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Abstract—1In this paper, the repair problem for erasures
beyond locality in locally repairable codes is explored under a
practical system setting, where a rack-aware storage system con-
sists of racks, each containing a few parity checks. This is referred
to as a rack-aware system with locality. Two repair schemes
are devised to reduce the repair bandwidth for Tamo-Barg
codes under the rack-aware model by setting each repair set
as a rack. Additionally, a cut-set bound for locally repairable
codes under the rack-aware model with locality is introduced.
Using this bound, the second repair scheme is proven to be
optimal. Furthermore, the partial-repair problem is considered
for locally repairable codes under the rack-aware model with
locality, and both repair schemes and bounds are introduced for
this scenario.n this paper, the repair problem for erasures beyond
locality in locally repairable codes is explored under a practical
system setting, where a rack-aware storage system consists of
racks, each containing a few parity checks. This is referred to
as a rack-aware system with locality. Two repair schemes are
devised to reduce the repair bandwidth for Tamo-Barg codes
under the rack-aware model by setting each repair set as a
rack. Additionally, a cut-set bound for locally repairable codes
under the rack-aware model with locality is introduced. Using
this bound, the second repair scheme is proven to be optimal.
Furthermore, the partial-repair problem is considered for locally
repairable codes under the rack-aware model with locality,
and both repair schemes and bounds are introduced for this
scenario.

Index Terms— Distributed storage, locally repairable codes,
Tamo-Barg codes, rack-aware system with locality, regenerating
codes.
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I. INTRODUCTION

ITH the expanding volume of data in large-scale cloud
Wstorage and distributed file systems like Windows
Azure Storage and Google File System (GoogleFS), disk fail-
ures have become a norm rather than an exception. To protect
data from such failures, the simplest solution is to replicate
data packets across different disks. However, this approach
suffers from large storage overhead. Consequently, coding
techniques have been developed as an alternative solution.

Several performance metrics have been introduced to assess
the codes’ performance, taking into account various aspects of
the storage system that are of interest. In order to maximize
failure tolerance and minimize redundancy, maximum distance
separable (MDS) codes have been considered. To minimize
the number of bits communicated during the repair procedure,
codes called regenerating codes with optimal repair bandwidth
have been developed [11]. At the same time, locally repairable
codes have been proposed [13], to reduce the number of
nodes participating in the repair process. To ensure that data
can be frequently accessed by multiple processes in parallel,
codes that support parallel reads were introduced [38], [45].
Finally, to improve the update and access efficiency, codes
with optimal access and update properties have also been
considered [33] and [42]. Over the past decade, many results
have been obtained regarding codes for distributed storage
systems according to these metrics, e.g., see [8], [11], [14],
[18], [20], [25], [28], [31], [42], [43], [44], [46], [48], [49],
and [50] for codes with optimal repair bandwidth, see [2],
(51, [6], [71, [13], [15], [21], [24], [29], [37], [39], [40l,
and [47] for optimal locally repairable codes, see [3], [4], [22],
[38], and [41] for codes with good availability, and see [9],
[27], [33], and [42] for codes with optimal update and access
properties.

In this paper, we focus on locally repairable codes and
codes with optimal repair bandwidth. For a locally repairable
code, all code symbols are partitioned into repair sets, each
containing some redundancy to allow local repair. When a
small prescribed number of erasures affect a repair set, the
repair process is designed to be as easy as repairing a short
MDS code, usually accessing far less data than the amount of
the original data encoded into the entire codeword. However,
when the erasure patterns exceed the local-repair ability, the
repair problem is still open, which may result in a repair
scheme similar to that of MDS codes, requiring a bandwidth
as large as the original data. Our motivation is to consider
the repair problem for erasures beyond locality for locally
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repairable codes, i.e., to find an efficient repair scheme for
this kind of erasure patterns.

In the literature, a known approach to combine locality and
regenerating codes is to include redundancies in each repair
set, allowing the codes in each set to form regenerating codes,
e.g., [17], [23], and [26]. By doing so, the repair bandwidth
required can be reduced when the system performs local
erasure repairs.

However, this method has a drawback: the repair property
only works for the punctured codes in the repair sets. This
means that if there are erasures beyond the local repair
capability in one repair set, the repair scheme and the locality
cannot simultaneously reduce the repair bandwidth. To address
this issue, we propose a new combination strategy to repair
erasures beyond the locality. Our approach involves repair
schemes for locally repairable codes that can handle erasures
beyond local recoverability. In addition, from a practical
perspective, our idea is motivated by the observation that repair
sets may be located on the same server or physically nearby
servers, and communication within a repair set may be less
expensive than communication across repair sets, which is the
practical setting for rack-aware storage systems. Therefore,
desirable repairing schemes should be able to reduce the
bandwidth required for communication across repair sets.

Specifically, in this paper, we propose repair schemes for the
well-known Tamo-Barg codes [40], which are optimal locally
repairable codes with respect to the Singleton-type bound [13],
[36]. We present two proposed schemes. Firstly, in a rack-
aware model where each repair set is one rack, we introduce
an optimal repair scheme for the case of one failed rack,
i.e., one erased repair set. Secondly, for the scenario where
there are erasures within a repair set that cannot be recovered
locally, we introduce a repair scheme that reduces the repair
bandwidth required for recovering those failures. We prove the
optimality of our schemes by modifying the well-known cut-
set bound [11] to incorporate locality. Our proposed schemes
generalize the rack-aware model regenerating codes [18], [19].

The remainder of this paper is organized as follows.
Section II introduces some preliminaries about locally
repairable codes and regenerating codes. Section III introduces
the basic system setting for rack-aware systems with locality.
Section IV describes some basic properties for Tamo-Barg
codes. Section V introduces schemes for repairing a whole
rack erasure (repair set). Section VI presents a partial repair
scheme for Tamo-Barg codes, which is capable of repairing an
erased fraction of racks. Additionally, the scheme is proved
to be optimal. Section VII concludes this paper with some
remarks.

II. PRELIMINARIES

We start by introducing basic notation and definitions. For
any n € N we denote [n] = {1,2,...,n}. For a prime
power ¢, let F, denote the finite field of size ¢, F; =
F, \ {0}, and let F,[x] denote the set of polynomials in the
indeterminate x with coefficients from Fy. An [n, k], linear
code C over I, is a k-dimensional subspace of Fy with a
k x n generator matrix G = (g1,82,...,8,), Where g; is a
column vector of length % for all i € [n]. More specifically,

it is called an [n, k, d], linear code if its minimum Hamming
distance is d. For a subset S C [n], we use span(S) to denote
the linear space spanned by {g; i € S} over Fgy, and
rank(.S) to denote the dimension of span(S).

A. Generalized Reed-Solomon Codes

Let § = (6y,...,0,) € F contain distinct entries, where
we assume ¢ > n. Then the well-known generalized Reed-
Solomon (GRS) code with parameters [n,k,n — k + 1], can
be defined as

GRSk(e, (1) é{(aflf(al), 042f(92)7 cee 7anf(9n))
. f(z) € Fylx] with deg(f(z)) < k},

where o = (a1, az,...,a,) € (Fy)". It is well known that
the dual of an [n, k, n—k+1], GRS code is an [n,n—k, k+1],
GRS code (e.g., see [32]).

B. Regenerating Codes

An important problem in distributed storage systems is to
repair an erasure by downloading as little data as possible.
Dimakis et al. [11] introduced repair bandwidth, the amount
of data downloaded during a node repair, as a metric to
measure the procedure’s efficiency.

Definition 1: Let C be an [N, K|, array code with sub-
packetization L, that is, ¢; € IF(? for any codeword
(c1,¢2,...,cn) € C. For an erasure pattern £ C [N] and
a D-subset R C [N]\ & (whose entries are called helper
nodes), define B(C,£E,R) as the minimum repair bandwidth
for ¢; € IF(f stored in node i € &, i.e., the smallest total
number of symbols of I, helper nodes need to send in order to
recover ¢; (where each helper node j € R may send symbols
that depend solely on ¢; € F}).

Definition 2 [35]: Let C be an L x N array code over
F,, i.e., C C FL*N_ Then the dimension of the array code is
defined as K = log,.(|C|). Furthermore, the code is said to
be maximum distance separable (MDS) code if

min{d.(Cy,C3) : C; # Cy, and C1,C2 € C} =N — K +1,
where the column Hamming distance is defined as
de(C1,C2) = {i € [N] = C1; # Ca,

C1=(C1,1,C12, - ,C1,n), andCo = (Co,1, C2 2, -+ ,C2 N}

In [11], the well-known cut-set bound was first derived for
the minimum download bandwidth.

Theorem 1 (Cut-Set Bound, [1], [11]): Let C be an
[N, K], MDS array code with sub-packetization L.Let D be
an integer with K < D < N — 1. For any non-emptyE C [N]
with |£] < N — D and any D-subset R C [N]\ &, we have

DL
z —.

