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Abstract— Linearized Reed-Solomon (LRS) codes are eval-
uation codes based on skew polynomials. They achieve the
Singleton bound in the sum-rank metric and therefore are known
as maximum sum-rank distance (MSRD) codes. In this work,
we give necessary and sufficient conditions for the existence
of MSRD codes with a support-constrained generator matrix.
The conditions on the support constraints are identical to those
for MDS codes and MRD codes. The required field size for an
[n, k]gm LRS codes with support-constrained generator matrix
isg > €4 1and m > maxicig{k — 1+ log, k,n;}, where
£ is the number of blocks and n; is the size of the I-th block.
The special cases of the result coincide with the known results
for Reed-Solomon codes and Gabidulin codes. For the support
constraints that do not satisfy the necessary conditions, we derive
the maximum sum-rank distance of a code whose generator
matrix fulfills the constraints. Such a code can be constructed
from a subcode of an LRS code with a sufficiently large field size.
Moreover, as an application in network coding, the conditions
can be used as constraints in an integer programming problem
to design distributed LRS codes for a distributed multi-source
network.

Index Terms— GM-MDS, sum-rank metric, support con-
straints, linearized Reed-Solomon codes, multi-source network
coding.

I. INTRODUCTION

ESIGNING error-correcting codes with  support-
constrained generator matrices is motivated by its
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application in weakly secure network coding for wireless
cooperative data exchange [1], [2], [3], [4], where each node
stores a subset of all messages and the nodes communicate
via broadcast transmissions to disseminate the messages in the
presence of an eavesdropper. It is closely related to designing
codes with sparse and balanced generator matrices in wireless
sensor networks [5] and multiple access networks [6], [7],
[8], motivated by the balanced computation load during the
encoding process while multiplying such a matrix [9], [10].
From both, the theoretical and the practical point of view,
the objective is to design codes with support-constrained
generator matrix achieving the largest possible minimum
distance. The support that we consider throughout this work
is the Hamming support. In the Hamming metric, research
focused on proving necessary and sufficient conditions for
the existence of MDS codes fulfilling the support constraints.
It was first conjectured in [11] (referred to as the GM-MDS
conjecture), further studied in [12] and [13], and finally
proven by Yildiz and Hassibi [14] and independently by
Lovett [15].
Theorem 1 (GM-MDS Condition [14], [15]): Let

Zi,...,Zr € {1,...,n} be such that for any nonempty
QC{1,....k},
N Z|+1Q <k. (1)
i€Q

Then, for any prime power ¢ > n + k — 1, there exists
an [n,k], generalized Reed—Solomon (GRS) code with a
generator matrix G € F’;X" fulfilling the support constraint:

GUZO, ViE{l,...,k}, VJEZL 2)

Moreover, if an MDS code has a generator matrix fulfilling
the support constraint (2), then the sets Z;’s satisfy (1).

Yildiz and Hassibi adapted the approach to Gabidulin codes
in [16] and derived the following GM-MRD condition.

Theorem 2 (GM-MRD Condition [16, Theorem 1]): Let
Zi,....Zy C {1,...,n} fulfill (1) for any nonempty
Q C {1,...,k}. Then, for any prime power ¢ and integer
m > max{n, k—1+log, k}, there exists an [n, k],~ Gabidulin
code with a generator matrix G € ]F’;T,XL" fulfilling (2).

A. Related Work on Support-Constrained Generator Matrices

Other variants of MDS codes with a support-constrained
generator matrix have been studied. Apart from the condition
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in (1), the work in [17] considers the following two special
cases of conditions on Z;’s:

D |Ni_,Zi| =k—sforals=1,...,k Note that when
s = k—1, it is required that ‘ﬂi:ll Zi‘ = 1, which means
that there is at least one column of the generator matrix
G containing k£ — 1 zeros. For this case an [n, k], RS
code generated by G exists if ¢ > n.

2) |Z;| <i—1foralli=1,..., k. Note that when i < k—1,
|Z;| < k — 2, which implies less zeros are allowed in G
than (1). For this case an [n, k], RS code generated by
G exists if g > n+ 1.

In [18] and [19], the existence of an MDS code with a sparse
and balanced generator matrix G was studied. “Sparse” means
that each row of G has the maximum number of zeros, i.e.,
k —1 zeros, and “balanced” means that the number of zeros in
any two columns differs by at most one, i.e., the weight of each
column is either [k(n — k+1)/n] or |k(n —k +1)/n]. Itis
shown in [18] that forany 1 < k < n,if ¢ > n+[k(k — 1)/n],
then there exists an [n, k], generalized RS code with a sparse
and balanced generator matrix. More recently, [19] showed
that for any k > 3, % > %, and ¢ > n — 1, there exists an
[n, k], MDS code with a sparse and balanced generator matrix.

It was shown in [20] that for any ¢ > n, every [n, k], GRS
code has a systematic generator matrix Gsys = (I|A) where
A is a (generalized) Cauchy matrix, and conversely, any matrix
in the form of (I |A) where A is a (generalized) Cauchy
matrix generates a GRS code. This implies the following
result.

Proposition 1: Let Zy,...,Z, C {1,...,n} be such that
for any nonempty © C {1,...,k},

Nz

i€Q

+1Q =k . 3)

Then, for any prime power g > n, there exists an [n, k], GRS
with a generator matrix G fulfilling (2).

Proof: The goal is to show that for any G € ]F’; xn
with zeros fulfilling (3), there is k x k submatrix forming
a generalized permutation matrix P

(i.e., a permutation matrix where the ones can be replaced
by any nonzero element in the field). Denote Cq := [, Zi-
Note that C C [n] and |Cq| < k.

o For any Q such that || = k, |Cq| = 0. This means there

is no zero column in G.

o For any Q such that |Q] = k — 1, |Cq| = 1. This means
there is at least one column in G has k—1 zeros. Assume
for some €y # Qg of size k — 1, Cq, = Cq,. Then for
0=, UQy with || =k, |Cq| = 1, which contradicts
the case above. Hence, we conclude that for every distinct
Q) of size k — 1, there is a distinct C, of size one, i.e.,
a unique column with k£ — 1 zeros. There are (kfl) such
), therefore, there are k distinct columns with k—1 zeros.

Now we will show that for any two columns with k — 1 zeros,
the nonzero elements are not in the same row. Assume the
opposite, i.e., there are two columns with £ — 1 zeros, whose
nonzero elements are in the same row (equivalently, whose
zeros are in the same rows). Let {0y be the rows where the

zeros of two columns are. Then || = k£ — 1 and |Cq,| = 2,
which contradicts (3).

For codes in rank metric, it has been shown in [21, Th. 4.4]
that for any n < m, every [n,k],~» Gabidulin code has a
systematic generator matrix Ggys = (I |A) where A is the
g-Cauchy matrix, and conversely, any matrix in the form of
(I |A), where A is a g-Cauchy matrix, generates a Gabidulin
code. Similar to Proposition 1, the following result can be
derived for MRD codes.

Proposition 2: Let Zy,...,Z, C {1,...,n} fulfill (3) for
any nonempty 2 C {1,...,k}. Then, for any prime power ¢
and integer m > n, there exists an [n, k];m Gabidulin code
with a generator matrix G fulfilling (2).

We conjecture that the smaller sufficient field sizes also holds
for the general case.

Conjecture 1: Let Zy,...,Z, C {1,...,n} fulfill (1) for
any nonempty  C {1,...,k}. Then, for any prime power
g > n, there exists an [n, k], GRS with a generator matrix
fulfilling (2). Moreover, for any prime power ¢ and integer
m > n, there exists an [n,k],» Gabidulin code with a
generator matrix fulfilling (2).

B. Related Work in the Sum-Rank Metric

The sum-rank metric was first considered in coding for
MIMO block-fading channels [22], [23] and the design of
AM-PSK constellations [24]. It was then explicitly introduced
in multi-shot network coding [25]. The minimum sum-rank
distance is a direct analogue to transmit diversity gain and the
maximum sum-rank distance property is a direct analogue to
rate-diversity optimality. An explicit construction of optimal
space-time codes from sum-rank metric codes over a finite
field was first given in [26]. Additionally, sum-rank metric
codes have been considered in applications such as network
streaming [27], distributed storage systems [28], [29], [30] and
post-quantum secure code-based cryptosystems.

Linearized Reed-Solomon (LRS) codes [31], [32] are a
class of evaluation codes based on skew polynomials [33],
achieving the Singleton bound in the sum-rank metric, and
therefore known as maximum sum-rank distance (MSRD)
codes. They have been applied in network coding [34], locally
repairable codes [28] and code-based cryptography. Extensive
research has been done in recent years in the subareas of
fundamental coding-theoretical properties of sum-rank met-
ric codes, e.g., [35], [36], [37], [38], [39], constructions of
perfect/optimal/systematic sum-rank metric codes [40], [41],
[42], [43], [44] and decoding algorithms for LRS codes, e.g.,
[45], [46], [47], [48], [49], [50], [51].

C. Our Contribution

Motivated by practical interest in codes with support-
constrained generator matrices and research on sum-rank
metric codes (in particular, LRS codes), we investigate the
existence of MSRD codes with a support-constrained genera-
tor matrices in this work. As a result, we show that (1) is also
the necessary and sufficient conditions for the existence of
MSRD codes with a generator matrix fulfilling (2). Further,
our main result is that for any prime power ¢ > ¢ 4 1 and
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integer m > maxicq{k — 1 + log, k,n;}, there exists a
linearized Reed-Solomon code in Fy= of length n, dimension
k, and with ¢ blocks, such that its generator matrix satisfies
the support constraints. Moreover, if the conditions in (1)
are not satisfied, we show that the largest possible sum-rank
distance can be achieved by subcodes of LRS codes. For a
distributed multi-source network as introduced in [7] and [8],
where a supported-constrained generator matrix is required for
reliable communication against malicious (or failed) nodes in
the network, we introduce a scheme to design a distributed
LRS code for any network instance. The scheme illustrates
how the necessary and sufficient conditions derived in this
work can be used as constraints in a linear programming
problem to design the parameters of a desired distributed LRS
code.

The rest of the paper is organized as following: In Section II
we fix the notations used throughout the paper and give the
preliminaries on sum-rank metric, skew polynomials and LRS
codes that are needed to prove the main results. We present
in Section III our main result on the necessary and suffi-
cient conditions for the existence of MSRD codes with a
support-constrained generator matrix as in (2) and the suffi-
cient field size of an LRS code fulfilling the support constraint.
In Section IV we introduce the distributed multi-source net-
work model and present a scheme to design a distributed LRS
code for this network model, which uses the necessary and
sufficient conditions derived in Section III. Section V provides
the proof of the main result, which is presented as a claim in
Section III.

