n— 11 (; pn — 11,
e, 1) = b0 — (8Ll + | =2 [5lund | + 12 = 0) oo

-2
(1—p)on+ q—léun+(1—5)un—4
q—

q2 (@)
ﬂn—i—(l— 5 1p>6n—42/m—4,
q

d(tz,02) = [8[pn]] + [(1 = &) un]] = |un],

where (a) follows from p € (0,1 — q%), and throughout we use the fact that p =
Combining all of the above we get,

q
a+if

un —11 <wy < pn.
Additionally,

a® (|22 []) = | #2260 ~ sl )| + 16Lunl) + 102 = 8) o

p— i

+ {ﬁ((l —0)n—[(1-9) WLH)J
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p— 1 p— 1 1-p

< - B P
T i)+ ] = §= o+ 30
— 1 —

gp Mn—&— pun:pn.

1—u 1—p

Hence, {u1,T2} ® v, and so {u1, T2} € A.

We observe that if we account for the possibility of sometimes getting, u; = s, and
the possibility of getting twice the unordered pair {u;,us}, by combining (11) and (12)
we get

A > % M Hal)o(1) <qn(u+<1—qu(H)+o<1>) _ 1)

n(Ho(w)+t(1—p) Hy (822 ) +o(1))

)

as claimed. O
Another technical result we shall need is the following entropy identity.

Lemma 3. For any p € (0,1 — q%) and p = #P;

Hy(p) + p+ (1= p)H, (%) = 2Hg(p).

Proof. The proof is straightforward from the definition of the entropy function and the
properties of the log function. For y = ﬁ 0,

Hy(p) +p+ (1 - u)f@(%)

ap

ap ap ap st

—H () + g (- ), (2
q(q+1) q+1 ( q+1> q<1—q’%>

1—p)+1 1-p)+1
_ o ap 1qu< ap )_q( p) + 1qu(q( p)+ )
g+1 qg+1 g+1 g+1

ap ap q(lp)+1) ( p )
+ lo -1+ + H
g1 le— D+ ( g+1 \gl-p)+1
ar qp
= —m(—logq(p) —1+4log,(g+1)+1log,(¢— 1)) + T+l
g —p)+1
q+1

n q(lq—f);r 1 <_q(1 _/;) —log, ((m) +log, (g — 1)))

_d-p+1/q+1)A=p), ((a+1){1—p)
q+1 <q(1—p)+11gq(Q(1—p)+1>>

(log,(q(1 = p) +1) —log, (g + 1))
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ap
- q_|__1(_ log,(p) +log,(q + 1) +log,(q — 1))

Cql-p)+1
q+1

+ L (g, (4= 1) ~log, () + o, (a(1 — p) + 1)

(log,(q(1 — p) +1) —log, (¢ + 1))

— (1= p)(log,(q +1) +1log,(1 — p) —log,(q(1 — p) + 1))
= —plog,(p) — (1 — p)log,(1 — p) + plog,(q + 1) + plog,(q — 1)
= 2(=ploggz(p) — (1 = p)logz(1 = p) + ploggz(¢® — 1)) = 2Hz(p). O

Lemma 4. For any integer ¢ = 2 and p € (0,1 — q%),

q
H)|——p)—H 0
q<Q+1 ) () >0,

and in particular, the interval (0, Hy( L5 p) — Hqz(p)) is non-empty.

Proof. Let us investigate the function

o) = 1, ) - Helo)

as a function of p € [0,1 — q%] We start by observing that

0(0) = Hy(0) — Hp(0) =0 —0 =0,

1 1 1
l——)=H(1-Z)—H.([1-=)=1-1=0.
w( q2) q( (J> q( q2>

Thus, since ¢ is smooth in (0,1— q%), in order to prove that ¢ is positive, it is sufficient to
show that ¢ is increasing in a neighborhood of 0 and that its first derivative has exactly
one root in (0,1 — q%)

A straightforward calculation of the first and second derivatives shows that

+ mn (1q2) (ln(p) —In(1—p)—In (q2 — 1)),

") = p(qIn(q) — ¢In(¢?)) — (¢+ 1) In(q) + qIn(¢?)
7 (1= p)alp— 1) — 1) In(q) In(¢?)

We note that
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. 1
S (o) = lim hl(p)( EDIOM 1n(‘12>)

. In(p) (1 1
= lim - — T | =9,
p—04 ln(q) 2 1 + 6

since ¢ > 2. This proves that ¢ is increasing in a neighborhood of 0. Since ¢(0) = 0 it

also implies that ¢ is positive in a neighborhood of 0.