D-K+|€

Definition 3: For K < D < N — 7, an [N, K], MDS
array code is said to be an [N, K, minimum storage regen-
erating (MSR) code with repair degree D, if for each 7 =
{#1,42,...,i,} C [N] and any D-subset Rz C [N]\ Z,
the repair bandwidth B(C,Z,Rz) meets the cut-set bound
described above with equality. Throughout this paper, such
codes are also said to have (7, D) optimal repair property.

B(C,E,R)
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C. Locally Repairable Codes

Another important figure of merit is symbol locality
[13], [36].

Definition 4: Let C be an [n,k,d], linear code, and
let G be a generator matrix for it. For j € [n], the j-th code
symbol, ¢;, of C, is said to have (r,d)-locality if there exists
a subset S; C [n] such that:

e j€S;and |S;|<r+6—1;and

o the minimum Hamming distance of the punctured code

Cls, is at least 0.
In that case, the set S; is also called a repair set of c;. The
code C is said to have information (r, §)-locality (denoted as
(r,6);-locality) if there exists S C [n] with rank(S) = k such
that for each i € S, the i-th code symbol has (r, §)-locality.
Similarly, C is said to have all symbol (r, §)-locality (denoted
as (r,0)q-locality) if all the code symbols have (r, §)-locality.

In [36] (and for the case & = 2, originally [13]), the
following upper bound on the minimum Hamming distance
of linear codes with information (r, §)-locality is derived.

Lemma 1 ([13], [36]): The minimum distance, d, of an
[n, k,d], code with (r,d);-locality, is upper bounded by

sen-rri- ([£]-1) -0

Definition 5: A code is said to be an optimal locally
repairable code (LRC) with (r, 0);-locality (or (r, d),-locality)
if its minimum distance d attains the bound of Lemma 1 with
equality.

We remark that in this paper, we focus only on linear codes.
For nonlinear codes with locality the reader may refer to [12]
and the references therein.

III. RACK-AWARE DISTRIBUTED STORAGE
SYSTEM WITH LOCALITY

In this section, we introduce some basic model settings
for a rack-aware distributed storage system with local parity
checks. In general, nodes or servers in a distributed storage
system are placed on different racks, where these racks may
be geographically isolated, and each rack has independent
data processing capabilities. Typically, these racks contain a
small number of local parity nodes (such as those with a
parity-check disk). Additionally, to protect the data, several
global parity-check racks are usually added to the system.
However, existing systems are usually designed using a layered
approach, for instance, employing MDS codes for encoding
within the rack and then applying erasure codes at the rack
level for cross rack encoding. In what follows, we will model
these systems as a rack system with locality and define the
repair problem for these systems. In our setting, the main idea
is to consider the two-layer encoding system as a whole, that
is, as a locally repairable code.

Specifically, we consider a system containing k original
files, which are encoded into n files stored on n nodes
(or servers). The n = N x L nodes are divided into N racks,
and each rack contains L nodes. In each rack, the data of
the servers form a codeword with length L and a minimum
Hamming distance of at least J.
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Due to the data processing capabilities of each rack, in each
rack, we assume that all nodes within a rack have data
processing capabilities and can access data from other nodes.
Denote this system as the (n, k; L, d) rack-aware system with
locality or (n,k; L,)-RASL. If among these n nodes, k of
them store original information and are named as information
nodes then the system is said to be systematic. In this case,
all the remaining nodes are parity checks, including the local
parity checks and cross-rack parity checks. Formally, we define
array codes for (n = NL,k < Kr; L =r+§ —1,§)-RASL
as follows.

Definition 6: An L x N array code C over [Fy is said to be
an (N, K, k; L,6)-RASL code when the code satisfies that:

e Any K columns are capable of recovering the whole

codeword;

o For any given ¢ € [N], the code formed by the
t-th columns for all codewords, i.e., the punctured code
over the i-th column has minimum Hamming distance at
least §;

o The parameter k defined as k £ log, IC] < Kr, where
r = L — 4 + 1 and the inequality follows from the
well-known Singleton bound.

Remark 1: In the literature, there are two different kinds
of codes related to the rack-aware distributed storage system
model with locality.The first one is rack-aware regenerating
codes, which are usually array codes with efficient repair
schemes for failed nodes.The other is locally repairable codes
which are usually scalar codes. In this paper we consider
codes for rack-aware distributed storage systems, which are
related to both of these kinds. In the view of rack-aware
regenerating codes, we are going to investigate rack-aware
regenerating codes such that each rack contains local parity
checks. To avoid a “three dimensional system”, we only
consider the scalar case, that is,each node is only an element of
a given finite field IF; as in Definition 6 but not a vector over Ff;
as usual. When viewed differently, codes for rack-aware dis-
tributed storage systems can be regarded as array codes formed
by rearranging repair sets of scalar locally repairable codes as
columns. In this viewpoint, our motivation is to build efficient
repair schemes across repair sets. Thus, in what follows,we
use the notation “L”, to denote the number of nodes in each
rack and the length of columns for the array codes, for these
two different viewpoints.

As an example, a systematic (N, K,k = Kr;r +6 — 1,0)-
RASL is depicted in Fig. 1.

In this system, data is distributed across several racks, each
containing multiple nodes and § — 1 local parity checks, i.e.,
the data in each rack is erasure coded with J — 1 parity checks.
Similar to RAID systems that utilize disk parity checks, this
storage system employs N — K racks for across rack parity
checks to handle rack erasures effectively. In this example,
in total there are n — k parity checks including N (§ —1) local
parity checks and (NN — K)r cross-rack parity checks.

In each rack of the rack-aware system, communication
between racks is more costly than communication within a
rack. Therefore, similar to rack regenerating codes [18], we
only consider the communication bandwidth across racks and
disregard the inner rack bandwidth. Since, in each rack, the
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Fig. 1. The distributed storage system is organized with a racks-servers structure, where each rack consists of 4§ — 1 servers. Within each rack, § — 1 parity
checks are included to ensure data integrity. Additionally, to safeguard against rack erasures, N — K rack parity checks (red columns) are stored.

data of servers form a codeword with a minimum Hamming
distance of at least d, when the rack suffers 7 < § —1 erasures,
the rack can recover the erasures locally, where we disregard
the inner rack bandwidth. Thus, we focus on racks that experi-
ence more than 0 — 1 server erasures. Specifically, we consider
the following two patterns of erasures:

o Rack erasures: there are A\ racks erased in the systems;

« Partial erasures: there are A racks that suffer more than

6 — 1 nodes erasures(each).

An intriguing challenge for these systems involves minimizing
cross-rack bandwidth when facing erasures that exceed the
capabilities of the local parity checks within each rack. This
challenge serves as the motivation for the subsequent part
of our discussion. That is, we would like to determine the
minimum amount of data we need download from help racks
to repair erasures and the explicit construction of codes with
optimal repair schemes.

Remark 2: The aforementioned rack-aware system with
locality is a generalization of the rack-aware model in [18].
For explicit constructions of regenerating codes for rack-aware
system the reader may refer to [8], [18], [20], [46], and [50].
This extension is primarily driven by the practical observation
that modern storage systems incorporate both parity checks
and controllers with data processing capabilities within each
rack. In Fig. 2, we compare the rack-aware model and rack-
aware model with locality for n = 18, £ = 10, and r = 5,
where we set A = 1 for both rack erasure and partial erasure
cases.

Remark 3: The term “locality” is derived from the con-
dition that, for (n, k) locally repairable codes with (r,d),-
locality, if the repair sets 51, S2,- -+ , Sy constitute a partition
of [n] and each set has a uniform size, i.e., |S;| = r+0—1 for
1 < ¢ < N, then each repair set can be arranged as a
rack to construct the desired code for a rack-aware system.
Consequently, when the repair sets form a partition, the
repair problems for the rack-aware system with locality are
equivalent to the repair problems of locally repairable codes,
assuming that we disregard the bandwidth within the rack or

the repair set. Therefore, in the subsequent discussion, we will
use these notations interchangeably. As in Figure 2, we may
apply a (18, 10) locally repairable code with (5, 2)-locality in
the (18,10;6,2)-RASL, when there are three disjoint repair
sets with size 6 corresponding to three racks.

Remark 4: To simplify the system setting, we focus on the
regular case, where each rack contains an equal number of
servers.

IV. TAMO-BARG CODES AND REDUNDANT
RESIDUE CODES

In [40], Tamo and Barg proposed constructions of locally
repairable codes. Among them, one of the constructions yields
codes now named Tamo-Barg codes, and another is via
the Chinese Remainder Theorem, namely, redundant residue
codes. Tamo-Barg codes are in fact a special case of locally
repairable codes via the Chinese Remainder Theorem [40].
However, in general, the locality of parity-check symbols
for locally repairable codes based on the Chinese Remainder
Theorem is not well understood. In this section, we review
the construction of locally repairable codes using redundant
residue codes and prove that it can, in fact, explain Tamo-
Barg codes. We begin with the Chinese Remainder Theorem
for polynomials over finite fields.