II. PRELIMINARIES

A. Notations

Denote by [a, b] the set of integers {a,a+1,...,b—1,b},
and let [b] := [1,b]. Let N be the set of natural numbers and
Ny := NU{0}. Denote by [, the finite field of size ¢, and by
F,m its extension field of extension degree m. Fix an ordered
basis B = (61,02,...,0m) of Fym over F,. We define a

mapping from Fy.. to F**" by
. T mxXn
extg : Iqu — F
C1,1 €12 Cln
c=(c1,c0,...,cp)— C = : :
Cm,1 Cm,2 Cm.,n

“4)

where C' is unique such that ¢; = > 1" ¢; ;3;, for all j =
1,...,n. The Fy-rank of cis defined as rank,(c) := rank(C).

Given two vectors a = (ay,...,ayn),b = (b1,...,b,) €
F™, we define their star-product as the element-wise multi-
plication, i.e., a * b := (a1b1, asba, ..., ayb,) € F". Given a
vector a € F, let diag(a) € F"*" be the diagonal matrix
with entries of a on its diagonal.

Throughout the paper, unless specified otherwise, the
indices of entries in vectors, elements in sets, etc., start from
1, while the coefficients of polynomials start from 0.

B. Sum-Rank Metric

Let £ € N and ny = (n1,...,n¢) € N’ be an ordered
.. 0 X
partition of n = »",_; n;. For a matrix

B,

B,
A= (A1 Ay Ay) € " or B = c <™,
B,
where A; € IE‘;”X’“ and each B; € ngxm, we say A has a
column-wise ordered partition with respect to n, and B has
a row-wise ordered partition w.r.t. ny. The sum-rank weight
w.r.t. g is respectively

4 4

Zrank (A;) or Wtsr mn,( Zrank (By)).
1=1 1=1

WtSR,n[

We can find the following relation between the sum-rank
weight and the rank of a matrix.

Lemma 1: For a matrix A € F"*™ and an ordered partition
ng = (n1,...,n0) of n, rank(A) < wtsgp,(A) < £ -
rank(A). Similarly, for a matrix B € F;*™, rank(B) <
Wtsr.n, (B) < - rank(B).

Proof: Denote by (A)_ the column space of a matrix A.
For the first inequality,

rank(A) = dim((A),) = dim((A1). + - + (Ar),)
< dim((A1)) + -+ dim((Ag).)
nk(A;) + - - +rank(Ay) = wtsr n, (A).

For the second inequality,

¢ ¢
)= Zrank(AZ) < Z rank(A)
i=1 i=1

For the matrix B € Fy*™ with a row-wise ordered partition,
the proof is similar with considering the row space of B and
B;’s. |

For the vector space K., with an f-ordered partition
(n1,...,m¢) € N the sum -rank metric is defined as the
following. For simplicity of the notation, we abuse the notation
WtsRr,n, for the matrix space over I, and the vector space over
Fgm.

Definition 1: The sum-rank weight on ]F;"m, with an ordered
partition ny = (n1,...,ns) of n, is defined as

WtsR,n, (A = (-rank(A).

: F;Lm — No

¢
T — Z rank, (z;)
i=1

where = (z1|xz|. .. |x,) with x; € Fyi.
sum-rank distance is defined as

WtsRm, (+)

Moreover, the

dsron, (- ) - Fym X Fym
(a,b) — wtsgn,(a —b).

—>NO

For a linear code C C IFZm, its minimum sum-rank distance is

dSR,TLZ (C) = Clr}ilzréc dSR 2Ty (c17 62) - Or;élcigc WtSR,n( (C) .
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It is well known that for £ = 1 the sum-rank metric coincides
with the rank metric and for ¢ = n, it is the Hamming metric
(see also [52, Proposition 1.4, 1.5]). The following lemma
gives a relation among the weights of a vector x € Iy in the
Hamming metric, the sum-rank metric and the rank metric.

Lemma 2 ([39]): For a vector x € FZIL and any ordered
partition ny = (ny,...,n¢) of n, wtr(x) < Wtsrn,(x) <
wtn (), where wtr(z) = rank,(x) is the weight of « in the
rank metric and wty(x) is the weight of « in the Hamming
metric.

C. Skew Polynomials

Denote by Fgm[x] a univariate (commutative) polynomial
ring with coefficients from F,m and by Fym[z1,...,2,] a
multivariate polynomial ring for n > 1. The following lemma
gives a sufficient condition on the field size such that a nonzero
evaluation of a multivariate polynomial in the field always
exists.

Lemma 3 Combinatorial Nullstellensatz [53, Theorem 1.2]:
Let F be an arbitrary field and f be a nonzero polynomial
in Flzy,...,,) of total degree deg(f) = > ., t;, where
t; > 0, Vi. Then, if X, ..., X, are subsets of F with |X;| > ¢;,
then there are z; € A1,..., %, € X, so that

f(E1,...,4n) #0.

Let F,m[X;0] be a skew polynomial ring over F,m with
automorphism 6 : Fgm — Fgm. The degree of a skew
polynomial f(X) = >, fiX' € Fym[X;0] is deg f(X) :=
max{i | f; # 0} for f(X) # 0, and deg f(X) = —o0
if f(X) = 0. The addition in Fym[X;6] is defined to be
the usual addition of polynomials and the multiplication is
defined by the basic rule X - o = 0(a) - X,V € Fym and
extended to all elements of Fym[X;6] by associativity and

distributivity. For two skew polynomials f(X) = >, f; X’
and g(X) = Zj g; X, their product is
fx > Z Fi67(9)X 7. 5)

The degree of the product is deg (f(X) - g(X)) = deg f(X)+
deg g(X). For ease of notation, when it is clear from the
context, we may omit the variable notation in f(X) for
f € Fym[X; 0], and write only f.

Since skew polynomials are non-commutative under multi-
plication and division, we denote by |, and |; the right and
left divisibility respectively. The powers of @ are 0'(a) =
0(0"~ (). For any a € Fym, its i-th truncated norm is
defined as N;(a) = ]_[Z 67 () and Ny(a) = 1. For the
Frobenius automorphism, ¢ : o — af, o(a) = a4, and
Ni(a) = ald'=D/(a=1),

Definition 2 (0-Conjugacy Classes): Two elements a,b €
F m are called 0-conjugate if there exists a nonzero element
¢ € Fym such that b = 6(c)ac™!. Otherwise, they are called
0-distinct. The conjugacy class of a with respect to 6 is the
set

Cy(a) :=={0(c)ac™" | c € Fym \ {0}} .

Theorem 3 Structure of o-Conjugacy Classes [52, Theo-
rem 2.12]: Let «y be a primitive element of F,m . For the Frobe-
nius automorphism o, the g—1 elements 1,~,~v2,...,79~2 are
pair-wise o-distinct. There are exactly q — 1 distinct nonzero

o-conjugacy classes, each of size q 1 ,in Fym, and

Fgm = Co(0) UC,(7°) U---UCy(r77?),

where the union is disjoint.

Definition 3 (Remainder Evaluation of Skew Polynomi-
als [33]:) For f(X) € Fgm[X;0], a € Fym, since division
on the right is possible for any f(X) € Fym[X;0], we may
write f(X) = ¢ (X)(X — a) + t, with t € Fym. The (right)
evaluation of f(X) is then defined as

fla) =t.

The next lemma shows that the remainder evaluation can
be computed without using the division algorithm and it is
equivalent to the evaluation in Definition 3. A proof can also
be found in [54, Theorem 2.3].

Lemma 4 Explicit Expression of Remainder Evaluatz()n of

Skew Polynomials [55, Lemma 2.4]: For f = Z;e% X' e

n[X;0] and @ € Fym, fla) = %8/ fiNi(a). In par-
ticular, if 6 is the Frobenius automorphism o, f(a) =
Z?i%f fiald'=D/(a=1)

Similar to the evaluation of conventional polynomials, the
evaluation of a f € Fom[X;6] at Q = {a1,..., 0} C Fym
can be written as (f(og) o flar)=F- Vk( ), Where k
is the degree of f, f = (fo,..., fr) contains the coefficients
of f, and VZ+1(Q) is the first k& + 1 rows of V() defined
below.

Definition 4 (0-Vandermonde Matrix): Let 6 be an auto-

morphism 60 : Fym — Fym. Given a set Q = {aq,...,a,} C
Fym, the 6-Vandermonde matrix of € is given by
No(aq) No(az) No(an)
VO(Q) = Nl(.al) Nl(.az) Nl(.an) ’
No_1(@1) No_1(a) No_1(cn)

where No(a) = 1, and for i > 1, N;(a) = Hj;é 07 (c) is the
i-th truncated norm of «.

Definition 5 (Minimal Polynomial): Given a nonempty set
Q C Fym, we say fq is a minimal polynomial of () if it is a
monic polynomial of minimal degree such that fo(«) = 0 for
all a € Q.

It was shown in [56, Lemma5] (see also [52, Theorem?2.5])
that the minimal polynomial of any nonempty set ) =
{a1,...,ap} C Fym is unique. The minimal polynomial can
be constructed by an iterative Newton interpolation approach
as in [52, Proposition2.6] or by computingas follows (see also
[52, Proposition2.6]): First, set

g =X—-a.

Then for ¢ = 2,3, ..., n, perform

if gi_l(ai) = 0,

gi—1
i = 6
g {(X — ozgifl(‘”)) -g;—1 otherwise, ©)
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where a9-1(2) = 0(g;_1(;))vigi_1(a;)"" is the 6-
conjugate of a w.r.t. g;—1(a;). Upon termination, g, (X) =
fa(X).

It can be seen that the minimal polynomial of a set {2 can
be also constructed by computing

fa(X)

where Iclm is defined as follows.

Definition 6: The least common left multiple (Iclm) of
g; € Fym[X; 0], denoted by lclm;{g;}, is the unique monic
polynomial h € Fym [X; 0] s.t. g;|,h, Vi.

The polynomial independence of a set is defined via its
minimal polynomial.

Definition 7 (P-Independent Set [52, Def. 2.6]): A set
Q2 C F,m is P-independent in F,m [X; 6] if deg(fa) = |9].

It has been shown that, for any P-independent set (2,
deg(fa) = |Q| = rank(V%(Q)) [56, Theorem 8], and its
subsets are all P-independent [52, Corollary 2.8].

Lemma 5: Given a P-independent set €2, for any subset Z C
Q, let fz(x) € Fgm[X; 0] be the minimal polynomial of Z.
Then, for any element o € Q\ Z, fz(a) # 0.

Proof: Assume fz(«) = 0, then the minimal polynomial
fzu{ay = fz and deg(fzuay) = |Z] < |2 U {a}|, which
contradicts to that Z U {a} C 2 is P-independent. [ |

= lgérg{X —a}. 7

D. Linearized Reed-Solomon Codes

The definition of LRS codes adopted in this paper follows
from the generalized skew evaluations codes [31, Section III]
with particular choices of the evaluation points and column
multipliers.

