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On the Asymptotic Rate of Optimal Codes That
Correct Tandem Duplications for
Nanopore Sequencing
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Abstract—We study codes that can correct backtracking errors
during nanopore sequencing. In this channel, a sequence of
length n over an alphabet of size g is being read by a sliding
window of length £, where from each window we obtain only
its composition. Backtracking errors cause some windows to
repeat, hence manifesting as tandem-duplication errors of fixed
length &k in the f-read vector of window compositions. While
existing constructions for duplication-correcting codes can be
straightforwardly adapted to this model, even resulting in optimal
codes, their asymptotic rate is hard to find. In the regime of
unbounded number of duplication errors, we either give the exact
asymptotic rate of optimal codes, or bounds on it, depending on
the values of k, £ and ¢. In the regime of a constant number of
duplication errors, ¢, we find the redundancy of optimal codes
to be #log, n + O(1) when {|k, and only upper bounded by this
quantity otherwise.

Index Terms—Nanopore sequencing,
error-correcting codes.

tandem duplication,

I. INTRODUCTION

ITH the exponentially increasing amount of data gen-

erated and the need for long-term archival data storage,
DNA storage is emerging as a contender technology, capable
of breaking existing bottlenecks of conventional electronic
storage systems by offering high data density, longevity and
ease of copying information [6]. Among the many challenges
facing us in the process of enabling DNA storage, we focus
on the sequencing technologies used to read DNA.

Several technologies have been developed to improve the
reading performance of DNA. In particular, nanopore sequenc-
ing has attracted the attention of researchers and practitioners
alike due to better portability, ability to read longer strands,
and low initial cost. A DNA strand is simply a long string
over an alphabet of size 4, the elements of which are called
nucleotides (or bases). The main nanopore sequencing process
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involves pushing a fragment of a DNA strand through a
microscopic pore. While moving through it, a window of
length ¢ nucleotides is observed by the machine. As the
DNA molecule continues moving through the pore, ideally,
we should obtain a sliding-window reading of the entire string
with a window of size £.

Unfortunately, certain physical aspects of the nanopore
sequencer lead to various distortions in the final readout such
as random dwell times, fading, inter-symbol interference (ISI),
and random noise. Additionally, the passage of the DNA
fragment through the pore is often irregular and may involve
backtracking (jumping back a few positions) or skipping
(jumping forward a few positions), creating duplicated parts
in the sliding-window reading, or missing windows. Finally,
it is not always easy to get the window reading, forcing us to
resort to weaker forms of reading, for example, only obtaining
the (unordered) composition of the bases within each window.

Prior work in this area focused on developing various
mathematical models for the sequencer and designing codes
to efficiently correct errors in the final readouts. For example,
[15] studied the model that incorporates ISI, deletions and
measurement noise. In [3], the authors considered codes
that correct substitution errors, and provided the optimal
redundancy for single substitution with window of length
¢ > 3. For the window of length { = 2, the work in [16]
generalized previous works to propose the optimal redundancy
for two substitution errors. Additionally, [2] studied the single
deletion nanopore channel and proposed a code with optimal
redundancy up to an additive constant. In [5], the authors
considered codes that correct backtracking or skipping errors
and presented numerical results for the asymptotic rate of
backtracking error-correcting codes.

In this paper, we adopt the nanopore-channel model studied
in [2], [3], and [16]: the DNA sequence is read by sliding
windows of length ¢, where we only obtain the composition of
each scanned window. However, unlike [3], [16] which studied
substitution errors, and [2] which studied skipping errors
(causing deletions), we focus on backtracking errors. In more
detail, each DNA sequence of length 7 is first transformed into
an (n 4+ € — 1)-length vector called an {-read vector through
the ISI channel, where the i-th coordinate of the ¢-read vector
is obtained by collecting the consecutive symbols between the
(i — €+ 1)-st and i-th entries of the original DNA sequence
and outputting their (unordered) multiset composition. This
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process can be regarded as a detecting window of length ¢
passing through the whole sequence by shifting one position
at each step. However, as the DNA molecule moves through
the pore, a backtracking error causes it to move back k bases.
Thus, a few of the sliding windows are repeated, in essence,
causing a tandem duplication of length k to occur in the ¢-read
vector. Reference [5] focused exclusively on the specific case
of moving back k = 2 bases. In contrast, this paper extends
the study to the general case for any integer k > 1, providing
a broader and more comprehensive analysis of the problem.