Lemma 2 [34]: Let hq(x), ..., hi(x) € Fy[x] be pairwise
co-prime polynomials. Then for any ¢ polynomials m4 (z), . . .,
my(z) € Fylx], there exists a unique polynomial f(z) € Fy[z]
of degree less than >_'_, deg(h;(x)) such that

f(@) = my(x)

Construction A [40]: Let h(z) € Fyz] and denote
deg(h(z)) = w. For y € F,define Roots(y) = {z €
F, : h(z) = y} and t, £ |Roots(y)|. Assume m; < k
and r;, for all ¢ € [m4], are positive integers such that
S r; = k. We further assume that there exist two disjoint
subsets of Fy, {y;}/* and {y;}/"2+™2, satisfying t,, > r;
for all ¢ € [m;], and mo is a non-negative integer.

(mod h;(z)) for all i € [t].
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As a comparison, setting n = 18, k = 10, the first figure shows the rack-aware model with one erasure, the second one is corresponding to the

(18,10; 6,2)-RASL for one rack erasure and the last is for the (18, 10;6,2)-RASL with one partial erasure, where the red nodes refer to the local parity

checks.

Denote m 2= my; + mso, and Roots(y;) = {Bi1,
ﬂi’g,...,ﬂi’tw} for all ¢ € [m]. Let @ = (ar1,a12,-..,
A1,y 12,15 -5 aml,rml) € ]Ff; be the information vector.
Define f,; as the polynomial with degree less than r; such
that fa,i(ﬁi,j) = Qjj for all i € [ml] andj S [Tz] Let
Fo(z) € Fylx] be a polynomial with degree less than mjw
satisfying

Fo(z) = fo,i(x)

Then the code we construct is

C={Ca = (Fa(B11), Fa(P1,2), -, Fa(ﬂl,t“)
s Fa(Bmyg,, ) = ac IF’;}

Remark 5: By Lemma 2, the fact that ged(h(x)—y;, h(z)—
y;) = 1 for distinct 4, j € [m4] implies that F(z) and C,, are
well defined.

According to (1), determining the locality of informa-
tion symbols in C is straightforward, as discussed in
[40, Theorem5.3]. In the following, we present a lemma that
is useful for determining the locality of global parity-check
symbols.

Lemma 3: Consider the setting of Construction A, and let
0 < r < w be an integer. Suppose that there exist my distinct
constants 41,42, ..., Ym, € Fy such that

Fo(z) (mod h(z) —vy;) = fai(z)

r—1
= Zew-xj for all 4 € [my].
j=0

(mod h(z) —y;) forall i € [mq]. (1)

Then for any y € I,

Fu() (mod h(z) —y) = 3 Hay(y)a?,

where H, ;(x) is a polynomial satisfying deg(H, ;(z)) <
my — 1 and
Ha j(yi) =€ forallie [my]and 0<j<r—1

Proof: Let us divide F,(x) by h(x) to obtain a quotient
Ui(z) and a remainder R;(x),

Fo(z) = h(z)Uy(z) + Ry (z),

with deg(Ri(z)) < w = deg(h(x)), deg(Ui(z)) =
deg(Fa(z)) —w < (mp — 1w and Ui(z), Ri(x) € Fylz].
We also have
Fa(z) = (h(z) — y)Us(z) + yUsr(z) + Ra(x).
Similarly, we can write Uy (z) as
Ul(x) = h(:L')UQ(Z') + RQ(I)

If deg(U1(z)) > w, then deg(R2(z)) < w and deg(Uz(x)) <
(m1 — 2)w. However, if deg(U1(z)) < w, we set Uz(z) =0
and Ry (z) = U;(x). Then

Fu(x)

= (h(z) = y)Ur(z) + y(h(x)Usz(z) + Ra(2)) + Ra(z)

= (h(z) = ) (V1(2) +yUa(2)) +y°Ua(2) +yRa(z) + Ra ().
Repeating this procedure m; — 1 times, we conclude that

Uml*Z(x) = h(x)Umlfl(x) + Rm1*1(x)7

with deg(Up, —1(2)) < w, deg(Rpm,—1(z)) < w, and

Fu(x)

= (h(z) = y)(U1(2) +yUs(2)) +y*Uz(z) +yRa(x) + Ra(x)
= (@) = y)(Ur(x) +yUs(2)+ - +y™ U, —1(2))

+ ymlilUmlfl(x) + ym172Rm1*1(1’)

Note that deg(Un,-1(z)) < deg(h(xz)) =
deg(R;(x)) < w for all ¢ € [my — 1]. Thus,

w and

Fo(z) (mod h(z) —y)
=y U1 (2) +y™ Ry (2) + -+ + yRo(2) + R (2)
= Ha(,y). @
Let us now rewrite Hg(x,y) as
He(z,y)
= Hauw-1()2"" " + Haw-2(y)2" " + - + Hao(y)z’,
3)

where Hy, j(y) = S0 hi jy° and h; ; is the coefficient of
27 for R;11(z) if 0 < i < my—2, and the coefficient of 27 for
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U, —1(x) if i = mq —1. Thus, Hq_;(y) for 0 < j < w—1 can
be regarded as polynomials in y. According to the assurnpnon,
there exist m; constants y1,ys, ..., Ym, such that Hg(z,y;)
for i € [my] are polynomials with degree less than 7 in x.
Hence,

Ha j(y:) =0

which means H, ;(y) =
deg(Hq ;(y)) < my for r <

—1, and 7 € [mq],

< 7 £ w — 1 since
71 and then

ZH,”

The first claimed result follows dlrectly from (2) and (3). For
the second part, since deg(Hg ;(x)) < mq —1 for 0 < j <
r — 1, the rest of the lemma follows from the fact that there
exists a unique polynomial H, ;(y) for 0 < j < r — 1 such
that

Fo(z) (mod h(zx

Hq j(yi) = e

where fo ;(x) = 3020 €;j27 = Fo(x) (mod h(z)—y;). This
completes the proof ]

Corollary 1: In the setting of Construction A, let I' =
Uiepm) Roots(yi) € Fq. If [Roots(y;)| > r for any i € [m],
then the code constructed by Construction A is a locally
repairable code with all symbol (r,d)-locality, where § =
min{|Roots(y;)| +1—r : i € [m]}.

Corollary 1 follows directly from Lemma 3, and we omit
its proof. In general, the code may not be optimal for the
simple reason that there may not be enough roots in [F, for
some h(x) — y;, where i € [m], to serve as evaluation points.
Therefore, to attain optimality, we consider the case where I
contains the splitting field of h(x) — y;, for all i € [m].

Definition 7: In the setting of Construction A, let I' =
Uiepm) Roots(y;) € Fy. If [Roots(y;)| = deg(h(z)) = w
for all ¢ € [m], then the polynomial h(x) is said to be a good
polynomial over T'.

For more details about good polynomials the readers may
refer to [30] and [40].

Corollary 2 (Tamo-Barg codes, [40]): Consider the setting
of Construction A and let h(x) be a good polynomial over I' =
Uie[m] Roots(y;) C Fy. If r; = r < w and k = rmy, then the
resulting code is an optimal [n = mw, myr, (me+1)w—r+1],
locally repairable code with all symbol (r, w — r + 1)-locality
(where optimality is with respect to the bound in Lemma 1).

Corollary 2 follows directly from Lemma 3 and Corollary 1,
which also can be directly derived from [40, Construction 1].
We omit its proof. This result was first introduced in [40].

for all i € [my],

V. REPAIRING TAMO-BARG CODES: RACK ERASURES

In this section, we consider the repair problem for
Tamo-Barg codes for the rack erasure case, where the repair
sets are arranged as racks. We begin with an array form of
the Tamo-Barg code, where each repair set is arranged as a
column in the array.

Construction B: Let h(x) € F,[z] be a good polynomial
over I' = {J;¢(,,,y Roots(y;) € Fy with deg(h(z)) =r+4d—1,

and let a = (al,l,aLg, cees 1, (2.1, - ..aml,r) S F’; be the

information vector, where k = rmj. Define f, ;(z) as the
polynomial with degree less than r such that fq (8 ;) =
a;; for all i € [mq] and j € [r], where we assume that
ROOtS(yi) = {ﬁi’lﬂﬁi’Q, Ce 76i,r+671} for all 7 € [mﬂ Then
for any a € F¥ we can find a polynomial F,(z) € F,[z] with
degree less than mq(r 4+ 6 — 1) satisfying

Fa(z) = fai(x) (mod h(x) —yi)

Construct an array code as follows A £ shown at the bottom
of the next page, where we define m £ m; + ms.
Now, we are going to present repair schemes for the array-
form Tamo-Barg codes, whose main idea is explained in Fig. 3.
Theorem 2: Consider the setting of Construction B. Let

for all ¢ € [my].

¢o be a prime power, and F, = F, (yl,yg,A.. S Ym), Fg, =
Foo (Y1, Yiz1,Yit1, -, Ym). Define w; = [F, : Fy,] for
each ¢ € [m)].