Definition 8 (Linearized Reed-Solomon (LRS) Codes): Let
¢ < g—1 and (nq,...,ne) be an ordered partition of n
with n; < m forall ¢ =1,...,0 Let a1,...,a¢ € Fgm be
from distinct o-conjugacy classes of Fym, and called block
representatives. Let

b:(ﬁl,lw'wﬁl,nl Eﬁf,lwn

be a vector of column multipliers, where (31, ...
linearly independent over F,, VI € [¢].
Let the set of code locators be

) 6@,77,14) S Fgm

, Bin, are

L={mp{i,. .., LaBilt . ®)

An [n, k]gm linearized Reed-Solomon code is defined as

-1 1
alﬁf}m. e .agﬂzl S

CR(L,b) :={bx (f(a))acc | /(X) € Fgm[X;0],
deg f(X) <k},
where the evaluation f(a) = Y29/ f,N;(«) is the remainder

evaluation as in Lemma 4.
The subset of £ of the code locators for the [-th block,
e., {agﬁlq;l, ... ,alﬁl‘{;ll}, is P-independent, if and only if
Bi1s---,0n, are linearly independent over F, [55, Theo-
rem 4.5]. Since the union of P-independent sets which are
subsets of different conjugacy classes is P-independent, the
code locator set £ in (8) is P-independent by construction
[52, Theorem 2.11].

A generator matrix of the LRS code in Definition 8 is given
by

G(LRS):( GgLRS) |

where for each [ € [¢],

e )eF’;é" 9)

G = ve(L®) - diag(db®)
1 .. 1 5
Ni(aBiih) (alﬁz ) b
. g—1 . ﬁl,nl
Nkfl(alﬁu ) oo Ni— 1((1151 nl)
) 51,11 51,12 51,?1
B qu,l 61(1,2 65”1
Nkfl(al) li—l 1:»471 - 1:»471
Blv Bra - Bl
(10)
where LU = {alﬂl L aB "1 and bY
(Bias---,Bin,)- Eq. (10) holds because for o(a) = a,
_ 1\ @ =D/(@-1) .
Nz(ﬂlq’t 1)'ﬁl7t: ( lqt? 'ﬁl,t = ll,t'
n [32, Def. 31], LRS codes are defined in the notion of

linear operator evaluation with respect to the block represen-
tatives @ = (az, . .., ag) and block basis b, = (B;.1,. .., Bin,)-
It was shown in [52, Theorem 2.18] that these two definitions
are equivalent.

LRS codes are MSRD codes [52, Theorem 2.20] while they
are maximum distance separable (MDS) linear codes C C F
and for small dimensions & < min{n, ..., n,}, the punctured
codes C; C i at any block i = 1,...,¢ are maximum rank
distance (MRD) codes [31, Section III.C].

III. LRS CODES WITH SUPPORT CONSTRAINTS

In this section we show that (1) is also a necessary and
sufficient condition that a matrix G fulfilling (2) generates an
MSRD code.

Since the sum-rank weight is at most the Hamming weight
for any vector in Fgm, an MSRD code is necessarily an MDS
code. Therefore, (1) is also a necessary condition for G to
generate an MSRD code.

Now we proceed to show the sufficiency of (1) for MSRD
codes, in particular, LRS codes. Note that for any Q = {i},
we have |Z;| < k—1. One can add elements from [n] to each
Z; until | Z;| reaches k — 1 while preserving (1) [16, Corollary
3]. This operation will only put more zero constraints on G but
not remove any. This means that the code we design under the
new Z;’s of size k—1 will also satisfy the original constraints.
Therefore, without loss of generality, along with (1), we will
further assume that

Z| =k—1, Vie[k] . (11)

Let GRS be a generator matrix of an LRS code as given
in (9). Given the following matrix

G=T G, (12)
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if T € F%k has full rank, then G is another genera-
tor matrix of the same LRS code generated by GRS,
Recall that aq,...,ap € Fym are the block representatives,
Biye-s Bimgs---sBey-sBen, € Fgm are the column
multipliers, and £ = {aq,...,ay} is the code locator set as
defined in Definition 8, where a; = a;3; " for some I € [(]
and ¢t € [n], Vj € [n]. Let ng = 0. Define the following
bijective map between the indices, ¢ : N x N — N,

-1

Lt)—j=t+Y ny,

r=0

13)

such that o; = alﬁf_l. The inverse map p1:N->NxN
is j — (,t), where | = max{i | > ,_;n, < j} and ¢t =
j=Yn,.
For all ¢ € [k], define the skew polynomials
k—1
[i(X) =) Tijp1 X7 €Fgm[X;0],
§=0

(14)

where T; ;11 is the entry at i-th (1 < ¢ < k) row, (j + 1)-
th (1 < 741 < k) column in T'. The entries of G will be
Gij = filaBi; B € [k],j = @(l,t) € [n]. Then, the
zero constraints in (2) become root constraints on f;’s:

filaiy')y =0, Vie[k], Vi=e(l.t)eZ . (I5)
For brevity, we denote by
Zi={aBl; " | o(l,t) € Z;} (16)

corresponding to the zero set Z;. Let fz (X) =
lelmyez, {(X — )} be the minimal polynomial of Z;. It fol-
lows from (15) that f;(o) = 0, Ya € Z; and hence,
f2,(X)|f3(X). Note that deg fz,(X) = deg fi(X) =k — 1,
therefore, f;(X) = c¢- fz,(X) for some ¢ € Fgm \ {0}. For
simplicity, let ¢ = 1, i.e.,

fi(X) = fz,(X) .

Since £ and any subset Z; C L are all P-independent,
it follows from Lemma 5 that f;(a) # 0, for all & €
L\ Z;. Hence, there is no other zero in G than the required
positions in Z;’s. Moreover, by the assumption in (11), | Z;| =
|Z;| = k — 1, and deg f;(X) = k — 1,Vi € [k]. Hence the
coefficients of f;(X) in (14) are uniquely determined (up to
scaling) in terms of alﬁ‘i—ll, .. .,agﬁg;lj. In the following,
we assume aq, ..., ay are fixed, nonzero, and from distinct o-
conjugacy classes. We see (3;+’s as variables of the following
commutative multivariate polynomial ring

Rn ::]qu [ﬂlvl’ ‘e ,ﬂém,z]a

and the coefficients T; ;1 of f;(X) can be seen as polyno-
mials in R,,. Then the problem of finding 3;;’s such that G
generates the same LRS code as GRS becomes finding (3 ;’s
such that

P(ﬂl,h N

a7

(18)

75@,71@) ::PT(ﬁl,lv e 1/65,77,1{)

4
] Pra(Bias- -, Bin) #0 (19)

=1

where Pr is the determinant of 7T', whose entries are deter-
mined by the minimal polynomials f;’s, and

ﬁl,l ﬁl,2 ﬁl,n;,
1 1 1
q q q
Bin Bia Bin,
PML :=det . . .
n.lfl ";lfl ’ 7;l71
T S

Since the coefficient of the monomial [], ﬁ[’; "in Py,
is 1, Ppg, is a nonzero polynomial in R,. With Claim 1
below, we can conclude that P(3; 1,...,08¢,,) is a nonzero
polynomial in R,,.

Claim 1: If the condition in (1) is satisfied, then Pr is a
nonzero polynomial in R,,.

Now we proceed to present the result on the field size by
assuming Claim 1 is true. A more general version (Theorem 7)
of the claim is given in Section V-B.

For a fixed [ € [{],t € [ng], the degree in (;; of
P, is degmt P, = g™~1 [57, Lemma3.51]. Moreover,
degg, , Pr < (k—1)(¢—1)- ¢"~2, which can be shown by
extending the analysis of linearized polynomials for Gabidulin
codes in [16, Section II.F] to skew polynomials. The details of
this extension are provided in Appendix B. Then, the degree
of P(81,1,...,08en,) in (19) as a polynomial in §;; is

degﬁz,t P<(k-1)(g—1)- qk*2 + qn,—l )

Theorem 4: Let {¢,n; be positive integers and n :=
Zle n;. Let Zy,...,Z, C [n] fulfill (1) for any nonempty
Q C [k]. Then for any prime power ¢ > ¢ + 1 and integer
m > maxieq{k — 1 + log, k,n;}, there exists an [n, k]gm
linearized Reed-Solomon code with ¢ blocks, and each block
of length n;, [ € [¢] with a generator matrix G € Ffjfz"
fulfilling the support constraints in (2).

Proof: Recall that aq,...,a, are fixed nonzero elements
from distinct o-conjugacy classes. Claim 1 has shown that
P(Bi1,...,080n,) is a nonzero polynomial. By the Combina-
torial Nullstellensatz [53, Theorem1.2], (see Lemma 3), there

exist 31,17 . ,BLW in Fgm such that
P(Bl,l) .. aﬁ,\f,nz) # O
if
m d P
T = le[g}?ex[m]{ egﬁl’t }
= max{(k ~1)(¢ - 1) " (20)

If m > max;eq{k — 1 +log, k , n;}, we have

¢" =(g—1)g" "+ ¢!
> max{k(g 1) ¢+ ¢} > (20) .
€

To have aq, ..., a, from different nontrivial o-conjugacy class

of F,m, by the structure of o-conjugacy classes [52, Theo-

rem2.12]Theorem 3, we require ¢ — 1 > /. [ |
Remark 1: Consider the extreme cases:

1) For ¢ = 1, the sum-rank metric is the rank metric and
LRS codes are Gabidulin codes.
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2) For £ = n and n; = 1,VI € [{], the sum-rank metric is the
Hamming metric. In addition, with § = Id, LRS codes
are generalized RS codes with distinct nonzero aq, ..., ay
as code locators and nonzero 3; ;’s as column multipliers
(see [52, Theorem 2.17], [34, Table II]).

For the first case, our result on the field size in Theorem 4 coin-
cides with [16, Theorem1]. For the second case, by adapting
the setup in (18)-(19) to § = Id, and the proof in Appendix B
with the usual evaluation of commutative polynomials, one
can obtain the same results as in [14, Theorem 2].

If the necessary and sufficient condition on Zi,...,Z
in (1) is not satisfied, we cannot obtain an MSRD code
fulfilling the zero constraints. The following result shows that
the largest possible sum-rank distance can be achieved given
any zero constraints. In fact, the largest sum-rank distance can
be achieved by subcodes of LRS codes with large enough
field sizes. This result is an analogue to those for MDS
codes [14] and MSRD codes [16]. In [14, Theorem 1], the
following upper bound on the Hamming distance of a code
with support-constrained generator matrix is given

dH S n—%-i— 1
where
k:= max Zil + 19 Q21
2£QC]k] El 1

Note that k > k if the condition on Z1y..., 2y in (1) is not

satisfied. For any ordered partition ny = (n1,...,ns) of n,
according to Lemma 2, we have
dspom, <n—k—+1. (22)

Theorem 5: Given zero constraints Zi,...,Zy C [n], for
any prime power ¢ > £+ 1 and integer m > max;ep){k —
1+log, k,ny}, there exists a subcode of an [n, E]qm linearized
Reed-Solomon code with ¢ blocks, and each block of length
ny, I € [£] such that its generator matrix satisfies (2).