It now remains to prove that ¢ has exactly one root in (0,1— ) So far we have shown
that ¢ is smooth, positive in a neighborhood of 0, and satlsﬁes »(0) = gp(l - —) =0,
which together imply that it has at least one local extremum in (0,1 — ) ThlS proves
that ¢’ has at least one root in (0,1 — ) We note that ¢’ is also Smooth and therefore
the number of roots of ¢’ is upper- bounded by 1 plus the number of its local extrema.

We also observe that the equation ¢”(p) = 0 has exactly one solution,

~ In(q) + qIn(q) —In(¢?) 1 1
po = q(In(q) — In(q?)) =1 q © (0’ ! 2>.

In particular, the number of extrema of ¢’ is at most one, and therefore ¢’ has at most

two roots.

By now, we know that ¢’ has least one root and at most two roots in (0,1 — %) We
assume to the contrary that ¢’ has two roots in (0,1 — q%) In that case, 1 — 5 must
be a local extremum. Furthermore, since lim,_,o, ¢'(p) = oo, 1 — % has to be a local
minimum, ¢’ must be decreasmg in (0,1— —) and increasing in (1—+,1— —) Let p1, p2
be the roots of ¢’, p1 < 1— E < pa. Since ¢’ is increasing in (1 — ;, 1 - q12) we have that

On the other hand, ¢’ naturally (and continuously) extends to the interval (0, 1) and

. 1
lim  ¢'(p) = @’(1 - ?)

(1)
= et (a0 () +m (3)

T (1612) (ln (qu; 1) o (ql_Q) (e~ 1)> =0

This brings us to a contradiction and therefore completes the proof. O

We now have all the technical lemmas needed to bound P[X, = 0].

Proposition 1. Let p € (0,1 — q%) and € € (0, Hy(17p) — Hy2(p)) be fized. Assume that
p=q 27 [T ] = v e G2Xn. Then,

o
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P[X, = 0] < exp (—q"@a“(”)),
where the o(1) term does not depend on v.
Proof. The components of the proof of the statement are the Janson-type inequality
from Theorem 2, the tight estimations on E[Xg1 | T4 =1] given in Lemma 1, and the

combinatorial argument given in Lemma 2. By Lemma 2, for pu = qqu p, there exists a
subset A" C A such that

A > q n(Ho () ++(1—p) Hy (424 ) +o(1)) (13)

and for any A € A,
pn —11 < wy < pn, (14)

where the o(1) term only depends on p and g. Using Corollary 1 and the fact that all

)
u-lp
)

n(f(wa/n)+5)
= exp E 1 1 _ 1 _ p) .
= - 3 .

summands in (8) are non-negative, we obtain

P[X, = 0] exp( ZPAE[

AeA

Combining with (14),

1 - (1 p)q7t(f(u+0(1))+0(1))
_ _ = 2 _
PlXy =0l < exp ( 3 2 P UG ) ) (15)
AcA’

Since f(-) is continuous, we have f(u + o(1)) = f(u) + o(1), and the addition of o(1) is
easily absorbed in the o(1) that already appears due to Corollary 1, still only depending
on ¢ and p.

We begin our simplification of (15) by using the well known Bernoulli’s inequality: for
y>0and z € [—1, i),

1
1—zy

(1+2)?
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We use Bernoulli’s inequality with y = ¢"/(W+e(1) > 0 and z = —p € [~1,0], to get

g +o(D) 1

(1=p) ST pgn(FGFe))
Therefore
| = (1 = p)a" e+ N 1- 71+pqn(f1(u)+o(1))
o) 2 PTG +e(m)

pg o)
~ PG To) (1 + pgrGGo+o(1))

p2

T 1+ pgrUFe)”

(16)

Since p = #p, we observe that for any value of p € (0,1— q%), have p € (1—q(1—p), p].
Recalling the definition of f(u) Corollary 1, we have that

1 +pqn(f(u)+o(1)) -1+ qn(u+(1—u)Hq(ﬁ’—:f‘;)—Hq2(p)+s+o(1))

14+ qn(Hq2 (P)*Hq(#p)+€+o(l)>’

where the last equality follows from Lemma 3. We recall that by Lemma 4 for any
pE (Oa 1- q%)

q
Hy(p) Hq<q+1 ><0,

which together with the assumption that e € (0, Hy( 15 p) — Hg2(p)) implies that

1 4 pgnUW+e) — 1 4 qn(qu (P)*Hq(ﬁp)ﬁﬁo(l)) =1+o0(1).
Continuing (16) and using (13) as well as Lemma 3, we now conclude that for p = q% p
)qn(f(u)JrO(l))

1-(1-p o
> p vy 2 AP (1 +o(l))
AcA’

— |A/‘qn(72Hq2(p)+25+o(1))

> qn(Hq<u>+u+<1—u)Hq(%)—qu(pwm(l))

_ qn(26+o(1))_
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Combining all the parts of the proof together, for all sufficiently large n, (15) gives

)qn(f(u)+0(1))