I. Define w; £ m. If wf < w; and mg >

max{2, w}}, then we can recover A; by downloading

(wf+mq—1)r elements of F,, i.e., (“H”Z# symbols
in ¥, from any other w; +m;—1 racks (columns) where
each symbol is an element of IF,.

II. Assume w; is a positive integer. If w!lw; and mg >
max{2, w}}, then we can recover A; by downloading
(wf4+my—1)r elements of F,, i.e., W symbols

in ¥, from any other w; +m;—1 racks (columns) where

each symbol denotes an element of IF,.
Proof: We begin by proving claim I. To recover

Ai = (Fa(ﬂi,l)vFa(ﬁi,Z)w--7Fa(ﬁi,r+571))—r
= (fa,i(ﬁm), fa,i(ﬁiﬂ)a R fa,i(ﬂi,rwﬂ))—r,
it suffices that we recover fg ;(z) = Fo(z) (mod h(z) —y;).

By Lemma 3, we only need to figure out Hg ;(y;) for 0 <
j < r—1. Note that for ¢ € [m] \ {i} we have

Ay = (Fa(ﬂt,l)a Fa(ﬂm), sy Fa(ﬂt,r+5—1))T
= (fa,t(ﬂt,l)a fa,t(ﬁt,Q)a s fa,t(ﬂt,r+6—1))T

and fq;(2) = Y."_) Ha,;j(y:)z’. Thus, based on A;, we can
calculate Ha)j(ytg forte m\{i}and 0 <j<r—1

We observe that w;|r, which implies that we can divide
Hg j(y) for 0 < j <7 —1 into r/w} vectors of length w,
say

Ha(yta )
= (Ha, Tw! (yt); Ha,Tw;‘+1(yt); R Ha,(r—i—l)w?‘—l(yt)) 5
for 0 < 7 < 7/wf—1Let F =F,(3) such that [F : Fy] = w;.

Then we have [F : F,,] = wfw; and {3'y] 0<t<
wi—1,0< 5 <w; —1} isabasisofFoverIE‘qi.Let\Ilb
the bijection from Fy* to F

w;—1
V()= o,
§=0
where V' = (vo,v1,...,Vur 1) € IF;”:. Now, for any 0 < 7 <
r/w}; — 1, we may regard

(W(Ha(yla T))v \D(Ha(y%T))? SRR \I,<Ha(ym1+m277-)))
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Lemma 3

codewords (evaluation domain)

233

polynomials (coefficient domain)

4
Y

C1,2 Ci,m

C2.2 C2.m

Repairing [m, k /7] GRS code

T

* c11 = fa,1(B1,1)

W le2n = fa1(Br,2)

faa(z)= X

0<i<r—1

Crys-1,1 =

fa,l(ﬁl,r+6—1)

Fig. 3.

eix

€1 = hai(y) €5 = hi(y2) e =h1(ym) ||[m,k/r] GRS code
el = hz\z/) e5 = ha(y2) em = ha(ym)
er! # hr(éu) es ™ = he(y2) ert = he(ym) L[m, k/r] GRS code
Ja(x) =====o_ ..
\\
«4
ei = hi(y1)
et = ha(y)

et = he(y1)

Repairing Tamo-Barg codes. The repair problem of the first column is reduced to the repair problem for the corresponding polynomial remainder.

Secondly, by Lemma 3, this is equivalent to the repair problem of certain codewords within a Reed-Solomon code, where each of them suffers one erasure.
Finally, the repairing of these codewords ensures the recovery of the erased column.

as a codeword of a GRS code C; with parameters [m; +
Mo, M1, Mo + l]qw;, since it corresponds to evaluations of
a polynomial

wi—1
H) (@) = Y B Harue 45(x) € Flal,
3=0

with deg(HS(z)) < mi. Now the repair problem of
Hg, j(y:) (e, Hq(y;, 7)) is exactly the repair problem of
a GRS code. For completeness, we include some known
methods for repairing GRS codes [14], [43], [44].

Let© = {y;, : 1 <t < w/+m;—1}beany (w]+m;—1)-
subset of I'; = {y; : j € [m]}\ {v;}. Define

go@) 2 [[ @-o).

0€T;\©

“4)

By (4), we have deg(z"ge(z)) < mq for 0 < u < wf — 1.
Note that the dual code of C; is also a GRS code, with

parameters [mq + ma, ma, my + 1]qw;.«. Thus, there exists a
vector (v1,v2, ..., Vm,+m,) € (F*)™ T2 such that

(n1y1ge (Y1), vay3 ge(y2), - - -,
vm1+m2y7un1+mgge(ym1+m2)) € Cf_ for all 0 < u < w;k -1,

ie.,

mi+ma

Z vy 90 (Y)Y (Ha(y;, 7)) =0

1L 5

%

foral 0<u<w, —1land 0 <7<

For {y¥ : 0 <u < w;f—1}, from Lemma 1 in [44], we can
find a set {; 0 <t < w; — 1} such that {y;'y, 0<
u<wi—1,0<t < w — 1}, just as {By] 0<t<
wy—1,0 < j <w; —1}, is a basis of F over F,,. By (5), for
O<u<w —1,0<7<r/wf—1,and 0 <t <w; — 1,

Trp/m,, (veviys' g (yi) V¥ (Ha(yi, 7))

Fa(Br,1) Fo (52, Fa(Bm
F, F, Fo(Bm

AL LAy = (A1 Ao, Ay = ) (2] U2l | em
Fo(Bir+s-1) Fa(Borts-1) - Fa(Bmyrts-1)
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P>

JEImM1+ma]
JFi

- >

JEIm1+ma]
J#

- >

JEIm1+ma]

J#i,y; €0
where the last equality holds by (4). As already mentioned,
{y¥y: : 0<u<wi—1,0 <t < w;—1} is a basis of F over
Fg,, so {Tre/p, (veviyi'ge(yi)¥(Ha(yi, 7)) @ 0 < u <
wf—1,0 <t < w; — 1} is a set of w}w; independent traces,
which can uniquely determine V(H ,(y;, 7)) by means of its
dual basis. Thus, to recover H,(y;, 7), i.e., V(Hq(y;, 7))
(since U(-) is a bijection), we only need the code symbols
with evaluation points y; such that y; € © \ {y;} to transmit
Trpr,, (vev;¥(Hal(yj, 7)) for 0 < 7 < r/wf — 1 and
0 < t < w; —1. Therefore, we can recover A; by downloading
(UJJFZL;W symbols of F, from any other w} +m; — 1
columns.

To prove claim II, we consider each row individually, i.e.,
the recovery problem for Hq (y;) for 0 < 7 <r —1. By a
similar analysis, Hy, - (y;) for 0 < 7 < r—1 can be determined
by the following equations:

Tes, e, (31" 090 (95) Ha,r (1))

“t
=— Y T, <y1w vjyj*ge(yj)Ha,r(yj))>
JjE[m1+m2]
J#i

U wi't
== Y o) T, e, (0 0 Har ()
JjE€mi+ma]
J#i
u wit
== > el T, m, (0 0 Har )

JEIm1+ma]
J#i,y;€0

Tree, (vevjy; 90 (y;) O (Ha(y;, 7))
yi 90 (y;) Tresr, (v0; U (Hal(y;, 7))

yj 90 (y;) Tresr,, (vev; ¥ (Ha(y;;7)))

where 0 < u < wf—1,0 < ¢t < w;/wf—1, and go(-) is also
defined by (4). Thus, the fact that {y! : 0 <t < w; — 1} is
a basis of IF, over IF; means that we can recover H, ; (y;) for
0 < 7 < 7—1 by downloading Try, /p, (v v Ha 1 (y;))) for
y; € © and 0 < t < w;/w; — 1. Namely, we can recover A;
by downloading Mﬂ;l)r symbols of F, from any other
w} +my — 1 columns.’ [ |

To analyze the repair bandwidth performance for the scheme
introduced in Theorem 2, we need to modify the cut-set bound
to the case that each code symbol in the array code can be
locally repaired.

Theorem 3: LetCbe an (N, K, k=Kr;L=r+6—1,0)-
RASL code with (r, L —r+1),-locality in which each column
corresponds to a repair set, where 0 < r < L — 1. Let D be
an integer with K < D < N — 1. For any 7 € [N] and any
D-subset R C [N]\ {i}, we have

Dr
>
D-K+1
Proof: The fact that each column corresponds to a repair
set of (r, L — r + 1)-locality means that the punctured code

B {i},R)

over each column has distance at least L — r 4 1. That is,
any 7 symbols in the i-th column are capable of recovering
the entire i-th column. Consider the array code C’ formed by
deleting an arbitrary set of L —r rows from the array code C,
say the last L — r rows. Since C is anan(N, K, k = Kr; L =
r+0—1,8)-RASL code in which each column corresponds to
a repair set, it is easy to check that C’ is also an [N, K, N —
K + 1], MDS array code, but with sub-packetization 7. Even
though each column of C’ is only a part of the corresponding
column in C, due to the locality, each column may compute
its original column from C. Thus, any repair procedure on C
may also be run on C’, and therefore we have B(C, {i},R) >
B(C’,{i},R) for any i € [N] and any D-subset R C [N]\{i}.
Now the desired result follows from Theorem 1, that is, for
any ¢ € [N] and any D-subset R C [N]\ {i}, we have

Dr
. > / . 2 =
B(C7{Z}7R) B(C 7{2}77?’) D—K+1
| ]
Remark 6: In the proof of Theorem 3, we used

B(C,{i},R) = B(C’,{i},R). In fact, the reverse inequality,
B(C,i,R) < B(C',4, R) is trivially true since each column of
C’ is a part of the original column from C, and therefore any
repair procedure running on C’ may be run on C.