Proof: Let Zgy, = --- = Zy = @. Then for any
nonempty 2 C [7%], we have

() Z|+1Q <k .
i€
Then, by Theorem 4, there exists an LRS code of dimension
k with a k£ x n generator matrix G' having zeros specified by
Z1,y.. 'LZ@‘ Since it is an MSRD code, its sum-rank distance
is n — k + 1. The first k£ rows of G will generate a subcode
whose sum-rank distance is as good as the LRS codes, i.e.,
dsrn, > n —k + 1, where ny = (n1,...,n.). Hence, the
subcode achieves the largest possible distance given in (22).
|

IV. APPLICATION TO DISTRIBUTED MULTI-SOURCE
NETWORK CODING

Consider a distributed multi-source network as illustrated
in Fig. 1. The receiver at the sink intends to obtain all the
messages in a set M by downloading through an F,-linear

M = {ml,mg,...,mh}
A access to the messages
PRSPt "~ <«— indexed in J
- g 1 RN
Sz) Szm) Sz Sg.,) Ji <[] Vi€ [s]
n.g, ng, N7, ng
F,-Linear network
with a (¢, p)-adversary
N+
- Collects N packets to
Sink
recover all h messages
Fig. 1. Tllustration of the distributed multi-source network model.

network from multiple source nodes, where each of them
has access to only a few messages in M. This source node
access is assumed to have unlimited link capacity (e.g., the
source nodes store the subset of M locally) and marked
by the dashed line in Fig. 1. The capacity! of the link
between each source node Sz, and the F,-linear network is
ng,, the capacity of a link between any pair of node in the
F,-linear network is 1, and the capacity of the link between
the F;-linear network and the sink is IV. The topology of the
IF,-linear network is not known to the source nodes nor to the
sink; therefore, it is a noncoherent communication scenario.
This model can find its applications in data sharing platforms,
sensor networks, satellite communication networks and MIMO
(massive input and output) attenna communication systems,
etc.

The set M contains h messages. The message m;,j € [h]
is composed of r; symbols over Fgm, ie., m; € ngn. The
source node S7,,i € [s] has access only to the messages
indexed in J;, e.g., if Jo = {3,6}, then Sz, only has the
access to the messages mg and mg. Let S = {71,..., Ts}-
For any J € &S, the source node S; encodes the messages
m;,j € J, into ny symbols over Fym, denoted by cy €
IE‘ZJ It then extends them to their matrix representation
over F,, denoted by Cs € ]F;"X”J , and then generates
X7 =0 --1,,0 .- Cl) ¢ Fr7 XM where
n =) ;csng. We call each row of X 7 a packet. Denote

X J1

X - e Byt

: , where the rows are the packets
X7,

transmitted by all the source nodes into the IF,-linear network.

The task is to design ny for all J € S such that the sink can

recover all the messages m;. The goal of the design is that the

total number of packets n is minimized. A concrete example

can be found in Section IV-B.

In the F,-linear network, whenever there is a transmission
opportunity, a relay node in the network produces and sends
an arbitrary IF,-linear combination of all the incoming packets
they have received. Suppose that there are at most ¢ malicious

The number of symbols in Fym or the number of vectors in Fg" can be
sent in one time slot.
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nodes that inject erroneous packets and at most p frozen nodes
that do not send any packet, which we refer as a (t,p)-
adversary. The sink collects N > n — p packets, which are
represented by the rows of Y € F5 """ The transmitted
packets (rows of X)) and the received packets (rows of Y')
can be related via the following network equation:

Y =AX+E (23)

where A € Fflv XM is the transfer matrix of the network
and the difference between the number of columns and its
row-rank is at most p. In other words, n — rank(A) < p.
FE e FéVXM is an error matrix of rank(E) < t. Note that the
matrices A and E are not known to any of the source nodes
or the sink since we consider a noncoherent communication
scenario.

The capacity region of a multi-source network with h
messages is a set {(r1,...,7,)} € N" such that the receiver
at the sink can recover every message m; € Fh.,j € [h].
The capacity region of a multi-source network against a (¢, p)-
adversary has been given in [58, Theorem 2] (for p = 0)
and [59, Corollary 66]. To present the result, we require the
following definitions of min-cut.

Definition 9: Min-Cut Between a Set of Nodes and Another
Node: For a directed graph G(V,&) composed of a set of
nodes V and a set of edges &, a cut between a set of nodes
V' C V and another node ¢t € V\ V' is a subset &y C €
such that after removing the edges in £y 4, there is no path
from any of the nodes in V' to t. The capacity of a cut is
the sum of the capacity of each edge in the cut. The min-cut
between V' and ¢ is the smallest cardinality of a cut between
V' and t.

Definition 10: Min-Cut Between a Subset of Messages and
the Sink: Consider the multi-source network with h messages,
as above. Given a subset of messages, J' C [h], consider the
set of source nodes V' that contain messages in 7', namely,

V ={S;e8 : TnT £0}.

We define the min-cut between J' and the sink as the min-cut
between V' and the sink, and denote it by w .

Theorem 6 ([58], [59]): Consider a multi-source network
with h messages. For any (rq,...,7,) € N in the capacity
region against a (, p)-adversary, we have

Ve £J Clhl, > ri<wg —2—p,
eJ’

(24)

where w7+ is the min-cut between the set 7’ of messages and
the sink.

In addition to the general setting, we further assume the
following setup of the noncoherent network:

o The communication capacity of the non-coherent linear
network is large enough so that the min-cut w s/ for all
J’' C [h] is determined by the number of encode symbols
ng sent by the source node S for all 7 € S. Le.,

S g

JEeS
JC[M\T’

wgr =n —

Note that the term Y ses ng is the total number

T Qd[h]\f ' . . .
of encoded symbols that do not contain any information
about the messages in J’.

« Although the encoding is distributed (since each source
node may access only a few messages), there is a cen-
tralized coordination unit designing the overall code, and
the sink knows the distributed code.

A. Sum-Rank Weight of Error and Erasure With Constrained
Rank Weight

In the following, we intend to use LRS codes for the
distributed multi-source linear network model. Note that the
errors and erasures in the (¢, p)-adversarial model are mea-
sured in the rank metric. However, LRS codes are used to
deal with errors and erasures in the sum-rank metric. Hence,
we first look into the sum-rank deficiency of the network
transfer matrix A € Fé\’ X" and the sum-rank weight of the
error matrix E € FY*M.

Let £ € N and ny = (ng,...
of n. By Lemma 1, we have

,ng) be an ordered partition

WtsR n,(A) > rank(A) >n—p . (25)

Hence the sum-rank weight of the erasure induced by the rank-
deficient A is at most p.
For the error E, consider an ordered partition N, =

(N1,...,Ng) of N such that AX + F =
Ni{[ A1 A1 - Ay X, \} m E\} V;
No{| Az1 Az2 --- Asy || X5 |} 12 E; |} N2
_l’_
N\ Apx Aga -+ Agy Xo Jyma E; |}y N,
—— —— ~— 7\4_, ~
ni  No ny M

Given rank(E) < t, by Lemma 1, we have

4 4
wisr N, (E) = > _rank(E;) < Y rank(E) =t . (26)

i=1 i=1

This upper bound holds for any arbitrary ¢-ordered par-
tition N, of N. A lower bound on Prlwtsg n,(E) =
¢t | rank(E) = ¢ (i.e., the probability that (26) is tight)
for small ¢ (¢t < N;,Vi € [£]) is given in [60, Theorem 1].
In particular, if ¢ > ¢+ 1, Pr[wtsg v, (E) = £t | rank(E) =
t] > 1/4 [60, Corollary 1].

It can been seen from (25) and (26) that the network model
in (23) results in an erasure of sum-rank weight at most p and
an error of sum-rank weight at most ¢¢. It has been shown
in [34, Theorem 1, Eq.(4), Proposition 2] that a code with
sum-rank distance d can guarantee reliable communication
against errors of sum-rank weight at most ¢t and erasures with
sum-rank weight at most p in the noncoherent communication
if d > 20t + p + 1. Therefore, an LRS code with sum-rank
distance d > 20t + p+ 1 can correct any error of rank weight
at most ¢ and erasure of rank weight at most p.
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B. Example of Distributed LRS Codes

We first give a toy example to show the usage of LRS codes
for a distributed multi-source network. In Section IV-C we
provide the general scheme to design the LRS codes for an
arbitrary distributed multi-source network.

Suppose that there are h = 4 messages in M. The lengths of
messages are (r1,72,73,74) = (1,3,2,3). There are 4 source
nodes and each can access to only 3 messages, i.e., J; =
{1,2,3}J = {1,2,4},F5 = {1,3,4},Js = {2,3,4}.
Suppose there is a (t = 2, p = 2)-adversary in the F,-linear
network.

The number of encoded packets from each source node
is (ng,nz,n7,n7,) = (6,7,2,8) (see in Section IV-C
how these values are obtained) and n = Z?Zl ng, = 23.
Let m = (mq, m2, m3, my) be a concatenated vector of all
messages. Some entries in a encoding matrix G are forced to
be 0, as shown in Fig. 2, so that m - G represents the overall
encoding at all source nodes.

Let ¢ = 4,m = 9. We can obtain the support-constrained
encoding matrix G from a generator matrix of a [23,9, 15]40
LRS code with ¢ = 3 blocks. The lengths of blocks
are (ni,n2,n3) = (8,7,8). Let v be a primitive element
of Fyo. The block representatives of the LRS code are
(a1,a2,a3) = (1,7,7?) and the column multipliers are b =
(L9, Y2 72, ¥3, ..., 9°). Construct a gen-
erator matrix G"F®) of the LRS code according to (9) and find
a full-rank matrix T € IFZ;(Q such that the support-constrained
encoding matrix G is given by G = T - GRS It can
be verified by Theorem 4 that such a matrix T exists over
F4 and it can be found by solving a linear system of
equations. For brevity, we omit the explicit solution of T’
here.

Remark 2: With the choice of ¢ and (ng,...,ny) for this
toy LRS code we intend to show that the number of blocks /¢
does not need to be the same as the number of source nodes
s. The value of ¢ determines the upper bound in (26) on the
sum-rank weight of E. We listed several other parameters
of the LRS codes in Table I that can be used for this
network example. It can be seen larger the ¢ is, larger the
error-correction capability required for the LRS code, which
results in a larger total length n. However, larger ¢ may result
in smaller field size. For instance, the messages m;’s are
over F311. According to Table I, setting ¢ = 1 (i.e., using a
distribued Gabidulin code [8]) requires a field size ¢"™ = 3'°
while using the distributed LRS codes with ¢ = 2 requires a
field size ¢"™ = 3'! (note that the field size of the messages
is 311).