Duplication errors were introduced in [7], in the context of
DNA storage in living organisms, and the first duplication-
correcting codes were developed in [9]. These allow for
arbitrary alphabets, parametric duplication length, and various
duplication types. Following this, codes correcting any number
of tandem duplications were studied in [9], [21], and [22].
Codes that correct only a fixed number of tandem dupli-
cations (sometimes just one) were studied in [8], [10], and
[13]. Additionally, codes that correct mixtures of duplications,
substitutions, as well as insertions and deletions, have been the
focus of [17], [18], and [19].

In this paper, we are interested in codes over an alphabet
of size ¢ and length n, that are capable of correcting tandem
duplications of fixed length k in their {-read vectors. Unlike
skipping errors, backtracking errors (in which the DNA strand
moves back in the pore) may potentially happen an unbounded
number of times. Thus, we are interested both in the regime of
an unbounded number of duplications, or a constant number
of duplications. Since codes capable of correcting tandem
duplications exist in both regimes, a simple and effective
strategy for constructing the desired codes is the following:
Consider the set of all ¢" possible sequences of length n over
the alphabet. After applying the sliding window, these result
in ¢" ¢-read vectors that reside in a much larger space of size
~ ¢". Note that most of the sequences in that larger space
are not {-read vectors, since they do not represent a sliding-
window reading of a sequence over the original alphabet.
However, in that large space we can construct a known
duplication-correcting code, and from its set of codewords,
keep only those that are actually {-read vectors. Thus, we can
harness the power of known optimal constructions, but we are
left with a difficult problem: what are the rates of the resulting
codes?

The main contribution of this paper is finding the exact
asymptotic rate, or bounds on it, for optimal codes over an
alphabet of size ¢, that are capable of correcting tandem
duplications of fixed length k in their {-read vectors, both
in the regime of unbounded number of errors, and in the
regime of a constant number of errors. For the case of
unbounded errors, we study the optimal code that parallels
the construction given in [9]. Depending on the values of k
and ¢, sometimes depending on whether £k, we can compute
the exact asymptotic rate of the optimal code, and in others,
we provide bounds. These results are summarized in Table 1.
For the case of a constant number of errors, ¢, we study the
code that parallels the construction given in [11]. We show that
the redundancy of the optimal code is 7log, n+O(1) when {|k,
and only upper bounded by this quantity otherwise. All results

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 5, MAY 2025

generalize the results of [9] and [11], which are the special
case of £ = 1, namely, when sequences are read letter by letter.

The paper is organized as follows. We begin in Section
IT by introducing the relevant notation and definitions. Sec-
tion III focuses on the regime of unbounded duplication errors,
whereas Section IV studies a constant number of errors. We
conclude in Section V with a short discussion of the results
and open problems.

II. PRELIMINARIES

For any i,j € Z, i < j, we define [i,j] = {i,i+ 1,...,J}.
For n € N we then define [n] £ [1,n]. Consider some finite
alphabet 2. A sequence (or, a vector) of length n over X is an
n-tuple x = (x1,x2,...,%,), where x; € X for all i. We shall
generally use bold lower-case letters for sequences, and the
same letter in regular font and an index, to denote a letter of
the sequence. Indexing of sequence positions will start from
1. The length of x is denoted by |x| £ n, and whenever it
makes sense, the norm of x is defined as |x||; = Z?zllxil.
The set of all sequences of length n over X is denoted by
>". The unique empty sequence (the sequence of length 0) is
denoted by &, and we define X° 2 {g}. We then also define
T2 U T 20 2 o T, and T £ (., X' Given two
sequences, X,y € X*, we use either xy or (x,y) to denote their
concatenation. For any ¢ € N, we also define x! to be the
concatenation of £ copies of x. Naturally, we define x° £ &.

Consider a sequence x = (x,X2,...,%,) € Z'. We say v €
¥ k> 1,is a k-factor of x, if there exist u,w € X* such
that x = uvw. If the length of v is unknown or unimportant,
we just say that v is a factor of x. Given i, j € Z, i < j, the
window from position i to j is defined as

x[i, ]] 2 (X,',XH_l,. . .,)Cj).