Based on Theorems 2 and 3, we have the following
corollary:

Corollary 3: Let gy be a prime power, and F, =
Foo (Y192, Ym)s Fo = Foo (Y1, Yim1, Vi1, -5 Ym)-
Define w; = [F, : F,,] for all i € [m]. Furthermore, let
mo > max{2,7}, where m = my + mg and k = myr.
If 0 < r < min{wy, wa, ..., wy,}, and ged(r,w;) = 1
for all ¢ € [m], then for any ¢ € [m] we can recover
A; by downloading r + m; — 1 symbols in F, from
any other r + mq — 1 racks (columns), which is exactly
the optimal bandwidth with respect to the cut-set bound
of Theorem 3.

Proof: According to Theorem 2-I, the facts that
ged(w;,r) = 1 for i € [m] and r < min{ws, we, ..., Wy}
mean that w} = r and we can recover A, by downloading
r 4+ mq — 1 symbols from any other » + m; — 1 columns.
Note that C is an (m,my,k =mir; L =r+6 —1,6)-RASL
code in which each column corresponds to a repair set, where
0 <r < L —1. By Theorem 3,

B, (i} R) > U
for any (r + mjy — 1)-subset of [n] \ {i}. Therefore, in this
case, the code C has optimal repair bandwidth. [ ]

Remark 7: For multiple rack erasures, the method used
in Theorem 2 may not achieve the optimal bandwidth by
Theorem 3. The key aspect may be to design a repair scheme
that allows some downloaded data to be repeatedly used
when repairing multiple rack erasures, similar to the method
used in [44]. Finding optimal schemes for repairing multiple
rack-erasures is still an open problem.

VI. REPAIRING TAMO-BARG CODES: PARTIAL ERASURES

In the previous section, we demonstrated that Tamo-Barg
codes may exhibit optimal repair properties when represented
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in an array form. In this section, we further explore the
partial repair problem for the rack-aware system with locality,
i.e., array codes under the assumption that each column of
the array is an (r,d)-repair set. Specifically, we consider the
scenario where some repair sets have failed, meaning that
certain columns contain more than & — 1 erasures. We seek
to determine the minimum amount of data that needs to be
downloaded from D remaining columns, and how to construct
a code that achieves the minimum repair bandwidth for this
model.
To begin, we provide some necessary definitions for the
partial erasure case in Section III.
Definition 8: LetCbean (N, K,k = Kr;L=r+d—1,6)-
RASL code, where 0 < r < L—1. Let Z = {i1,i2,...,i,} C
[N] denote the failed columns, and let F;, C [L] with |E;,| >
§ for t € [r] denote the corresponding erasures in the i;-th
column. For a D-subset R C [N]\ Z, define B(C,Z,E,R)
as the minimum repair bandwidth for {c; ; 1€ 1,5 €
E;}, i.e., the smallest number of symbols of IF, helper racks
(columns) need to send in order to recover the erasure pattern
& = {E, t € [7]} (where each helper rack (column)
J € R may send symbols that depend solely on ¢; € FqL).
First, we consider the case where a single column contains
erasures, but unlike Theorem 2, the column is not fully erased.
Namely, we consider the case where £ = {F;}, and E; = E,
i.e., the partial erasure case for A = 1 in Section IIl. The
main idea of the repair process is explained in Figure 4.
Theorem 4: Consider the setting of Construction B. Let
¢o be a prime power, and Fy = Fy (y1,%2,...,Ym), Fq, =
Foo (W15 Yim1,Yit1,- - Ym). Define w; £ [Fq @ Fg,] for
each ¢ € [m]. For any given set E C [L] with 0 < |E| < L,
consider the case that the elements in A;|g are erasures.
I. Define w; £ Wm. If w; < w; and ma >
max{2, w}, then we can recover A;|g by downloading
(wf + mq — 1)(JE|] — 6 + 1) elements of F,,, ie.,
(mel_ju).*(lEl_Hl) symbols
wi +my <1 racks (columns).

II. Assume w; is a positive integer. If w}|w; and my >
max{2, w}, then we can recover A;|g by downloading
(wf + mp — 1)(JE| — 6 + 1) elements of Fg,, ie.,
(w; +m1—i)).*(|E|—5+l) symbols in F, from any other
w; 4+ my =1 racks (columns).

in F, from any other

Proof: By Construction B, for recovering of A;|g, it is
sufficient to recover fg;(z) = Fg(zx) (mod h(z) — yi).
By Lemma 3, for ¢ € [m],

Fa(x) (mod h(zx) — = fa.i(

ZH,j yz 7,

where deg(Hg ;(x)) < mq — 1. Recall that in this case we
have § = L —r+1, and we know 7+ 6§ — 1 — | E| elements of
A;, ie., those elements in A;|45_1]\ z- Thus, one sufficient
condition for repairing fq ;(z) is to recover Hy ;(y;) for 0 <
j < |E|—4¢. Note that for these j’s, Hq j(y:) for t € [m]\ {i}
can be calculated by the elements in A;.

Define the following array .4; from the Tamo-Barg code:

A= {455 45 = (A7, 45, A7)

235

- (Fb(ﬂu,v))(r-g-é—l)xm, ’
for, any b € ]F;’““E‘_Hl)}

where
|E|—6
Fy(w) (mod h(z) — i) = fi.( Zw
and b = (bl,Oabl,lw~~;bl,\E\—éva,Oa~'~7bm1,|E|—6)~ For
any a € F;™, let V(a) = (v1,0,01,1,-,01|E-s

V2,05« ++ 3 Umy,|E|— 5) with Vij = Ha](yl> for ¢ € [ml] and
0<j < |E| -9, then for any my + 1 <4 < m we have
Fr@) = > vz’ (modh(z)—y),
0<j<|E|-6
where

vij = Hq j(y;) formi+1<i<m, 0<j<

according to Lemma 3. Now consider the repair problem of
the i-th column A; of the codeword AY(q) € Ar. Since the
repair problem is equivalent to recovering the coefficients of
S (ayi(2)ie., vij = Ha j(ys) for 0 < j < [E| =4, itis also
a sufficient condition to recover A;|g. Thus, the bandwidth
of repairing A;|g is upper bounded by the bandwidth of
repairing A; for Ay, (4). Now the desired results follows from
Theorem 2. [ ]

We now move on to address the challenge of repairing era-
sure patterns in scenarios where multiple repair sets (columns)

|E|_57

have failed, specifically when |E;,| > 6 for ¢ € [7], i.e., the

partial erasure case with A =7 > 1.
Consider a given erasure pattern £ = {E;,, E;,, ..., E;_}

with |E;,| > 0 for all ¢ € [7]. Define

Ae(z) &[] @-y)=T]GE-w)
E;e€ te(r]
Trg, /5, (aAe(z))

Qpalz) 2 [o ©)

(- yi,) HE” €E, j#t (Yie — Yi;) .

Theorem 5: Let C be the code generated by Construction B,
and £ = {E;,E;,,...,E;.} be an erasure pattern with
|Ei,|] > 0 for all ¢ € [r|. For a subfield F,, C F,,
if mo > % then the erasure pattern can be recovered by
downloading M elements of Fy,, i.e., with repair bandwidth
M by contacting all the remaining racks (columns), where
M =S| Eol — 7(6 — 1) and = .

Proof: Without loss of generality, assume i; = ¢, namely,
we consider the case & = {E1, Eo,...,E;}, |E;| > ¢ for
all i € [7]. Let w = max{|E] i € [r]} and for any
1<l < w—46+1 define

Re2{ic[r] : |Ei|>6—-1+{}.