In Table II, we list the parameters of LRS codes for
several different S = {1, T2, J3, J4}- It can be seen that
encoding each message independently requires longer code
(hence, larger alphabet size) than allowing jointly encoded
subsets of all messages.

Now we proceed to apply the lifting technique [61]
to deal with the noncoherent situation. Supposing
(Cj17Cj2,CJS,CJ4) = (ml,mg,m3,m4) - G. Each
source node Sy, generates C;, = extg(cs,) € Fy "
by the map defined in (4) and lifts the C}L_ by adding the

identity and zero matrices as below to obtain the transmitted
packets (rows of X):

.
Injl le
=
X = Inj2 0.72 n
T
I"Js CJ%
ITLJ4 0}4
V] m
n=>,_1ng

Each row is a packet of length n +m (= 23 +9 = 31 in
this toy example) over IF, (IF4) transmitted into the network.
Note that for the lifting step, a centralized coordination unit
is also needed to instruct the source nodes where to put the
identity matrix in their packets.

C. The General Scheme: Distributed LRS Codes

This section provides a general scheme at the centralized
coordination unit to design the overall distributed LRS codes,
given:
o the total number of messages h and their lengths
T1y.+e-3Ths

o the set S = {J1,...,Js}, where each J; C [h] contains
the indices of the messages that the source node S, has
access to;

o the maximum number of malicious nodes ¢ and frozen

nodes p in the network;

o the number of blocks ¢ of LRS codes.

The task is to design the ny, for all J € S, such that the
sink can recover all h messages. The goal of the design is to
minimize the total number n of the encoded symbols.

The general scheme contains the following steps:

1) Solving the following integer linear programming problem

for (ng,,...,n7,):
Minimize n=mng +---+ng,
Subject to

Ve AT CIhL Y rit+2+p<n-—

Z nJ?

i€J’ JEeS
Vispive
27
Ve £QC[h, Y ng+ > mi<n—20t—p,
JES 1eQ
[(R\T 20
VJ €S, ng >0. (28)
Remark: Recall that we assume the min-cut wy = n —
> ges ng,forall @ # J' C [h]. With the constraints
JE[NT

in (27), the choice of (ny,,...,ny,) guarantees that the
message lengths (r1,...,7,) are in the capacity region
given in Theorem 6.

Let
k:= max Z ng+2ri.
e7ach] JES 1€Q
[R\T 29
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Encoding at S, at Sz, at Sz, at Sz,
N N . .
X X X X X X X X [x X X X X X X 00000 0 0 0/\Encoding for m;
X X X X X X X X |IX X X X X 0 0 X X X X X X X X
X X X X X X X X |IX X X X X 0 0 X X X X X X X X } for mo
X X X X X X X X[ X X X X X 00 X X X X X X X X
G = X X X X X X 0 00O OO OO0 X X X X X X X X X X

X X X X X X 0O 010 OO0 OO0 X X X X X X X X X X } for ms3
00 0O0UO0OTO0 X X |IX X X X X X X X X X X X X X X
00 0O0O0TUO0 X XX X X X X X X X X X X X X X X } for my
0O 0 0 0 00 X XX X X X X X X X X X X X X X X
First block of LRS code Second block Third block

Fig. 2. Illustration of the support-constrained generator matrix of the [23,9, 15],9 LRS code for the distributed multi-source network.

TABLE I

RESULTING PARAMETERS OF DISTRIBUTED LRS CODES FOR THE TOY EXAMPLE WHILE INCREASING ¢. THE ¢ AND m ARE THE MINIMAL VALUE OF
THE REQUIRED PARAMETERS OF THE FIELD OVER WHICH THE [TL, k, d] DiISTRIBUTED LRS CODE CAN BE CONSTRUCTED

4 g | m | [nk,d=20t+p+1] (n1,...,mp) (ngy,ngy, M5, 17,)
1 (distributed Gabidulin code) | 2 | 15 [15,9,7] (15) (6,1,0,8)

p 310 199,11 (10, 9) (6,5,0,8)

3 (Fig D) 119 73,9, 15 &,7.8) (6,7,2,8)

1 5179 37.9,19 7,7,7,6) (6,7,6,8)

5 7T 33, 11,23 (7,6,7,7,6) 8,9,6,10)

6 712 38, 12,27 (7,6,6,7,6,6) (9,10,8,11)

7 5113 13,13, 31 (6,6,6,7,6,6,06) (10, 11,10, 12)

TABLE II

RESULTING PARAMETERS OF DISTRIBUTED LRS CODES FOR THE TOY EXAMPLE WHILE CHANGING &

S L] q| m [n,z,d=2€t+p+1] (n1,...,ng) | (ng,ngy,n75,n7,)
I 233 (33,27, 7] (33) ,9,8,
{1}, {2}, {3}, {41} 2 [ 3] 39 49,39, 11 (25, 24) (11,13,12,13)
34| 51 65,51, 15 (22,22,21) (15,17,16,17)
T2 17 [17,11,7] a7) (6,1,3,7)
{12}, {1,3},{2,4},{3,4}} [2 [ 3] 15 [25, 15, T1] (13,12) (10,1,3,11)
31419 [33,19,15] (I1,11,11) (14,1,3,15)
By Theorem 5, there exist a subcode of an [n,%] LRS {11 . ~-ﬁéfm € R, by
code whose generator matrix fulfills the support constraints
of the encoding matrix G for the distributed multi- c: R,— R,
source network. The constraints in (28) guarantees that ) in i n
B 25 ¢ > i By B, = Y ola) o (Bi) -0 (B,) -

k < n — 20t — p, which guarantees that the [n, k] LRS
code can decode the rank-metric errors and erasures (see
Section IV-A).

ieNy ieNy

Let R,[X;0] be the univariate skew polynomial ring with

2) Determine the field size ¢ required for the [n,k] LRS indeterminate X, whose coefficients are from R,,, i.e.,
code with ¢ blocks according to Theorem 5. (Tip: The total
length should be distributed as evenly as possible into ¢ d )
blocks so that the extension degree m is minimized.) Ry[X;0]:= Z X' | d20,co,...,cq € R,
i=0

Construct a generator matrix G"R®) of the [n, k];m LRS
code according to (9) and (10).

Find a full-rank T € F’;,ﬁk (where k = Z?Zl r;) such that
the support-constrained encoding matrix G can be obtained
from G = T-GRS), (This can be done by solving a linear

system of equations for the entries of T'.)

3)

4)

V. PROOF OF CLAIM 1

A. Problem Setup

Let R,, be the multivariate commutative polynomial ring as
defined in (18). Note that Ry = Fym. Let o be the Frobenius

automorphism of Ry, which we extend to any a = ZieN{; ag -

For ease of notation, when it is clear from the context, we may
omit the variable notation in f(X) for f € R,[X;0], and
write only f. The degree of f = Z?:o ;X' € Ry[X;0) is
deg f = dif d is the largest integer such that ¢4 # 0. We define
deg 0 = —o0.

Similar to skew polynomials over a finite field, addition is
commutative and multiplication is defined using the commu-
tation rule

X-a=o0(a) X, Ya € R, (29)
which is naturally extended by distributivity and associativity.
Just like (5), the product of f,g € R, [X; 0] with deg f = d
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and deg g = d, is

dg

dy
Frg=> 3 fio'(g) X",

i=0 j=0

(30)

and the degree of the product is deg (f - g) = dy + d,. Note
that in general, f - g # g - f, for f,g € R,[X;0].
By abuse of notation, in the following, we also denote by

-1 -1 : -1 -1
,C:{alﬂil ,...,alﬂim S, .agﬂg,l ,...,agﬂz’nz} CR,

the P-independent set as a subset of R,,. Let Z; C L be the

set as in (16) corresponding to Z; and fz, € R,[X; o] be the

minimal polynomial of Z;. We note the following properties

of R,[X; o], which will be useful for the proof of the main

result in Section V-B. The detailed proofs of these properties

can be found in Appendix A.

P1 R,[X;o] is a ring without zero divisors.

P2 For any sets Z;, Z, C R, s.t. Z; U Zy is P-independent,
let f1,fo € R,[X;0] be the minimal polynomials of
Z1, Zy, respectively. Then the greatest common right
divisor gerd(f1, f2) is the minimal polynomial of Z =
Z1 N Zy, denoted by fz,nz,. In particular, Z; N Zy =
@ < gerd(f, f2) = 1.

P3 For t € Nand any f € R,[X;0], X!|,f < X!|.f.
In this case, we may write just X*|f.

P4 For t € N and any fi, fo € R,[X;0] such that X / f5,
then Xt|(fy - f2) if and only if X*t|f;.

In the main result in Theorem 7, we are interested in skew

polynomials in the following form: for any Z C [n],7 > 0

f(Z,7)=X"- ldm {(X—-a)}€R,[X;0], (3l
ac{apiyt
p(t)ezZ}
where ¢(l,t) is as defined in (13).
Define the set of skew polynomials of this form:
Snr={fZ,7)|7>20,ZC[n
k= {fZ7) | ) o)

st |Z|+7<k-1} C R,[X;0].

Note that deg f < k—1,Vf € S, 1. We also note the following
properties of polynomials in S,, j,, whose proofs are given in
Appendix A.

P5 For any f1 = f(Z1,71), fo = f(Z2,T2) € Sp k., we have
gCI‘d(fl, fg) = f(Zl n ZQ,HliH{Tl,TQ}) S Sn,k .

P6 Let f = f(Z,7) € Sy, and let = f‘gg’”g:o S
R,_1[X;0] (namely, we substitute §;,,, = 0 in each
coefficient of f). Then f’ € S,—1 1 and

o {f(Z,T)
S f(Z\{n}, T+ 1)

né 7z,
neZz.

B. Main Result

The following theorem is a more general statement than
Claim 1 and it is the analog of [16, Theorem 3.A] for skew
polynomials.

Theorem 7: Let k > s > 1 and n > 0. For any
fis f2,- . fs € Sp i, the following are equivalent:

(i) Forall g1, g2,...,9s € R,[X; 0] such that deg(g; - f;) <

k — 1, we have
Yo fi=0 = gi=ga=--=g,=0.
i=1

(ii) For all nonempty 2 C [s], we have

k— deg(gerd f;) > Y (k—deg fi) -
i€Q icQ

(33)

The proof of Theorem 7 is given in Appendix C. We will
show in Corollary 1 that Claim 1 is a special case of Theo-
rem 7. For this purpose, we give an equivalent way of writing
it in terms of matrices with entries from R,,. This is done in
Theorem 8, which is an analog to [16, Theorem 3.B].

We first describe the multiplication between skew polyno-
mials in matrix language. Let u = Y, u; X* € R,[X;0]. For
b — a > degu, define the following matrix in R2*®

uo ce Ub—a
o(up—q)
a—l( a_l(ubfa)

o UO) o

In particular, for a = 1, denote by R,,[X; o]« the set of skew

polynomials of degree strictly less than b. The map
Sixo(") : Ru[X;0]cp — R

’UM—>(U0,..