_ 1 2 1— (1 —-p n(2e+o(1))
PIXy = 0] < exp <_§ 27 p - T @W+o(D) ) S exp (_q )
AcA’

where the o(1) term is induced from o(1) terms all along the way, depending only on p, e
and ¢. O

The last components for the proof of Theorem 1 are the following concentration in-
equality for binomial random variables, and a proposition that shows that, with high

probability, the cardinality of the random code C' is close to its expected value of
g (1= Haz(p)Fe)

Lemma 5 (/8, Theorem 1]). Let X ~ Bin(n,p) be a binomial random variable. Then for
every real a > 0

P[X > E[X] +a] < exp <— o (1 ‘ >>

2np\~ 3np

From Lemma 5 it follows that if X ~ Bin(n,p), and v > 0, then

PIX > B[X](1 + )] = P[X > np(1 + )] < exp (—%v%p(l - g)). an)

Proposition 2. Under the assumptions of Proposition 1, for all sufficiently large n,
P [{Ra(C) < pr} 0 {|C] < g7 @Frt/mA] 51 exp (—gnete)),

Proof. From Proposition 1, for any matrix v € Gixn,

P[Xy = 0] < exp (—g" ).

Applying the union bound we obtain

P[Ry(C)>pn] =P | |J {Xy=0}| < Y PX,=0
ve@ixn vegixn

(%) qgn exp (_qn(25+o(1))) = exp (_qn(2€-%-o(1))>7

where (a) follows by the fact that the o(1) term in the upper-bound on P[X, = 0] does
not depend on the choice of v, as described in Proposition 1.

For a bound on the probability of the second event, we use (17), and the fact that the
cardinality of our random code C has a Bin(¢", q_”(qu(”)_E)) distribution:
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[|C| n(1—H,2 (p )+s+1/n)} <P[|C] = 2E[|C]]

1
< exp ( gqn(l—qu (p)+€)>

— exp (_qn<1—qu<p>+e+o(1>>).

Hence,
P [{RQ(C) < pntn {|C| < qn(lquz(P)+6+1/n)}:|
=1-P [{32(0) > pn} U {|C| > q”(lqu2<p>+e+1/n>H
> 1-P[Ry(C) > pn] - P [|C| > q"(l_HqQ(p)"‘E'*‘l/n)}
21 —exp ( n(2eto(1) ) exp (—q”(l‘HqZ(p)Jrero(l)))

>1—exp ( n(2e+o(1) )

23

where the last inequality follows, for all sufficiently large n, from the fact that ¢ <

Hq(qﬁp) —Hgp(p) <1—Hg(p). O

The proof of Theorem 1 now easily follows.

Proof of Theorem 1. As explained in the beginning of Section 3, the only remaining part

we need to prove is that k2(p,q) <1— Hp(p) for all p € (0,1 — ) Let p € (0,1 —

=)

and ¢ € (0, Hq(ﬁp) — Hgp2(p)) be ﬁxed By Proposition 2, for all sufficiently large n,

the random code C satisfies
P [{R2(C) < pn} 0 {|C] < O Har 0+t 1/mA] 5 .
In particular, there exists at least one (deterministic) code C,, such that
Ry(Cn) < pn, and |G| < "3~ Haz(p)Fe41/n),
This immediately implies that,
ka(n, pn, q) < qn(l—qu(p)+€+1/n) — qn(l—Hq2(p)+6+0(1)).

This proves that

r2(p, )—hmmf —log,(k2(n, pn, q))

<liminf (1 — Hgz(p) +e+0(1)) =1 — Hgp(p) +e.

n—oo
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Taking ¢ — 0 we conclude

ka(p,q) < 1—Hg(p). O

While for the proof of the upper-bound part of Theorem 1 it is only required to show
the existence of second-order covering codes, we observe that a stronger conclusion may
follow, namely, that with high probability, a random code generated according to our
distribution is a second-order covering code. We use this fact in order to prove that the
fraction of second-order covering codes (among the set of codes of sufficiently large size)
tends to 1 as n — oo.

For an integer ¢ > 2, p € (0,1 — q%), n €N, and 0 < M < ¢, let ay(n, p, M) denote
the fraction of codes of length n over G, with second covering radius at most pn in the
set of (n, M), codes. Namely,

Cq(n, p, M
ag(n, p, M) 2 | q((qn) )\’
M

where
Cq(n,p, M) 2 {C C Gy ‘ Ry(C) < pn,|C| = M }.
Lemma 6. Let p and n be fized. For any 0 < M < q" — 1,
g, p, M) < g, p, M +1).