To allow for windows that extend outside of [n], we define
x; = & for all i ¢ [n]. Thus, the factors of x are of the form
x[i, j] for all 1 < i< j<n. We also define the removal of the
[Z, j/1 window from x by

Mii 1 (X) 2 (X103 X2, - o Ximly Xjp 15 Xjt2s « « o5 Xn)-

We shall need to count the number of times a specific letter
appears in a sequence. Let a € X be some letter. Then x|,
counts the number of times a appears in x, namely,

xlg =i €n] : x; =all.
Example 1: Consider the binary sequence
x=(0,1,1,0,0,0,1).

Then x[2,4] = (1, 1,0), and Mp4(x) = (0,0,0, 1). Also notice
that x[-3,2] = (0, 1) and x[5, 12] = (0, 0, 1). Of course, x|y = 4
since there are four occurrences of 0 in x.

Let x € X" be a sequence of length n, and assume 1 < m <
n—1. We say x is m-periodic, if x;;,, = x; for all i € [1,n—m].
We note that by saying x is m-periodic we do not contend that
m is the minimal positive integer with this property, but rather
merely that it is a period of x. Thus, we have

x = (x[1,m]"™™) [1,n].
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If no such m exists we say that x is aperiodic.

In what follows, we shall be examining sequences over
various alphabets, which will all be derived from an original
sequence. We shall assume, w.l.o.g., that the original sequence
is over the alphabet Z, £ {0,1,...,g — 1}, for some integer
q > 2. Assume, therefore, that x = (x1,x2,...,X,) € Z; is
such a sequence. The composition of x is represented by the

polynomial in the variables zy,zy,...,2,,

cx)Zxlp-zo+x)-21+... + Xlg-1 - Zg-1.

We note that c(g) = 0. Additionally, if x and y are sequences,
then c(xy) = c(x) + c().

In the nanopore-sequencing channel setting, a DNA
sequence is read by a sliding window of length ¢, however,
from each such window only its composition is obtained. To
that end, we define the following alphabet

lP{’,q = {CO’)

In other words, ¥,, contains all possible compositions of
sequences of length at most £ over Z,. By the definition,
|‘P[q| is the number of vectors (xo,...,X,-1) € Z9 satisfying
Z, oX < ¢ and x; > 0 for all i € [0,q—1]. Evidently,
[¥rql = (“57). We then define the composition of the window
of length ¢ that ends at position i by

D yeZs'. (1)

Rie(x) = c(x[i = €+ L,i]),

for all i € [n — € 4+ 1]. We also observe that whenever i ¢
[n+€—1] we have x[i — €+ 1,i] = &, and so R;((x) = 0. We
can now define the {-read sequence of x as

Re(x) Z(c(x[-€ + 2, 1]), c(x[-€ + 3,2]),
Lo(x[n,n+€—1]))
= (R1,e(x), R e(x), ..., Ryqe-1,0(x)) € ‘I’”H I

Example 2: Assume that ¢ = 4, namely, we are working
over Zy4. Let

x=(1,2,0,1,3,1,2,2,0,0) € Z!°.
Take window size ¢ = 2, so then

Ro(x) = (21,21 + 22,20 + 22,20 + 21,21 + 23,
Z) + 23,21 + 22,222, 20 + 22,220, 29) € 3.

In the nanopore-channel setting, a sequence x is transmitted,
while R,(x) is received, assuming a perfect noiseless reading.
However, as described in [12], backtracking errors may occur.
When such an error occurs, the nanopore reading mechanism
shifts back the molecule in the pore by k positions, therefore
repeating the last k entries read, before continuing on the
reading of the remainder of the molecule. These backtracking
errors are easily described using the tandem-duplication error
mechanism already used in [9] in a different context.

Generally speaking, assume y € ¥ is some sequence over
the finite alphabet £ = W,,. If a tandem-duplication error of
length k occurs at position i, we denote the resulting erroneous
sequence by

Tix(y) = uvw,
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where u,v,w € X*, y = uvw, |u| = i, and |v| = k. Thus, this
error repeats a k-factor of y located right after an i-prefix of
y. We say ¢ such errors occurred, resulting in the sequence z,
if there exist iy, is,...,i; such that

2=Tiu (Tiu (- Tik®)) -
We denote this relation between y and z by
y =%z

and say that z is a 7-descendant of y. If the number of errors
is finite but unknown or unimportant, we write y =" z and
say that z is a descendant of y. For convenience, y is a 0-
descendant of itself. The set of all -descendants of y is denoted
by

Di(y)2{zeX : y =z},
and similarly,
Di(y) 2 {zex : y=;z} =Dl
j=0

As is common in coding theory, we define the ball of radius
t around y by

Bu() = | D{»)

J=0

and for an unbounded radius, we define

Byoo(y) = Dy(y).