34
. 7ub71) ( )

is bijective and S1x5(0) = 0,vb € N. For any skew
polynomial v = Y, v;X* € R,,[X; 0], we have

Saxb(v . u) = Saxc(v) . Scxb(u) 3

where a,b,c € N are such that ¢ — a > degv,b — ¢ > degu.
As a special case, when v = X7, 7 € N, we can write

Sa><(b+7') (XT

(35)

: U) :Sax(aJr'r) (XT) ) S(a+7)><(b+‘r) (u)
= (OaXT Iaxa) ) S(a+7)><(b+~r)(u)
(36)

By the definition in (31), f(Z,7) = X7 - u for some u €
R,[X;0]. It can be readily seen from (36) that the first T
columns of S,y 4 (f(Z, 7)) are all zero.

For s € [k], i € [s], let f; = f(Z;, ;) € Spk. We write
S(fi) instead of S(y_r |z, xk(fi) for ease of notation.
By (36), S(f;) looks like

0 --- 0 X X -+ X
0 ---0 X X e X
S(fz) = k—1;—|Z;|
0 ---0 X X -0 X
Ti k—1—7;—|Z;| | Z;|+1

where the x ’s represent possibly non-zero entries. Then,
applying (35) to the expression g; - f; in Theorem 7 yields

S1xk(gi - fi) =ui- S(fi) ,
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where u; = Sy (k—r,—|z,)(9:) is a row vector. Therefore,
we can write

S(f1)
Sixk ZgZ fi)= (i, ug) - | (37)
S(fs)
———
=:M(f1,.--,fs)
which is a linear combination of the rows of M (f1,..., fs).

The following theorem is an equivalent statement to Theo-
rem 7, in matrix language.

Theorem 8: Let k > s > 1 and n > 0. For i € [s], let
Z; € [TL],TZ' > 0 such that Tz+|Zz‘ < k—1and fz = f(Z“TZ) €
Sp,k- The matrix M (f1,..., fs) defined in (37) has full row
rank if and only if, for all nonempty Q C [s],

-1 2 m1n7'1>z —n—Z).  (3%)
1€Q 1€Q
Proof: For brevity, we write M instead of M (f1,..., fs)
in the proof. The logic of the proof is as following
M has full row rank <2 (i) "7 (7). <L (38) holds

where (i) and (ii) are shown to be equivalent in Theorem 7.
We only need to show the equivalence (1) and (1I).
(I): Assuming M has full row rank, it is equivalent to write

VueR,ﬂXZLl( au- M=0=—u=0.

Partition w into s blocks (wy,...,us), where u; €
RYF=Tim1ZD Note that w = 0 <= Vi € [s],u; = 0.
For each i € [s], the set {g; | S1x(kh—r,—|z)(9:) = Wi, Vu; €
R}lx(k_”_lzi‘)} is Rn[X;0)<(k—r,—|z). Which is the set
of skew polynomials of degree less than (k — 7; — |Z;|),
since the map Six.(-) as in (34) is bijective. Therefore,
u, = 0 <= ¢ = 0,Vi € [s]. It can be further
inferred that every u € Rlej 1k Ze)) corresponds to
a unique tuple (g1,...,9s) € Ru[X;0]chori—|z,)) X -+ X
Ru[X;0]<(k—r.,—|2.|)- We denote the Cartesian product by G.
Since deg f; = 7, +|7Z;|, Vi € [s], for any tuple (g1,...,9s) €
G, deg(g; - fi) < k—1,Vi € [s].

By the equality in (37), w- M = S1,x(>°;_, ¢; - f;) and
Sixk(Xi19i-fi) =0 < >7_, g fi = 0. Hence it is
equivalent to write (39) as:

Yg1,...,9s € Ry[X; 0] such that deg(g; - fi) <k—1,
Zgi'fi:() = 9;=0,Vi€[s],
i=1

which is exactly the statement (i). (1I): It follows from PS5 that

for any nonempty set 2 C [s],

deg(gerd f;) = m Z;
ieQ i€Q
Then the left hand side of (33) k — deg(gerd;cq fi) = k —
|Nicq Zil — min;eq 73, which is the left hand side of (38).
By the definition of f; = f(Z;, ;) in (31), the right hand side
of 33)is Y ,cq(k—deg fi) = >, cq(k— (|Zi| + 7)), which
is the right hand side of (38). [ |

+ min7; .
i€Q
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As a special case, when s = k,7; = 0and |Z;| = k—1,Vi €
[k], each block S(f;) becomes a row vector with entries
being the coefficients of f; = f(Z;,7;) = Zf;é fij+1 X7 €

R, [X; 0] and
fu e Jik

M(fi,.... fr) = ffl f?2 f?k € Rk (40)
fia Je o T

Note that M (f1,..., fx) coincides with the matrix T in (12).
Hence we have Corollary 1 below, which is Claim 1.

Corollary 1: For i € [k], let Z; C [n] with |Z;| = k — 1.
Then det M (f1,..., fx)isa nonzero polynomial in R,, if and
only if for all nonempty 2 C [ }mzeﬂ Z; | > Q.

VI. CONCLUSION AND OUTLOOK

In this work, we extended the previous work on MDS codes
and MRD codes with a support-constrained generator matrix

to MSRD codes. We first investigated the minimum required
field size to construct an MSRD code (particularly an LRS
code) with a support-constrained generator matrix. For this
purpose, we proved that the conditions on the support con-
straints such that an MDS/MRD code exists are also the
necessary and sufficient conditions for the existence of an
MSRD code via the framework of skew polynomials. For any
support constraints fulfilling the conditions, an [n, k],m LRS
code with a support-constrained generator matrix exists, for
any prime power ¢ > £+ 1 and integer m > max;c[q{k —
1+ logq k,m;}, where ¢ is the number of blocks and n; is
the length of the I-th block of the LRS code. With these
results, we proposed an application of LRS codes with a
support-constrained generator matrix in the distributed multi-
source networks, where a collection of messages is to be sent
via a linearly coded network with unknown topology, and
each source node only has access to a subset of the messages.
The provided LRS codes with a support-constrained generator
matrix enable the correction of errors and erasures that occur
in the network.

A recent work [43] has provided new constructions of
MSRD codes that generalize LRS codes. Several constructions
require smaller field sizes than LRS codes. Investigating these
new constructions for the support constraints may result in a
smaller required field size to obtain an MSRD code with a
support-constrained generator matrix.

APPENDIX A
PROOFS OF PROPERTIES OF SKEW POLYNOMIALS

P1: R,[X; 0] is a ring without zero divisors.
Proof: The ring properties of R,,[X; o] are trivial, we only
need to show that it has no zero divisors.

Note that for any a,b € R,, o(a +b) = o(a) + o(b).
It can be seen from (30) that if f,g ## 0, then f - g # 0 since
the leading coefficients of fg,, ga, are nonzero and therefore
fa;0% (ga,) is nonzero. Hence, R,,[X; o] does not have zero
divisors. [ ]

P2: For any sets Z;, Z, C R, s.t. Z1UZ5 is P-independent,
let fi,fo € R,[X;o] be the minimal polynomials of
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Z1, Zs, respectively. Then the greatest common right divisor
gerd(f1, f2) is the minimal polynomial of Z = Z; N 25,
denoted by fz,nz,. In particular, 2, N 2y = @ <
gerd(f1, fa) = 1.

Proof: We can write the minimal polynomial of the set
Z1 N Z9 by the least common left multiplier as in (7), i.e.,
fzinz, = lclm {(X — a)}. Then we can write f; = ¢ -

a€EZ1NZy

Icl X - = g2 lcl X — fi
(A (X = @)} and fo = g2 Jehn, (X = a)), fo

some g1, 92 € R,[X;0]. Therefore, it is clear that fz,nz, |
gCI‘d(fl, fQ)

Now we only need to show that degfz,nz, =
deg gerd(f1, f2). Since Z; U 2, is P-independent, Z7, Z5 and
Z1NZ, are also P-independent. Then deg fz,uz, = |Z1UZ5],
deg fz, = [21], degz, = |22 and deg fz,nz, = [Z1 N
Z5]. Tt follows from [62, Proposition 5.12] that the minimal
polynomial of Z; U Zj is

fz,uz, = lclm(f1, f2)
and from [33, Eq.(24)] that

deg gerd(f1, f2) =deg f1 + deg fo — deglelm(fy, f2)
=[Z1] + (22| — |21 U 24

=21 N 25| = deg fz,nz,

|

P3: Fort € Nand any f € R,[X;0], X'|,f < X'|.f.
In this case, we may write just X¢|f.

Proof: If X*|,f, then with some g € R, [X;0] we can
write f = X' g =o'(g) - X', where o'(g) = >, o' (g;) X".
Then it is obvious that X*|,.f. Similarly, if X*|,f, we can
write f = g- X' = X*.07%(g) and it is obvious that X?|; f.
This property has been also shown in [33, Theorem 7]. [ |

P4: Fort € N and any f1, fo € R,[X; 0] such that X 1 f5,
then X*|(f1 - f2) if and only if X*|f;.

Proof: We first show X*'|(f; - f2) <= X'|fi. Suppose
Xt|f1, then we can write f; = X' . f{ with some f| €
R,[X;0]. Then f - fo = X' f{ - fo and it can be seen
that Xt|;(f1 - f2). By P3:, we have X?|(f1 - f2).

For the other direction, we first show that X|(f1 - f2) =
X|f1 by contradiction. Assume X /[ fi, then we can write
fi = f{ + a with some f|{ € R,[X;0] such that X|f and
a € R, \ {0}. Since X | fo, we can write fo = f§ + b, with
some f4 € R,[X; o] such that X|f} and b € R,, \ {0}. Then,

fi-fo=(fi+a)(fs+Db)
=fi-fota-fo+fi-b+a-b

where the first three summands are all divisible by X but
a-b # 0 (since R, is a ring without zero divisor) and X / a-b.
This implies X / (f; - f2), which is a contradiction. We can
then extend the following steps ¢ times and the statement is
proven. Note that X?|(f1 - fa) = X|(f1-f2) = X|f1.
Write f; = X - g with some g € R,[X; o], then

X?(f1- f2) = X|(g-f2) = Xlg
X)(fz
= (X-X)|(X-9) = X*|f:.

For any Z; C [n],i € [k],l € [{], we denote ZZ.(l) =
{t|o(,t) € Z}and 2" = {@B%" | t € 2}, We need
some properties of the set of roots of skew polynomials in
order to prove P5:. It follows from Lemma 5 that fz,
only vanishes on Z; while evaluating on £. The following
lemma gives the structure of the roots of fz, while evaluating
on R,.