By Construction B, for recovering of A;|g,, E; € £, one pos-
sible method is to recover fg ;(z) = Fo(z) (mod h(z) —y;).
By Lemma 3, for i € [m],

r—1

=> H,

j=0

Fa(z) (mod h(z) = yi) = fa.i(x aj(Yi)a?,
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Lemma 3

codewords (evaluation domain)

polynomials (coefficient domain)

C1,2 Cl,m

Repairing [m, k/r] GRS code

T

6(1) = }‘Kl (yl)/

63 =h (y2)

c

€2, = h1(ym) [m, k/r] GRS code

6% = ha (y2)

e = ha(ym)

i L) (e

[m, k/7] GRS code

e:n_l = hr(Ym)

>
Jaa(z)
,l
1
~ 1
M ]
\\ 1
\s 1
~ 1
¥
6(1) = ho(yl)
redQvered el = ha(y1)

Cirys—1-B|L

Fig. 4. Partial repairing of Tamo-Barg codes. Herein, we initially reduce the repair problem of failed items in the first column to the repair problem for the
coefficients of the corresponding polynomial remainder. Secondly, according to Lemma 3, these coefficients can be recovered by repairing certain codewords
within a Reed-Solomon code. Finally, repairing these symbols of the codewords ensures the repair of the desired components.

where deg(Hg j(z)) < mp — 1. Note that (Ha ;(y1),
Ha j(y2), -+ ,Ha,(ym)) can be regarded as a codeword

of an [m = my + me,mi,me + 1], GRS code, ie.,
(Ha,j(y1), Haj(y2), -+ s Ha j(ym)) € GRS, (1,Y), where
Y = (y17y27'-'aym)'

First, we are going to apply the trace function and €; ¢ ()
defined by (6) to recover Hg ;(y;) for all j € [w — ¢ + 1]
and ¢ € Ry. For ¢ € [m]\ Ry, A; suffers from at most
0 — 1 erasures, i.e., at least » components are accessible.
Hence, rack (column) ¢, i € [m]\ Ry, can recover fq ;(z) =
S0 Ha,j(yi)2? since deg(fa,i(x)) < r.For j € [w—5+1]
and ¢ € R;, the rack (column) ¢ downloads

—H, ;
e /ey, < Yt j .Sjt>)

from the racks (columns) ¢, for ¢ € [m] \ R;y. Since the
dual of a GRS code is a GRS code with the same code

locators, there exists a vector @ = (01,0s,...,0,,) € Fy*
such that GRS#LI(I,Y) = GRS,,,(©,Y). Since my > 1=
and deg(€2.¢.(x)) < I~ — 1 we have that

(0191',5,0( (y1)7 02972,5,04 (y2)7 e aein,S,a (ym))
€ GRS, (©,Y) = GRS;, (1,Y).

Thus, for £ € [w — 0 + 1] and ¢ € R;, we have
0= 0Qiga(y)Harj(y) for a € F,.
te[m]

By (6), we have Q; ¢ (y;) = a for t € Ry \ {i} and
Q; g.a(y:) = 0 for i € Ry, which means that the preceding
equation can be rewritten as

0= Z 0:Q%.&.0(ye)Ha,j(ye)

te[m]
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=0 aWi)Hay (i) + D 0:ealy)Ha;(y)
te[m]\ Ry
=0;aHa;(yi)) + Y 0:Qs.ayr)Ha (1),
te[m]\ Ry

ie.,

OiaHqg ;(yi) =

Z et zgayt

te[m]\ Ry

a.j(Yt) (N

for ¢ € [w—0+1],7 € Ry, and o € Fy. Let {aq, aa,...,ar}
be a basis of F, over F,, and {01,02,...,0r} be its dual
basis. By (7), for j € [w—3d +1], i € R;, and v € [T],

Tr]Fq/]Fq (9 av a ](yz))
:TI']Fq/]Fql Z 0182 £ o, (yt)Ha,j(yt)
tem]\ Ry
= Trp, /v, (awhe(yr)) Ha,j(ye)

Z Tr]F‘I/]Fq1 _ )

te[m]\R1 Yt — Yi
—H. .

Z Trr, /r,, (@wAe(ye)) Trp, v, (a_j(yt)) 5

te[m]\Ry Yt — Yi

where the last two equalities hold by (6) and the fact
Try/q, (awAe(x)) € Fy for & € Fy. Therefore, for ¢ €
[w—0+1], i€ Ry, Hq ;(y;) can be recovered as

Z Trp a/Fa; 9 iQy aj(yz)) Bos

v€e[T]

0:Ha ;(ys)

7Ha,j (yt)
Yt—Yi
(columns) ¢ for ¢ € [m]\ R:. Namely, we can recover H, ;(y;)
for € [w—0+1] and i € Ry, i.e., Hq j(y;) with i € [7] and
r+0—1—|E|<j<r—1
Secondly, for i € [7], we may rewrite f, ;(x) as

by downloading Trg, /F(Il( from the  racks

r—1
Hq j(yi)2’

r—1
6—1

j=rto—

Hq,j (yi)xj + Ya,i (z),
—|Ei|

where deg(gq,i(z)) < 7+ — |E;| — 2. Note that the above
analysis recovers Hg ;(y;) fori € [7] and 7+ — |E;| — 1 <
j < r — 1. Recall that we know r + § — 1 — |E;| elements
of Aj, ie., those elements in A;|[,;5_1)\g,. This is to say
that A;|[,45-1\ g, can recover gq ;(z) with deg(ga,i())
r+ 06— |E;| —2 for i € [7]. Thus, for i € [7], fa,(2)
Fa(x) (mod h(x) —y;) can be recovered. Therefore, we can
recover A; for i € [r] according to Construction B, which
completes the proof. ]

When the finite field is sufficiently large, it is possible to
further decrease the partial repair bandwidth. The main idea
of repairing these erasure patterns is applying Lemma 3 to
reduce this problem into the repair problem of a class of Reed-
Solomon codes.

Lemma 4: Let Y = (y1,Y2,---,ym) € Fy} and C; =
GRS, (1,Y) be an [m = my+ma, m1, ma2+1],, GRS code.
If C; has (7, D) optimal repair property with 1 < 7 < mo and

/A
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mi1 < D < m— 7, then for any £ = {E;,, E;,,...,E;_}
with E;; C [L] and |E;;| = w > 0 for j € [7], the code C
generated by Construction B satisfies
T7Dlw — 3§+ 1)

D—k+r7
= D with R C [m] \ Z, where

B(C,T,E,R) <

for any |Z| = 7 and |R|
L=r+6—1andq ="

Proof: According to Construction B, in order to recover
A; g, i € [7], it is sufficient to recover fq i, (v) = Fa(2)
(mod h(x) — y;,). Note that by Lemma 3, we have

ZH a.j(Yi, )7,

where deg(Hgq j(x)) < my. Since we know L —w evaluations
for each fq;,, i.e., the values of fq;, (3, ;) for j € [{]\ E;,,
we only need to figure out Hg ;(y;,) for 0 < j < w — 0 in
order to recover fq;,(3;, ;) for j € E;,. Recall that for each
i € R C [m]\Z we know r+ ¢ — 1 evaluations for fq ;, which
means we can figure out Hg ;(y;) for 0 < j <r —1.

Now, for any 0 < j < w — §, we regard
(Ha,j(v1): Ha j(y2), - - Ha j(Ymi+m,)) as a codeword of
Ci1 = GRS,,,(1,Y). In this way, the repair problem is
reduced to w — § + 1 parallel repair problems for the code
C1 = GRS,,,, (1,Y) when the code symbols with index i € R
are known (helper racks (columns)) and the code symbols
with index ¢ € 7 are erasures. Since C; has the (7, D) optimal
repair property, then for any Z C [m] with |Z| = 7 and
R C [m]\ Z with |[R| = D, we can recover H, ;(y;) for
i € 7 by downloading DIkD elements over Iy, i.e., DT_%_T
elements over IF,. Thus, the des1red result follows since we
have w — 0 + 1 layers to recover Hq j(y;) for these j and
1€l ]

By the preceding proof of Lemma 4, the repair method
achieves bandwidth %kfjl) for the code C constructed
by Construction B only for the specified Z and R. We remark
that there are known explicit repair methods for GRS codes
such as the one introduced in [44] for multiple erasures.

fai(

A. A Lower Bound on the Partial-Repair Bandwidth

A natural question arises regarding the partial-repair prob-
lem: what is the theoretical bound for the partial-repair
bandwidth? Since the main tool to solve this problem is a kind
of direct graphs, in this section, we use vertex to denote a rack
(column) of the RASL codes. Let L denote the number of
elements stored in each node. Assume that there is a node, say
the i-th vertex, suffering from L — s; erasures in the positions
given in E;. Define 5(L, s;, D) as the number of elements the
system needs to download from each of the D helper vertices
to recover the L — s; erased elements.

Inspired by the idea of the information-flow graph presented
in [11], we propose a solution to this problem by defining
a special kind of information-flow graph called a partial
information-flow graph. The basic idea is to allow each vertex
that experiences erasures to have a certain amount of surviving
information. When a vertex experiences partial erasure, the
system needs to recover the erased portion of information
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for the goal vertex. Since the recovered vertex inherits the
surviving information from the original vertex, it is named as
an inheritor.