We now introduce the channel we shall focus on in this
paper. In this channel model, a sequence x € Z7 is transmitted
by being stored as a DNA sequence. The reading is performed
using nanopore sequencing, which ideally, should result in the
¢-read vector R.(x). However, since backtracking errors may
occur, tandem duplications occur in R(x). We assume these
errors are of length k. Assuming no more than ¢ such errors
occur, the receiver obtains z € By, (R¢(x)). If the number
of backtracking errors is unbounded, z € By (R (x)). In
summary,

tandem duplication

X € Z" Rf(x) ————— 2 € Bio(Re(x)).

Example 3: We continue the setting of Example 2. Assume a
single backtracking error occurred with length k = 3, resulting
in a tandem duplication of length 3 in R»(x), following a prefix
of length 5,

Ts53(Ra(x)) = (21,21 + 22,20 + 22,20 + 21,21 + 23,2) + 23,
Zy +22,225,21 + 23,21 + 22,225, 2p + 2,
22y, 2¢) € B3,1(R2(x)),

where the underline shows the duplicated 3-factor.

We emphasize that after a tandem duplication, the resulting
vector of polynomials is not necessarily an {-read vector of
some sequence. Example 3 illustrates this point since there
is no sequence x’ such that Ro(x’) = T53(R2(x)). In this
particular case, this can be seen by the two adjacent entries in
T53(R,(x)) containing 22,, z;+23 which can never be adjacent
in a 2-read vector.
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We shall design error-correcting codes for this channel,
which we now define.

Definition 1: Let ¢ € N be the window read size, k € N
the tandem-duplication length, + € N the maximum number
of tandem-duplication errors (or r = oo if this number is
unbounded), n € N the code length, and ¢ € N the alphabet
size. A code of length n is a subset C C Zj. We say it can
correct ¢ tandem-duplication errors of length k in the {-read
nanopore channel if for any x,y € C, x # y, we have

By (Re(x)) N By ((Re(y)) = 0.
The rate of the code C is defined as
1
R(©) * -~ log,[C|

and its redundancy is defined as n(1 — R(C)).

III. CORRECTING AN UNBOUNDED NUMBER OF ERRORS

In this section we describe an optimal construction for
codes that are capable of correcting an unbounded number of
tandem duplications in the nanopore channel. The construction
parallels the construction of [9], in the sense discussed in the
introduction. While the construction is straightforward, and
even though we can show it is optimal, it is difficult to find
its asymptotic rate. The main challenge we face is the fact
that our domain is complicated — the set of {-read vectors. We
manage to find the exact rate for some values of ¢ and k (the
tandem-duplication length), and bound it for the other cases.

The main tool used in the construction is the k-step deriva-
tive. It was first employed by [9] to construct codes correcting
any number of tandem duplications, and was later used in [10],
[11], [13], [17], [19], [20], and [21].

Definition 2: Assuming G is some (additive) Abelian group,
lety = (y1,...,ym) € G™ be a sequence of group elements of
length m. For k > 1, the k-step derivative of y is defined by

A(Y) 2 1 = Yicko Y2 = Yotes - -

where for i < 0 we define y; = 0.
Building on the definition of ¥, from (1), we now define

Erg = {c(®) ()

where we emphasize that since c(-) has integer coeflicients,
the subtraction is over the integers. Namely, Z;, contains the
differences of any two polynomials from ¥, ,. We shall mostly
be interested in the k-step derivative of the f-read vector of
a sequence!. Assume x € Zy be a sequence, and let R¢(x) =
(R14(x), R p(x), ..., Rypro1 () € ‘P;f:;[_' be its {-read vector.
Then the k-step derivative of R,(x) is simply

'7ym _ym—k) € Gm’

: x,yer‘)},

Ar(Re(x)) 2(R1,0(x) = Ri_ge(x), Ry e(x) — Ro_g ¢(X),

v Rugem1,0() = Ry p—i—1,6(x))
=n+f-1

€ Seg

!Here, the group G from the Definition 2 contains all the linear polynomials
in the variables zo,...,241.
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Example 4: Let us continue Example 2 and Example 3.
Taking the 3-step derivative of Ry(x) and T53(Ra(x)) we
obtain