Lemma 6 ( [31, Theorem 4]): For | = 1,....¢, let f

be the minimal polynomial of Zi(l) and ZZ-(l) = {a €
R, | fi(l)(a) = 0}. Then, forall [ =1,... ¢,

20 = (@ | B € (Bua) ey \OD) € Cola) @)

20 = g2 -1 “2)

where C,(a;) is the o-conjugacy class of a; as defined in
Definition 2.

Theorem 9: Let f; be the minimal polynomial of Z;.
Denote the set of roots of f; while evaluating on R, by
Z;:={a € R, | fi(a) =0}. Then

¢
Z;=|J 2", where 2" is as in (41) (43)
=1

(44)

L L
= l )
2= 1201=3 4" e
=1 =1

Proof- Note that for all | = 1,....0, 2" are
P-independent and they are from different conjugacy classes.
It follows from [63, Corollary 4.4] that for such sets,

¢ 1 ‘ 1
U 2 =Ui, 2. .
It is clear that the a’s in (31) are P-independent. It follows
from Definition 7 that degf(Z, ) = |Z| + 7. By Theorem 9,
the set of roots of f(Z, 1) is

¢
{03 U J{as™ 1 B € Bridezo \ {0} (49)
=1
where Z() = {t | ¢(I,t) € Z}. The notation {0} is to imply
that X7/f(Z,7) and X7t {(Z, 7).
P5: Forany fi = f(Z1,71), fo = f(Z2,72) € S, i, we have
g(?l"d(fl7 f2) = f(Zl M Zg,min{Tl,TQ}) S Sn,k .

Proof: We prove the property by showing that the skew
polynomials on both side have the same set of roots. Denote by
21,25, 212 C R, the set of all roots in Ry, of f1, fa,f(Z1 N
Zs,min{ry, 72}), respectively. By the structure of roots of
f(Z,t) given in (45),

¢
Zi={0} U JH{ap™ | B e (Bui)yez0 \ {0}, =12

=1

4
E _ {O}min{n,‘rz} U U{alﬁq_l | B € <ﬁl*t>t€Z}f)2 \ {0}}

=1

where Z\" := {t | p(1,t) € Zi} and Z) == {t | p(I,1) €
Z1 N Zy}. The set of roots of gerd(f1, fa2) is

Z N ?2 _ {O}min{nn—z}
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¢
Ul Jfap ' | Be (But) e 7070 \ {03} -
1=1
It can be seen that Z{l) N Zz(l) = fo)Q,Vl € [¢]. Hence, Z1 N
% -2, .
P6: Let f = f(Z,7) € S and let f' = flg,, -0 €
R,_1[X; 0] (namely, we substitute 5;,, = 0 in each coeffi-
cient of f). Then f’ € S,,_1 % and

o {f(zn
Cf(Z\{n}, T +1)

Proof: Denote by Z the subset of £ corresponding to Z
as in (16). It is trivial that f' € S,_1 and ' = f(Z,7)
when n ¢ Z. Suppose n € Z, then agﬁg; € Z. Let g =

lclm  {X — «}, then
QEZ\{aéﬁé,nk}

f/ =X7. (Eérg{X — a})lﬁé,wzo

n¢Zz,
n € Z.

_ a q—1
() i
—X".X.g
:XT+1 g
=X"( ldm  {X —a})

aeZ\{acf],,,}
=f(Z\{n}, 7+1) €Sp-1k ,

where the second line holds by Newton interpolation in (6).
|

APPENDIX B
DERIVATION OF degﬁl , Pr

From (14), the entry T; ;11 in T is the coefficient of X J
in f;(X). By (17), it can be seen that f;(X) is monic, and
therefore T;, = 1. For 1 < h < k, T;, is a commutative
multivariate polynomial in the variables 3; ;’s and

degg, , Tin < degg, , fi(X) .

Forany l=1,...,0and t =1,...,n, to find degg, , fi(X),
consider the property of f;(X) in (15). Suppose that ©(,t) €
Z;, otherwise degg, , fi(X) = 0. Given j € Z;, let (I,t) =
o7 1(j) st oy = alﬂlq)t_l, then

fi(X) {(X —a)}.

lelm
acfap By | o t)€Zi}

Let f/ € Fym[X;0] be the minimal polynomial of Z :=
Z;\{j}, ie.,

fi(X) = {(X-a)},

lelm
acfap By | e(Ut)€Z]}
whose degree in X is degy f/(X) = |Z]| = k — 2. Since
Jj=wp(l,t) & Z,, the coefficients of f/(X) are independent of

Bl,ts i.e., degﬁu f?,/(X> = 0.
By the remainder evaluation of skew polynomials in
Lemma 4,

k—2
FlaBiy )y =" flaNu(aBf,h)
h=0

and we have

degg, , fi(wBly ") = degy, , Ni—o(aiBfy ")
qk‘,—271

—1
= degﬁht (a’l/qu,t ) q—1
= qk72 —1.

By the Newton interpolation in (6), we can write
700 = (X = ottty ) -t (#asts) )
)
= (%= (s )" st ) 210

—1\\¢7! -
=X FX) = (Fash) st FX)
Since degg, , f;(X) = 0 and so is degg, , (X - f/(X)), we have

degg, , fi(X)=(q— 1) - degy, , f{(a ;") + degy, , (wBf )
=(q-1)("?*=1)+(¢g—1)
=(g—-1)-¢"2,

for all [,t such that ¢(l,t) € Z;. Hence, degg , Tin <

degy, , fi(X) = (q—1)¢"2,Vh € [k — 1]. Then,

degg, , Pr = degg, , detT (46)
k
< max ) degg, , Trgn) n (47)
h=1
<(k=1)(g—-1)-¢"2, (48)

where & denotes the set of permutations of [k] and the
(k — 1) in the last inequality is because T;;, = 1 and hence
degﬁu Tir = 0.

APPENDIX C
PROOF OF MAIN RESULT IN THEOREM

Denote fq := gerd;cq, fi- By P2, fq is equal to the minimal
polynomial of the set Zg := (., Zi.

We first show the direction (i) = (ii). Suppose (ii) does
not hold and w.l.o.g., assume that for Q = {1,2,...,v} C [k],
k—deg fo < > ,cq(k —degfi). Fori € Q,let f; = q; - fa
for some ¢; € R,[X;0]. Then for g1,...,9, € R,[X; 0] such
that deg(g; - f;) < k — 1, the equation ), o, g; - ¢; = 0 gives
a homogeneous linear system of equations in coefficients of
the g;’s. The number of variables is at least ), _(,(k —deg f;)
and the number of equations is at most k£ — deg fo, which
is smaller than the number of variables by the assumption.
Therefore, one can find g1, ..., g,, not all zero, that solve the
linear system of equations, which contradicts (i).

We then show the direction (ii) == (i) by induction.
We do induction on the parameters (k,s,n) considered in
lexicographical order <.

For the induction basis, when (kK > s = 1,n > 0), (i)
always holds due to P1, i.e., g1 - f1 = 0 implies g; = 0.

For (k > s > 2,n = 0), both (i) and (ii) never hold
therefore they are equivalent. Note that n =0 = f; = X™
for all ¢ € [k]. For any f; = X7 and f; = X7 with
7; # 7; (wlo.g. assuming 7; > 7;), there exist g; = 1 and
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. H1 ..
(1) <———(i1)

(k',s',n)
S 2
& S
3 =
(k, s, n) (i) <——— (i) 12
Proof Goal
Fig. 3. Proof logic for (i¢) = (¢) with initial hypothesis H1 and H2.
gj = —X777 such that g;f; + g;f; = 0 and hence (i)

never holds. Suppose 7 < 79, then for Q = {1,2}, (33)
becomes k — 11 > (k—71) + (k — 72), which contradicts with
deg f; = |Z;| + 7» < k — 1. Hence, (ii) never holds.

For (k > s > 2,n > 1), we do the induction with the
following hypotheses:

H1 Assume that (ii)) = (i) is true for all parameters
(K',s',n') < (k,s,n).

H2 Take any f1,...,fs € S, for which (ii) is true for
(k,s,n).

The logic of the proof is summarized in Figure 3.

Starting from H2, we have that for all the subsets @ # 2 C
[s], the inequality (33) holds. We will prove that (i) is true for
(k,s,n) via (Step 1) — H1 — (Step 2) under different cases:
Case 1 For s > 3 and n > 2,

Case la Vi€ [s|, ; > 1 (i.e., |Z;| < k—2). (In this case,

we do induction by reducing k.)

Case 1b 3 a unique i € [s] such that 7; = 0. (In this case,
we do induction by reducing k. We may need to
reduce s as well.)

Case 1c 3 C [s] with 2 < |©2] < s — 1 such that (33)
holds with equality. (In this case, we do induction
by reducing s.)

Case 1d ¥ C [s] with 2 < || < s—1, (33) holds strictly
and 3 at least two ¢ € [s] such that 7, = 0. (In
this case, we do induction by reducing n.)

Case 2 For s =2 and n > 2,

Case 2a Vi € {1,2}, i, > 1 (ie, |Z;)| < k —2). (The
same as Case la.)

Case 2b 3 a unique ¢ € {1,2} such that 7, = 0. (The
same as Case 1b.)

Case 2¢ Vi € {1,2}, 7; = 0. (In this case, we do induction
by reducing n.)

Case 3 For s >2and n =1,

Case 3a Vi € [s], ; > 1 (e, |Z;| < k —2). (The same
as Case 1a.)

Case 3b 3 a unique ¢ € {1,2} such that 7, = 0. (The
same as Case 1b.)

Case 3¢ 3 at least two i € [s], 7, = 0. (We show that this
case cannot happen if (ii) is true for (k > s >
2,n=1).)

We illustrate the reduction of s and n of the induction under
these cases in Fig. 4. We omitted the parameter k for clarity
and simplicity, since only s,n are essential in classifying the
different cases.

In the following we demonstrate the induction for each case
in detail.

n
induction basis
A A
s=1n>=0
Case 1b/Case Ic x (i) and (ii) both
4 + s never hold
N Case 1
V | ]
3] le S (s=3,n=2)
~ Case 2
~ [ ]
Case 2b ! I (s=2,n2>2)
2 be < S Case 3
(s=2,n=1)
1 A Y Y Y
A X* X* X* X* S
1 2 3 4
Fig. 4. Tllustration of the induction for (ii) = (i) under difference cases.

Case 1a: We conveniently denote k' = k—1. For all 5 € [s],
we can write f; = X - f/, where f/ =f(Z;,7,—1) € S 5-1 =
Sn, k- Note that since min;e(q 7; > 1, we have deg fo > 1 for
any Q C [s]. For Q = [s], (ii) implies k — 1 > k — deg fi5 >
Yicis)(k —deg fi) = 5.