Proof. We start by observing that any (n, M + 1), code C' that contains a sub-code
in Cy(n, p, M) satisfies C € Cy(n,p, M + 1). This immediately gives a lower bound on
|Cq(n7 P M + 1)‘

Cq(n,p, M +1)| > [{C C G |3C" C C,C" € Cy(n, p, M)}|. (18)

We note that any code in Cy(n, p, M) can be extended to an (n, M + 1), code by adding
one of the ¢" — M remaining vectors in Gy. We also note that any code obtained by
adding a vector to a code in C4(n, p, M) has M + 1 subcodes of size M. Therefore, any
such code may be the extension of at most M + 1 codes in C4(n, p, M), which implies
that

n qn - M
{C C GI|3C" CC,C" € Cyn, p, M)}| = |Cq(n, p, M) T (19)
Using (18) and (19) we conclude that
ag(mp,M+1) _ [CGrp M+ () ¢ =M () _, _
aq(n; p? M) (]\;Jrl) |Cq(na p? M)| M + 1 (]\214’,1)
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The following theorem asserts that the fraction of second-order covering codes tends
to 1 as the length tends to infinity when we consider codes with rate larger than the
optimal rate presented in Theorem 1 by an arbitrarily small amount.

Theorem 3. For any p € (0,1 — q%) and ¢ > 0, let us denote M(n,p,e) =
an(l_Hq2 (p)+€+1/n)J . Then,

lim aq(n,p, M(n,p,e)) =1.
n—roo

Proof. We start by observing that by the monotonicity property given in Lemma 6, it is
sufficient to prove the claim for any e € (0, Hz(q% p) —Hg2(p)). Thus, let as assume that
€ € (0, Hy(;fp) — Hg2(p)) and let C be the random code as in Proposition 2, where it
is shown that for all sufficiently large n,

P {{RQ(C) < pnjn {|C\ < U= He2(p HSH/")H >1—exp (—q”(25+°(1))).
We note that

P [{Ra(C) < pn}n{|C] < g0 Harrter/m ]
< P[{R2(C) < pn} n{|C| < M(n, p,e)}]
(

n,p,€)
= P{R2(C) < pn} N{|C] = m}]
m=0
M(n,p,e)
- P [RQ(C)

m=0

S

— | Pl = i

We recall that C' is generated randomly by picking any vector in Gy with the same
probability, independently of the remaining vectors in G7. This implies that the proba-
bility of any code is determined by its cardinality. Thus, under the conditional measure
on the event {|C| =m}, C is uniformly distributed on the set of (n,m), codes, and in
particular

P {RQ(C)

=] =yl )

Combining the above results with the monotonicity property from Lemma 6 we have,
for all sufficiently large n,

1 exp (o) < mz P[ric —m|Plc] = nl
M(n,

ps€)
= aqg(n, p,m)P[|C] = m]

3
I
o
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M(n,p,e)
<ag(n,p, M(n,p,e)) Y P[C|=m]

m=0

= a‘](n7 pa M(’I’L,p, 8))P[|C| < M(?’L, pa 5)]
g O‘q(na va(napﬁg))'

This completes the proof. 0O
4. Conclusion and further questions

In this paper we studied the optimal rate of general second-order covering codes over
finite Abelian groups. Our main result, the exact asymptotic minimal rate of second-
order covering codes, was proved using a probabilistic approach.

As we saw, the problem of finding a ¢-th-order covering code over a group G, is in
fact the problem of covering the space of matrices GZX” (equipped with the ¢-metric)
with codes that are t-powers, i.e., codes of the form C* for some one-dimensional code
C C G7. It is easy to check that GL*™ (with the t-metric) is isometrically isomorphic (as
a metric space) to (G})" with the regular Hamming metric. Combining this observation
with (1), we conclude that the asymptotic minimal rate for general first-order covering
codes in GZX" with normalized covering radius p with respect to the t-metric is

1—Hy(p) pel0,1— ),
Hl(p7qt) = {0 ! pE [1 1

In the second-order case, Theorem 1 reveals that

1—Hg(p) pel0,1— ),
0 €l—--5,1].

In theory, the proof strategy of Theorem 1 may be applied for higher values of t. However

k2(p,q) = k1(p,¢°) = {

Y=

in practice, the analysis performed in our proof, which is already involved in the second-
order case, seems not to be scalable for higher orders. We therefore leave the higher-order
problem for future study:

Problem 1. Prove that for any ¢,t > 2

1—Hg(p) p

€ q
0 peE]

[Oa]-_ it)v
1— 2 1]

ke(p,q) = k1(p,q") = {

Q=

Another interesting direction of research involves linear codes. In the case where G, =
F, is a finite field, (1) raises the suspicion that there is no different in asymptotic minimal
rate between general codes and linear codes. Thus, we suggest the following open problem
as well:
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Problem 2. Prove or disprove that for any ¢,t > 2

ke(p,q) = K™ (p, q). (20)

Except for the first-order case, it is unknown whether (20) is true.
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