A3(Ra(x)) = (21,21 + 22,20 + 22,20, 23 — 22,
2y +23-20— 22,22 — 20,223 — 2 - Z3,
Z0+2, -2 - 23,229 — 21 — 2y,
zy - 22,),
A3(Ts53(Ra(x)) = (21,21 + 22,20 + 22,20, 23 — 22,
Z)+23-20— 23,2 — 20,22, — 21 — Z3,
O’O’O’ZO + Z; —Z) — 235
22y — 21 — 22,20 — 225).
In the derivative, the location of the tandem duplication
contains a sequence of 0’s.
We crucially observe that a tandem duplication of length k&
is equivalent to an injection of the factor 0% into the derivative,
at the same location (see Example 4 for an illustration of this

point). This was already noted in [9].

Consider a sequence y € 5; . We can always write it in the
form

y:(0m07y1’0m]7y230m27"',ys?omj)’ (2)

where for all i, y; € B¢, \ {0}, and m; > 0. We then define

mod k mod k mod k
Hi(y) =(0™ ,¥1, 0™ ;2,0 seee

Vss Oms mod k)a

o (22 e

Obviously, y is easily obtained from p(y) and o (y).

Definition 3: Let x € Z; be a sequence, and ¢,k positive
integers. We define the nucleus of x (w.r.t. the parameters k
and ¢) to be

Nie(x) = p(Ar(R(x))).

Lemma 1: Let k, £, and g be positive integers. Let z € ¥
and assume z =} z’. Then

(A(2) = e (Ax(2)).

Additionally, o (Ax(z"))—0x(Ar(z)) contains only non-negative
entries, and

*

t.q’

|ouau@)) - o), =+

Proof: Consider first a single tandem duplication, namely,
t = 1 and therefore z =, z’. By our previous observation,
Aw(z') differs from Ay(z) by an insertion of the factor OF.
By definition, px(Ax(2")) = pk(Ax(2)). Additionally, oy (A(2"))
differs from o (Ax(z)) by a single entry that has increased by
1. The claim for general ¢ follows by simple induction. [

With the last definition in place, we turn to show that for
an unbounded number of tandem-duplication errors, the error
balls around two sequences intersect if and only if they have
the same nucleus.

Lemma 2: Let x,x’ € Z(’; be two sequences, and let k and ¢
be two positive integers. Then

Bio(Re(x) N Broo(Re(x")) # 0
if and only if Ny ¢(x) = Nie(x').
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Proof: The proof is essentially the same as [9, Lemma
14]. For the first direction, assume that z € By (Re(x)) N
By o(Re(x)). Thus,

Re(x) = 2 and Re(x') =7 z.

By Lemma 1,
Hi(Ar(Re(x))) = pe(Ae(Re(x"))).
Therefore, by definition
Nie(x) = Nie(x).
In the second direction, assume that as in (2) and (3),

Nie(x) = Nio(x') = (0™, y1,0™, 32,0, .., y5,0™),

or(A(Re(x))) = (ap, ay, ..., ay),
01 (A(Re(x))) = (bo, by, . ..., by).
Then,
Ar(Re(x)) = (074K yy gritak y, gtk
c s, O Tk,
A(RAy)) = (0", 3y 070,y g0,
C s, 0Tk

Since a tandem duplication of length k in R,(x) corresponds to
the injection of the factor O in A;(R,(x)) at the same position,
the sequence

AZI ((Omo-i-(ao-i—ho)k’ Vi, o™ +(a; +b1)k’

Var oo Vs Olm-&-(a.\-&-h)k))

is obtained by performing ) ,b; tandem duplications in
Re(x) and it is also a sequence obtained by performing Y 7, a;
tandem duplications in R,(y). Therefore

A];l ((0m0+(a0+bo)k, Vi, om +(a +b1)k’ 2, Omz+(az+bz)/<’
e Y5 O T@TRIRYy € By (Re(x)) N Broo(Re(x')).

[
The code construction follows immediately from this
lemma.

Construction A: Let k, £, n and g > 2 be positive integers.
For any two sequences x,y € Zj, define the equivalence
relation x ~ y if and only if N ,(x) = Ni(y). Let [x] denote a
fixed representative of the equivalence class containing x. We
construct the code:

Cre(n) = {[x]

namely, the code contains exactly one sequence from each of
the equivalence classes of ~.