(Step 1) (ii) holds for (f7, ...
QC s,

, f1) because for any nonempty

k' — deg f§, =k — deg fq
ZZ(k — deg fi)

1€Q
= (K —deg f) (49)
1€Q
where (49) holds because (i) holds for (fi,...,fs) by

H2. By H1, (i) then holds for (f{,...,f.) € Spi. Note
here that we used the induction hypothesis by reducing
kto k'
(Step 2) We then show that (i) also holds for (fi,..., fs).
Suppose that for g1,...,9s € R,[X;0] with deg(g; - fi) <
2

>, gif! =0, which implies that g; =
(i) holds for (f1,...,f;) € S} 4

Case 1b: Suppose w.l.o.g. 7, = 0 and write f. = f, € Sy, k.
For i € [s — 1], 7; > 1, then we can write f; = X - f/, where
fl =1(Z;,7 —1) € S, k—1. Note that f. = fs € S j—1 if
and only if deg f; < k — 2, in which case for 2 = [s], H2
implies

--- = gs = 0 since

k>k—degfo>) (k—degfi)>s+1.
i€

(Step 1) We show that (ii) holds for (f7,..., f.) when k is
replaced by k' = k — 1. First consider the case of  C [s—1].
Since Vi € [s — 1],7; > 1, the claim follows similarly
to Case la. Additionally, by the induction hypothesis for
(k' = k—1,s—1,n) we get that (i) is true for (f1,..., fl_;).
Then consider the case of 2 such that s € Q. Since fs =
ldmae{alﬁ{{;l\go(l,t)ezs}{(X — a)} has no factor X, we have

gerd{ fs, fi} = gerd{f, f/},Vi € [s — 1], hence fq = f
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where we define f(, = gcrd;cq{f;}. Then
k—1—degfl,=—-1+k—degfa
> 1+ deg(k — deg f;)

1€Q
=k—1-degfe+ » (k—degf)
i€Q\{s}
=k—1-degf/+ > (k—1-degf)
i€Q\{s}
=Y (k—1—degf]), (50)

1€Q
where (50) holds from H2. By H1, (i)) = (i) is true for
(f1,--., fl) with parameters (k' = k — 1,s,n) if deg f. <
k — 2., which implies k£ > s + 1.

(Step 2) Suppose that for some ¢1,...,9s € R,[X; 0] with
deg(g; - fi) < k — 1 we have ZS 19i - fi = 0. Then 0 =
Y19+ fi = g5+ fo + Xi=1 ¢i - (X - f), which implies
X|(gs - fs). However, since X  fs, by P4, X|gs. Then we
can write g5 = ¢, - X for some ¢, € R,,[X; 0] with deg g’ =
deggs — 1.

If deg fs = k—1, then deg gs = —1, implying g; = 0. Since
(i) holds for (fy,..., fl_4) € S, k 1 with the parameter tuple
(k—1,s—1,n), g1,...,9s—1 are also zero. Note that here we
used the induction hypothesis by reducing k to £ —1 and s to
s—1.

If deg fs < k — 2, we have

Ozzgi'fi
i—1

s—1
=(ga-X)-fo+ D g (X-f])

=1

s—1
X)-fi+d (g X

i=1

Then gy = -+ = gs—1 = ¢, = 0 since (i) holds for
(fi,---, fs) €S, x_1 with the parameter tuple (k — 1,s,7).
Note that here we used the induction hypothesis by reducing
kto k— 1. Hence, all gy =--+ = g5 = 0.
Case 1c: W.lo.g., assume that (33) holds with equality for
={1,...,v},I1<v<s,ie,

k—degfo=Y (k—degfi),
e

where fo = for = gerd,cq fi- Since fol fi, Vi € €, there
exists f/ € R,[X;0] such that f; = f/ - fo. Since v < s
and s —v + 1 < s, we split (f1,...,fs) € S, into two
smaller problems (f1,..., f,) € S}, ; with the parameter tuple
(k,v < s,n) and (fo, fus1,-- .,fs) €S v*1 with the tuple
(k,s—v+1<s,n).

(S

(Step 1) Note that by H2, (ii) is true for (fi,..., f,) and for
(fo, fus1y---, fs) when 0 € Q" C {0,v+1,...,s}. We show
in the following that (ii) is also true for (fo, fu+1,. .., fs) with

0eQ"

k — deg for =k — deg gerd{ fo, forn (o1}
=k — deggerd{ far, farn (o} }

=k —deg gerd  f;
i€ U\ {0}

> Y (k—degfi) (52)
e U\ {0}

=Y (k—degfi)+ Y (k—degf)
icQ ie\{0}

=k —degfo+ > (k—degfi)

i€ \{0}

=Y (k—deg fi) (53)

eQ

Note that ' U Q" \ {0} is a subset of €. Therefore, the
inequality in (52) follows from H2. The equality (53) fol-
lows from (51). Now we can conclude that (ii) is true for

(fla"'7fl/> and for (f07fl/+17"'afs)-

By H1, (i) is true for both smaller problems (f1,...,f,) €
Sy and (fo, fugr, ..o, fo) € ST

(Step 2) Then we show (i) is also true for (f1,..., fs)

Suppose that for some gy, . . .
k —1,Yi € [s], we have

Zgi'fi:()-
i—1

Since fol, fi foralli € Q" = [v], fo is aright factor >_7_, g;- f;
and we can then write Z;/:l gi - i = go - fo, for some gg €
R, [X;0]. Then

:gs € Ry[X; 0] with deg ;- f; <

(54)

0=> g fi
i=1

:ngz'fﬂr Z gi + fi
i—1

1=v+1
=go-fot+ Y gi-fi (55)
1=v+1
From the conclusion that (i) is true for ( fo, fu41,--., fs), (535)

holds only if gg = gy41 = --- = gs = 0. Similarly, since (i)
is true for (f1,...,f,), 0 = go- fo = i 19i- fi only if
g1 = --- = g, = 0. Therefore, (54) holds only if g1 = --- =
gs = 0 and (i) is proven for (fi,...,fs) € S . with the
parameter tuple (k, s, n).

Case 1d: Assume w.l.o.g. that 7,_; = 74 = 0. Then for ¢ =
s—1,s,deg f; =|Z;|. If Zs_1 = Zs, then for Q = {s—1, s},
(ii) implies

k —deg fs =k — deg fs—1
=k — deggerd{ fs_1, fs}
>k —deg fs—1 + k — deg fs

which contradicts with deg f; < k — 1 for any 4 € [s]. Hence,
Zs_1 # [n] or Z; # [n]. Wlo.g., assume Z; # [n] and
n ¢ Zs.

Note that n = ¢(¢,ny). We will substitute the variable
Ben, = 0. For all i € [s], let f] := filg,,, =o. Since n & Zj,
we have f; = f, € S,,_1. For other i € [s — 1], by P,
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fleSp—1 and

YO f(Zi\ {n}, T+ 1)

In the first case of (56) we denote Z; = Z; and 7] = 7,
whereas in the second we denote Z! = Z;\{n} and 7/ = 7;+1.
Additionally, we define f, = gerd;cq f7.

(Step 1) We will first show that (fy,..., fl) satisfies (ii).
That is, we show that V& # Q' C [s], k — deg fs >
Yicqy (b —deg fi).

For (Y| = 1, it is trivial.

For 2 < |QV| <s-—1,

. 56

k= deg fo =k —| ) Zi| - min/

e
>k — |€ﬁQ Zi| —min7; -1 (57)
=k — deg fQ/ -1
> (k—deg fi) (58)
e
=Y (k—degf]) . (59)
e/

The inequality (57) is because |(V;,cq Zi| < |[);cq Zi| and
min;eq 7, < min;eq 7; + 1. The inequality (58) is because
we assume the inequality (33) in (ii) holds strictly for all
2 < Q| < s — 1. The equality (59) holds because deg f/ =
deg f;,Vi € [s] by observing (56).

For || = s, (33) is not necessarily strict. However, since

né¢Zs = n¢ ﬂ Z;
i€[s]
= 1N Zl=1() %l = fiy=1fa
1€[s] i€[s]

we have
k — deg fi;) =k — deg fq
> (k—deg fi)

1€[s]

= (k—degf) .
1€[s]

Hence, (ii) holds for (f1,...,f.) € S, 15 By HIL ()
holds for (f1,..., f;) € S;_, ), with the parameter tuple (k >
s > 3,n — 1) where n > 2. Note that here we used the
induction hypothesis by reducing n to n — 1.

(Step 2) Suppose that for some ¢1,...,9s € R,[X;0], not
all zero, with deg(g; - f;) <k —1, we have > ;_, g;- fi = 0.
Let g; = gil, ., =0 € Ry—1[X;0]. Further assume that at least
one coefficient of some g; is not divisible by 3, (otherwise,
divide them by [;,,). Then g} are not all zero. We can write

S S
g fi= (Z gi- fz‘) |86,y =0 = 0l8g,n,=0 =0 .
1=1 =1

However, this contradicts (i) being true for (f7,..., f7) with

the parameter tuple (k,s,n — 1). Therefore, ¢1,...,9s €
R,[X; 0] must be all zero to have Y__, g; - fi = 0.

Case 2c: In this case we have Q = {1,2} and 71 = 75 = 0.
Similar to Case 2d, Z, # [n] or Zy # [n]. W.l.o.g., assume
Zy # [n] and n € Z,. Note that n = ¢(¢,ny). We substitute
the variable (¢, = 0. For i = 1,2, let f] := filg,,,=o
and f§, = gerd{f{, f4}. Since n & Zs, fi = fo. By P,
f1 € Sp—1% and

f{ _ {f(ZhO) n ¢ Z1

n ez

f(Z1\{n},1)

(Step 1) We first show that (f{, f5) € S2_, ;. satisfies (ii).
That is, we show that V& # ' C Q, k—deg f{, > >, .o (k—
deg f;).

For || =1, it is trivial.

For ' = {1, 2}, since

n¢Z2 - R¢Z1ﬂ22 - |Z{ﬂZ§|=‘ZlﬂZ2|
= deg f¢y = deg for,

we have
k — deg f&, =k — deg for
> (k—deg fi)

ieq
= (k—degf]).
ieqQ
Hence, (i) holds for (f1, f3) € S7_, ;. By H1, (i) holds for
(fi,f3) € S}_y ) with parameter tuple (k > s = 2,n —
1) where n > 2. Here we used the induction hypothesis by
reducing n to n — 1.

(Step 2) This step can be shown in the same manner as in
Case 1d.

Case Ic: W.l.o.g., assume that 71 = 75 = 0. Since n = 1,
|Z;| <n=1,Vi€ [s]. By the definition of f; € Sy in (32),
deg f; < n = 1. Assume (ii) is true for this case, then for
Q = {1, 2}, we have

k —deg fo > k —deg f1 + k — deg fa. (60)

If Z1 =25 =@ or {1}, then deng = degfl = degfz <
n = 1 and (60) implies deg f; > k, which contradicts k& >
s > 2. Otherwise, w.l.o.g., assume Z; = & and Zy = {1},
then deg fo = 0 and (60) implies 1 = deg fo > k, which
contradicts k& > s > 2. Therefore, if (ii) is true for (k > s >
2,n = 1), this case cannot happen.
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