Definition 9: A directed acyclic graph is said to be a partial
information-flow graph if it satisfies the following:

o A source vertex .S, corresponding to the original data
which will be stored into N initial storage vertices.

o Initial storage Vgﬂices X each of them CQnsistslof an
input vertex X" and an output vertex X'”,. X") and
X, (()L), are connected by a directed edge (X Z(:L), X ((,L)t) with
capacity equal to the number of elements stored at X (),
ie, r <L, Where r is the number of original elements
stored at Xi(l). S connects to each Xi(fl) by a directed
edge (S, Xl(fl ) with capacity r.

o To model the dynamic behavior of storage systems such
as erasures and repair, the time factor is also considered.
At any given time, vertices are either active or inactive.
At the initial time step, the storage vertices X () are all
active and the source vertex .S is inactive. Later on, at any
given time step, if a vertex suffers from a partial erasure,
say the vertex v = (Vin, Vout), then the vertex v is set to
be inactive and we create a direct inheritor (I, Iout),
which is connected with v,,; by an edge (vout, Iin) With
capacity s(v), where s(v) is the number of surviving
information symbols of the vertex v. The vertex I also
needs to download (L, s(v), D) symbols from each of
D cher'active vertices, i.e., we add D directed edges
(vﬁf}t, Ifr?) with a capacity of 3 = B(L, s(v), D). Finally,
we set the vertex [ as active.

« A data collector vertex DC, corresponding to a request to
construct the data. DC' connects to K active vertices with
subscript “out” by directed edges with infinite capacity
to recover the original data.

Remark 8: The partial information-flow graph is a direct
generalization of the information-flow graph to include the
case of repairing partial erasures of a vertex. Specifically, each
failed vertex v; (progenitor) will have a portion of information
(denoted by s; surviving elements) inherited by its recon-
structed inheritor vertex. We also extend the information-flow
graph to include the possibility that each vertex may contain
redundancies, which corresponds to the concept of locality in
Definition 4, where each vertex is regarded as a repair set.
Therefore, when s; = 0 for all ¢ € [N] and L = r, the partial
information-flow graph reduces to the information-flow graph
defined in [11].

For partial information-flow graphs, two examples are pre-
sented in Fig. 5 and 6 to explain the initiation and dynamic
behavior of storage systems, respectively. We now use partial
information-flow graphs to analyze the repair problem of
distributed storage systems in the following setting:

« Basic recovery assumption: The file contains M symbols,
and is stored in N vertices, each of which has L symbols,
and any K vertices are capable of recovering all the M
symbols of the file.

e (7, L—r+1)-locality: For each vertex, any r < L symbols
can recover all the symbols stored in this vertex.

Fig. 5. An example of the the initial status of the information flow graph,
where one possible data collector DC' is included.

o Erasure model: There are L —s; symbols in the ¢-th vertex
that are erased.

Given positive integers N > K, D < N—-1, L > r,
si < L for all ¢ € [N] and a real number 3 > 0, let
G(N,K,r,D,;s = (s1,82,...,8n)) denote a family of
partial information-flow graphs with all possible evolutions.
The parameter tuple (N, K,r, D, 3;s) is said to be feasible
if there exists a locally repairable array code with repair
bandwidth 3 and sub-packetization L, with L — s; erasures
in the i-th vertex.

Proposition 1: Let G € G(N,K,r,D, ;s = (s1,82,...,
sn)) be the partial information-flow graph for a given time
step. Then the following hold:

e For any v € G, there exists a unique list of vertices
Bv) = {vWM) = v,v@ ... v®} such that v+ is
an inheritor of v(") for i € [t — 1], where ¢ denotes the
amount of inheritors in G for vertex v.

o For any pair of vertices v,v" € G, if v’ ¢ B(v) and v ¢

B(v') then there is at most one edge (U(()Z)ta v, ) for v((fu)t €

B(v) and v}, € B(v'), where B(v) = {Vin, Vout

(Uina Uout) € B(U)}

Proof: For each vertex v in G, if it has a direct inheritor,
then that inheritor is unique. We can then define B(v) as the
set of all inheritors (direct or indirect) of v in (G, which is also
unique. The size of B(v), denoted by |B(v)|, represents the
number of inheritors of v in G, including v itself.

For the second part, we assume that there exists an edge
(v(();)t,v;n) for v(V) € B(v). Since v' ¢ B(v) and v € B(v'),
we can conclude that v(*) is active when ' is included in G.
This also means that v for j € [i — 1] are inactive, i..,
(W), vl ) & E. Note that v(?) being active implies that v(?)
for j > i have not been included yet, ie., (v\), v/ ) & E.
This completes the proof. [ ]

Definition 10: A cut in the partial information flow graph G
between S and DC is a subset of edges W such that each
directed path from S to DC' contains at least one edge in W.
Furthermore, the minimal cut is the cut with the smallest edge

LU=
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Fig. 6. An example for three inheritors in the partial information flow graph with parent X @, e {1, 2}, where the first node suffers partial erasures twice
and the second node is erased once. Here we use dotted vertices to denote inactive nodes. We also include a possible data collector DC' as an example.

capacity sum. We define the capacity of W as

=Y Clo),

ecW

where C'(e) denotes the capacity of an edge e.

Theorem 6: For given positive integers N > K, D <
N-1,L > r, s; < L for i € [N], the parameter
tuple (N,K,D,L,[3;s) is feasible if and only if Kr <
¢(N,K,D,3;s) under a large enough finite field, where
¢(N, K, D, 3; s) satisfies

min{K,D}—1
¢(N,K,D,3;s) = Z min{(D — )8+ s;,,r}
i=0
K—1
+ Z min{S]‘“’r},
i=min{K,D}
where 3 > 0 is a real number, and s;, <sj, <...< S5y,

Before going to the proof of Theorem 6, we recall the well
known theorem about minimum cut and maximum flow for
network coding, and translate it into our partial information-
flow graph setting.

Lemma 5: For a partial information-flow graph G, a data
collector DC' can recover the original file if and only if the
minimum cut between the source S and a data collector DC'
is larger than or equal to the file size under a large enough
finite field.

Proof: Regard DC as a terminal, then the partial
information-flow graph G can be viewed as a broadcast
network with source S and original file with size M. Then,
according to the well known cut-set bound [10] for network
coding, under a large enough finite field the network has a
linear solution [16], i.e., DC can get enough information
to recover the original file if and only if the minimum cut
between the source S and the terminal DC' is larger than or
equal to the file size M. [ |

Proof of Theorem 6: According to Lemma 5, proving this
theorem is equivalent to proving that the minimum cut between
the source vertex S and the data collector DC' is larger than
or equal to the file size M = Kr if and only if Kr <
¢(N,K,D,(;s), forany G € G(N,K,r,D, 3; s).

In one direction, we show that there exists a partial
information-flow graph G; € G(N,K,r,D,[3;s) such that
the minimum cut W ((G) between the source S and the data
collector DC' is at most ¢(N, K, D, 3; s), i.e., C(W(Gy)) <

¢(N,K,D,(3;s). Consider a sequence of inheritor vertices
denoted as (I, 199 for 0 < t < K — 1 such that there

» fout
exists a directed edge (I[()juftl)J,(ff)) with capacity 3 if and

only if 0 < t5 —t; < D. Now consider the data collector that
connects to the vertices (I, l(,jf), 1 (SZ;Q) for 0 <t < K —1. Itis
easy to check that the minimum cut satisfies

Z O mll’l{( Z)ﬂ + Sji,T'}, if K < D’
C(W(Gh)) < Z > mln{( — )8+ s5,,r}
+Zi:D mln{sjwr}a it K> D,

as illustrated in Fig. 7. Thus, G is feasible only if

min{K,D}—1
Z mln{(‘D - Z)ﬂ + S5 T}
=0
K—-1
+ Z min{s;,,r} > Kr.

i=min{D,K}

In the other direction, we claim that for any Gy €
G(N,K,r,D,(;s) with D helper vertices, any cut W
between the source S and a data collector DC' should satisfy

c(wW) >

min{K,D}—1 K-1
Z min{(D — )3 + s;,,r}+ Z min{s;,,r}.
i=0 i=min{D,K}
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Fig. 7.
highlight the inheritance by dividing the node into two parts, where the one labeled with s; corresponds to the inheritance.

To prove this we assume the K active vertices connected with
DC are { out : i € [K]} and the cut W partitions the vertices
into two subsets, U and U, such that S € U and DC € U. Let
U put denote the set of vertices With subscript “out”. We only
need to consider the case {Y " i € [K]} C Upw
since the capacity between Y, mﬁ and DC' is infinite which
implies C(W) = +oo for the case Yo(ui € U. Since the
graph (G5 is a directed acyclic graph then it has a topological
sorting which means the vertices can be ordered such that
the edge (vz,v]) implies that ¢ < j. We assume the set
{ Out : i € [K]}NU has size 7 and is topologlcally ordered
as (YO(;;),YO(;?, Y)Y where r < K. Now, we find a
list of vertices (LL,;, L> JLE ) satlsfymg the following

outr Houts " "
two conditions:

I Ll is the first vertex of U,,; under the topological

sorting. -
I For i € [K], L}, is the first vertex of U,y \

(UZ»:1 B(L7)) under the topological sorting.

For L}, if L, ¢ U then (L}, L},,) € W with capacity r.
If Ll € U then, by Condition I, W contains all the input

edges of L} . Those edges have capacity  in total if L' does
not have a progenitor, or capacity s;, + D otherwise.