: erZ},

Corollary 1: The code Ci¢(n) from Construction A is an
optimal code capable of correcting any number of tandem
duplications of length & in the {-read vectors of its codewords.

Proof: The error-correction capability of the code is derived
from Lemma 2 since its codewords have non-intersecting error
balls. The code is optimal since it contains a codeword from
each possible equivalence class. [ |

To better understand the efficiency of the code construction,
our next goal is to find the asymptotic rate lim,_,c R(Cy ¢(1)).
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The main obstacle here is the fact that the mapping from
sequences to {-read vectors, R, : ZZ - ‘I”;;H, is not
always onto (see Example 4 and the short discussion following
it). Further complications stem from the existence of two
parameters k and ¢ that affect this asymptotic rate. We divide
our discussion according to the values of these two parameters.

We begin with the case ¢ = 1. In this case, we note that by
identifying z, with a, for all a € Z,, we get R(x) = x and we
sidestep the problem of R, not being onto. Thus, Construc-
tion A reduces to [9, Construction A], whose asymptotic rate
is known [9, eq. (4) and the Appendix], giving us

lim R(Cy1(n) = log, A—1,4,
where i, is the largest root of
Jig(x) = 2 gt g -1, 4

We comment that log, A¢-1,4 is in fact the capacity of the g-ary
(0,k — 1)-RLL constrained system (e.g., see [14]).

We divide some of the remaining non-trivial cases as
follows. First, we study the case: k = 1 and £ > 2 and
obtain its asymptotic rate. We continue with the case of k
being a multiple of £. We carefully study the relationship
between factors of the form 0F in A;(R.(x)) and the structure
of x. Finally, we use the probabilistic method to bound the
asymptotic rate for the remaining cases.

As we proceed, we shall find the following definition useful.

Definition 4: Let €, k be positive integers. For a sequence
X € Z,, we define its depth (w.r.t. the parameters k and ) as

dio(x) = [l (AR -
The set of all sequences of depth i will be denoted by
DY), 2 {x€Z; ¢ die(x)=i}.

We partition the code from Construction A, Cy ¢(n), accord-
ing to the depth of the codewords, and define for all i > 0,

Cy(n) = Cre(n) N DY)
Moreover, C,EOZ) consists of all sequences x € Z; such that R(x)
does not contain the factor 0. Since the ¢-read vectors are of
length n+ € —1, we cannot have any codeword of depth larger
than L%J, so we can certainly write

L5
Cemy= | ). (5)
i=0
Theorem 1: Assume that £ > 2, and let C, ,(n) be the code
from Construction A. Then

lim R(Cy¢(m) = log,(q = D).

Proof: Fix a value for n. Let x = (x1,...,X,) € Cg’;)f(n) for

some i > 0. We explicitly compute

Al(Re(x)) = (Zx,5 -
-Z

o ZJC( I Z,’C[+] - le L) ZX,, - an,( |
=2, )s (6)

where the purpose of the vertical lines is notational only,
allowing us to refer to the first, second, and third parts of

Xn—t412**
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A1(R¢(x)). We note that a 0 may only occur at the middle
part of the derivative, exactly when x; = x;_,. Additionally,
the first two parts of A;(R¢(x)) equal to the {-step derivative
of Ri(x),

A(R1(x) = (Zays o0 Ziy | Zopsy = Zips oo 020, = 2, (1)

Let us now define
NO = i (ARy) = x € ).
By (6) and (7) we have

(A1 (Re(x))) = (U1 (Ae(R1(X)))s =Zsu iy - s =Zyy)-
It therefore follows that
WO < [efon| < g ). )

To find the size of N, we use the same approach as
discussed in the case of £ = 1. For each a € Z,, we identify z,
with a. Then, the mapping A(R1()) : Zj — Zj is bijective,
and we have

NO = 4y = 0 oin D € 27
for{+1<j<n—i}

¥ #0

Thus,
VO] =g q - 1" < g (g = 1" = [NO

and, by (8),
VO] <

bl

com| < |enem)|
n+{—1

= Y |efom| < o+ g N
i=0

It follows that
log, IN©|

lim R(Cy ¢(n)) = lim =log,(g - 1).
n—oo n—oo
[ |

We continue with the remaining cases, namely, when k, £ >
2. In order to bound the size Cy ¢(n), we look at its partition into
C,E’)( In turn, to bound the size of C,E’} we need to better under-
stand the number of sequences x with a prescribed number of
occurrences of the factor 0F in A¢(R(x)). Let us first consider
the existence of a single 0 at position i+¢+k—1 of Ap(R¢(x)).
This position contains Rijp4x—1.0(X) — Riye—1.0(x). We note
that the subtracted value, Ry, j((x), is the composition of
x[i,i + £ — 1]. If the result of the subtraction is to be 0, and
assuming a long enough sequence, we must have i > 1, or else
the subtracted window overlaps only partially with x. Thus,
in order to get a 0, we must have

Riye-1,6(x) = Rigryp—1,0(x). 9

Now, to get a factor 0F in Ax(R,(x)), we need to require (9)
for k consecutive indices, namely,
Ri+g,1+j,g(x) = R,'+g+k,1+j,[(x)f0r all ] € [O,k - l] (10)

The implications of this are detailed in the following lemma.
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Lemma 3: Let k,£ > 2 and i > 1 be positive integers. Let
X =(X1,..,X,) € Zg. If OF occurs starting at position i+{+k—1
of Ap(R(x)), then one of the following holds:

1) € < k, and there exists a subset Z C [0, £ — 1] such that
for all r € [0, [AH=2 ],
a) if se[0,k-2]NTZ,

Xids4rt = Xidk+s+rl»
b) if s€[0,k-2]1N((0,-1]1\1D),

Xits = Xipsgre AN Xifpps = Xigkosgre-
If additionally ¢k, then only Z = [0,£ — 1] is
possible, and x[i, i + 2k + ¢ — 2] is k-periodic.
2) € >k, and there exists a subset Z C [0, k — 2] such that,
a) if seZ,
Xits = Xigegs AN Xifpps = Xightttss
b) if se€[0,k—-2]\Z,

Xits = Xights and Xipeps = Xipppopse

Proof: Assume that OF occurs starting at position i+ +k—1
of Ay(R¢(x)). We then have

(1)

By definition, we have R, (x) # R ¢(x) for all m > n+ 1.
Theni+k+¢—1+k—-1=i+4+2k+ -2 < n. These equalities
involve the symbols of x[i,i 4 2k 4+ £ — 2]. Since

Riye1yje(x) = Riygre4je(x)for all je[0,k—1].

Rive14e(x) = c(Xitjso v Xige-14)

= C(Xighpjo + + - » Xidphdo-1+4))
= Rivire-1450(x),
Ritogjo(X) = c(Xipitjse-esXitet))
= C(Xjpht 14>+ - s Xidkro+))
= Riyirerje(x),
for any j € [0,k — 2], we have

(i s Xirkren ) ) = {Xirerjs Xivrr )} » (12)

where {...} denotes a multiset. We divide our proof depending
on ¢ and k.
Case 1: £ < k. We define the following set of integers:

T {se[0.0-1] : Xipy = Xipips)

By using (12), we obtain the following properties:

1) For all s € [0,k—2]NZ, xjiys = Xiyr+s, Which implies
Xit-t+s = Xifk40+s5-

2) For all s € [0,k—=2]1N ([0, —11\D), Xiys # Xitktss
which implies Xjys = Xipr4+s and Xjjgts = Xjiphto4s- We
also have Xitt+s * Xitk4C+s-

We can iterate this process by comparing the set {x; 44, : 5 €
[0, £ 11} with {Xisppsppe 2 s € [0,6— 1]} for I < r < |2
and get:

a) For all s € [0,k—2]NZ, X4y = Xippts and Xjpgppp =
Xitipsire forall 1 <r< |22

b) Forall s € [0,k —-2]N([0,£ — 1]\ 1), Xi+s = Xits4r¢ and
Xithts = Xiphtsire forall 1 <r < L#J,
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where (a) and (b) are iterated according to properties (1) and
(2), respectively.

In addition, we consider the sub-case of £|k. Assume to the
contrary that 7 # [0, £{—1]. Recall, from (11), that R;; ;1 ¢(x) =
Ritiye-10(x). This means that x;,...,x;1, iS a permutation
of Xitk, ... Xigkt+e—1. Thus, if Z # [0, € — 1], there exists one
position, say j, such that x; ; # Xjixy,-1, then there exists
another position, say m, such that X, # Xpii+c-1- Thus,
we cannot have |Z| = £ — 1, and we must have |Z|] < € — 2.
Thus, there exists s € [0, £ — 2] such that x; # X;1x4s. Note
that, necessarily, s € [0,k — 2]N ([0, € — 1]\ Z). This, however,

contradicts b since we can choose r = lzi < L’L{T‘Y—z], and we

get Xty = Xitfstrl = Xithts-

Thus, when {|k we have Z = [0, — 1]. Then a implies that
Xitj+k = Xy for all j € [0, k-+{—2]. Hence, x[i,i+2k+ (2]
is k-periodic.