For 1 <i < K and L}, ¢ U, we have (Li,,L¢ ) €W
with capacity 7.

For 1 <i < K and Li,
subcases:

€ U, we have the following two

o L' has no progenitor, i.e., L' is one of the original
storage vertices connected with the source S. In that case,
we have (S, L¢,) € W with capacity 7.

o L' has a progenitor, say L. In that case, we claim
that L,,; € U. Otherwise, by Proposition 1-(1), the

Each inheritor receives s; surviving symbols from its parent, which does not cost network traffic, and is denoted with a dotted arrow. We also

fact‘ LiNE Uput \ (U;;ll E(Lj )) means Loyt € Ugut \
(UZ*1 B(L7)), which contradicts the fact that L° is

the first vertex of Uyy; \ (UZ ! B(LJ)) under the the
topological sorting. Similarly, W should contain all the
input edges of Lt except for those edges from vertices
belonging to B(L’) for j € [i — 1]. By Proposition 1-(2),
there are at most 7 — 1 edges coming from the vertices
of B(L?) for j € [i — 1] and each of them should
have capacity 3. Thus, W should contain input edges
of Lt with total capacity at least s;, if i > D and
s, + (D — i+ 1) otherwise. Herein, we highlight that

til¢ {t1,ta, ... ti1} since L' € Uy \ (Uj— ! B(LY)).

Therefore, for any cut W between S and DC, the capacity
satisfies

cwW) >

min{K,D}—1 K-1
Z min{(D — )3+ sj,,r} + Z min{s;,, r},
i=0 i=min{D,K}

where the last inequality holds by the fact s;, < 55, < ... <
Sjy» 1€,

K
D s
i=1

K
> § : Sji
i=1

for any possible ¢; with 0 < ¢ < K — 1. Thus, we have

Cmin = C(W(Gh))
min{K,D}—1 K-1
= Z min{(D — )5+ sj,,7} + Z min{s;,,r},
=0 i=min{D,K}
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where C,i, denotes the minimum cut capacity of all the
graphs G € G(N,K,r,D,(;s). For an example of the
exact minimum cut, the reader may refer to Fig. 7. Therefore,
Crin = Kr is equivalent with me{K DI min{(D—i)8+
SJNT} + Zz min{D K} mln{sﬂﬂr} r. u

As the next step, we study the relationship between
r and N,K,3,D,M by solving the inequality Kr <
¢(N, K, D, (3;s) in Theorem 6.

Theorem 7: Let s = (s1,82,---,sn) and sj; < 55, <
K Sjnl 1<sté—i—oo.Forlgth—l,deﬁne
5* A Ez 08]1 (K_t)s.]t
Jt K ’
= t(t+1)3
t) = L +tD-K -_—
9(t) §+ (D~ K)f + =5
and for 0 <t < K — 1,
1
HOE . ®
K(D+1-K)+ Y 4y (K —t—1)
When s;. , < r < s; for 7 € [N], the parame-

ter tuple (N, K,r, D,[3;s) is feasible if and only if r >
r*(N, K, D, 3, s) and the solution can be achieved via linear
codes, where

(N, K, D, 6;8)

:{%7 i (O)K( SJO) OO),
M Be(ft)K(r—s,), ft—1DE@r—s;, ),

for t € [7* — 1] with 7* = min{7, K}. If r < s;, then the
parameter tuple (N, K,r, D, [3;s) is always feasible for any
B = 0.

Proof: By Theorem 6, we need to determine the exact
threshold by considering fixed values of 3, s, and D > K,
and minimizing 7 = rmin(0, 8, D) such that

Z min{ (D

—i)B+s4,,r} >

Let
bi=(D—(K—-1-1)B+s;

and by = +o00. Let 7 be the integer such that s;__,
with 1 <7 < N, we have

forO<i<K-1 (9

<r<sj,

K-1
éme{ — )0+ s;,,r}
=0

Kr, 0<
_ ) (K —t)r+ > b, b1 <

r < b,
7"<bt,

1<t < 7 =min{r, K},

where by < by < ... < bg_1 by (9). The preceding equality
means that C(r) is strictly increasing from 0 to (K — 7%)r +
Z: 0 "b; as r increasing from 0 to b,_;. Thus, to find a
minimum value for r such that C(r) > M, we o*nly need to
calculate C~1(M) when M < (K — 7%)r + ZLEI b;. That
is,forl1<t< ™ -1

CTH(M)

241
]I‘g, M € [0, Kby),
= M0 M e Vi bt (K —t+ Dby, (10)
Zi;o b; + (K - t)bt)v
where
t—1 t—1
_ tt+1)8
IUED SURTERNSERE S S}
1=0 1=0
Recall that for 1 <t < K,
t—1
D bi+ (K — )b,
=0
t—1
tt+1
=D s tHD-K)B+ ( 5 )8
i=0
+(K-t)(s;, +(D+1—-K+1)p) (11)
t—1
:Zsji'i_(K )Sjt'i_K(D_i—l_K)ﬁ
i=0
t(t+1
+ ( 5 )ﬂth(Kft—l)ﬂ
B
T f()
where s7, 2 Tizo (K Dt and the last equality holds

by (8). Note that M = Kr Combining (11) and (10),

t—2

D b (K —t+1)by 1\M<Zb +(
=0

is equivalent with

s;)f(t) <BSK(r—s;, )f(t—1)

for 1 <t < K, which results in the claim for the case 7 > s;,.
Finally, note that for the case r < s;, < ... < s5,_,, we have
C(r) = Kr = M, which means for this case the parameter
tuple (N, K,r, D, 3; s) is always feasible. [ ]

Remark 9: For the case L > s;, > r, ie., the case that
the number of erased symbols is less than L — r, we know
that § = 0 is sufficient to repair those erasures since we have
(r, L — s+ 1)-locality inside each vertex.

Remark 10: For the case s;, = s;, =--- =5, _, =0 and
L = r, ie., the ordinary case without locality, the bounds
in Theorems 6 and 7 are exactly the cut-set bound described
in [11] and [19] for the rack-aware model.

Considering the regular case, s; = sy = --- = Sp,
we have the following corollary that is implied directly from
Theorem 7.

Corollary 4: Let C be an (N, K,k = Kr;L =1+ —
1,0)-RASL code, where each column is a repair set with
(r,6 = L —r 4+ 1)-locality. Let D be an integer satisfying
K <D< N —1.Forany i € [N], E; C [L], and D-subset
R C [N]\ {i}, we have

K(r—

D(|E;i|—6+1 .
DUBIZOED - if |By] > 6

0, otherwise.

B(C’ {Z}v {El}vR) P {
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Proof: By settlng §1 = 83 = -+ =8y = L —|E, if
— B <7, ie.,
8> (|E|—5+1)7|Ei|75+1
“ K(D-K+1) D-K+1
by Theorem 7, since M = Kr. Thus, we have
B(Cv{i}>{Ei}7R) = D/B = %};ﬁiﬂ when |E1,‘ > 9.

If |[E;| < 4, then by Theorem 7 we have § > 0, ie.,
B, {i},{E:},R) >0 ]

Thus, similarly to Corollary 3, we have the following
conclusion for partial repairing for Tamo-Barg codes, which
follows directly from Corollary 4 and Theorem 4.

Corollary 5: Consider the setting of Construction B. Let
¢o be a prime power, and Fy = Fy (y1,Y2,--.,Ym), Fg, =
qu (yl, e Yi—1, Y41y - - 7ym). Define Ww; & [Fq : Fq
for each ¢ € [m]. For any given erasure set F C [L]
with 0 < |F| < L, we can recover A;|r by downloading
Odfml*l)(lE‘*éH) symbols in [, from any other r +m — 1
racks (columns) which is exactly the optimal bandwidth with
respect to the cut-set bound according to Corollary 4.

VII. CONCLUSION

In this paper, we explored the rack-aware systems with
locality. Under this model, by arranging each repair set as a
rack, we considered repairing erasures that extend beyond the
locality for locally repairable codes. We presented two repair
schemes to minimize the repair bandwidth for Tamo-Barg
codes under the rack-aware model by designating each repair
set as a rack. One of the schemes achieved optimal repair
for a single rack erasure. Additionally, the cut-set bound was
established for locally repairable codes under the rack-aware
model, and our repair schemes were proven to be optimal with
respect to this bound.

Moreover, we also studied the partial-repair problem for
locally repairable codes under the rack-aware model with
locality, and we introduced repair schemes and bounds for this
scenario. However, research on the partial-repair problem for
locally repairable codes is still in its early stages. In general,
the partial-repair problem for locally repairable codes may be
a three-dimensional one where each rack (column) contains L
symbols with locality, and each symbol is a vector over a given
base field, say IF,. This general problem is still widely open.
Furthermore, it remains an open question how to repair known
locally repairable codes such as maximally recoverable codes
(partial MDS codes), sector-disk codes, and locally repairable
codes with super-linear length. We leave these questions for
future work.
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