Case 2: £ > k. We once again look at (11). Taking j =0,

Riyeo1,0(x) = c(xi, ..., Xige-1)
c(xl'Jrk, ..

Ritiqe-1,(x).

o> Xidpk40-1)

Since £ > k+ 1, we can omit the common part x;, . .
and obtain,

o Xipe-1

{{Xi, . )C,'Jrk,l}} = {{X,’+[, P )C,'Jréurk,l}} .
Let us now define

T2{s€[0,k=2] : Xips = Xiters)s

where we emphasize the fact that we do not consider the case
of s = k— 1. Therefore, by using (12):

1) Forall seZ, Xits = Xitt+s and Xitk+s = Xitk+l+s-
2) For all s € [0,k—2]\Z, Xit5 = Xitk+s and Xjypys =

Xitk+0+s-
This completes all the cases of the theorem. ]
To further understand Lemma 3, we provide the following
example.
Example 5:

1) For (£,k) =(2,3),q =3, let
v eZ; withv[i,i+ 6] =(0,1,2,0,1,2,0)
and
w e Z5 with w([j, j+ 6] = (0,1,0,1,0,1,0)

be two sequences. Then 0° occurs at position i + 4 of
A3(R,(v)) with the set Z = {0,1}, and 0° occurs at
position j 4 4 of A3(R,(w)) with the set Z = 0.

2) For ({,k) =(2,2),q =3, let

x € Z5 with x[i,i +4] =(0,1,0,1,0)

be a sequence. Then 0% occurs at position i + 3 of
Ay (Ry(x)) with the set Z = {0, 1}.
3) For (¢,k) = (3,2),q9 =3, let

y € Z5 with y[i,i+ 5] =(0,1,2,0,1,2)
and

z € 25 with z[j, j+ 51 =(0,1,0,1,0,1)
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be two sequences. Then 0% occurs at position i 4+ 4 of
A>(R3(y)) with the set Z = {0}, and 0° occurs at position
Jj+ 4 of Ay(R3(z)) with the set Z = 0.

Lemma 3 shows the importance of sequences with no
periodic factor, with proper parameters k and £. We formalize
such sequences in the following definition.

Definition 5: Let k,£ > 2, and let x € Z’; be a sequence. We
say that x is (k,{)-fine if it does not contain any k-periodic
factor of length 2k+4-£—1. Namely, either the sequence is short
n<2k+£€-2,orn>2k+{f—1andforall 1 <i<n-2k-¢€+2,
x[i,i + 2k + € — 2] is not k-periodic. We denote the set of all
(k, ©)-fine sequences of length n by Fj ¢(n).

Some simple monotonicity is easy to show.

Lemma 4: Let k,€ > 2, and n > 2k + ¢ — 1. Then

]:k,[(l’l)| < |.7:k,[(n + 1)| .

Proof: We simply show that any sequence in F(n) can
be extended by one symbol to a sequence in Fy(n + 1). Let
X € Fi¢(n), and let a € Z, be a symbol such that a # x[n—k+1]
(which is always possible since g > 2, namely, the alphabet
contains at least two letters). We contend that xa € F; (n+1).
Obviously any factor of length 2k + £ — 1 of xa that does not
involve the last symbol, is not k-periodic since x € Fy(n).
The only factor in question is therefore x[n — 2k — € + 3, n]a,
but since a # x[n — k + 1], it is certainly not k-periodic. = m

Using these tools, we can now bound the rate of the code
we constructed.

Theorem 2: Let k, > 2, and let Cy¢(n) be the code from
Construction A. Then

lim R(C)(n)) < lim R(Cye(n)) < lim R(Fy ¢(n)).
Moreover, if £|k then,
lim R(Cy¢(n)) = lim R(C{)(n)) = lim R(Fy.¢(n)).

Proof: The lower bound is trivial since C,iog (n) € Cre(n). We
therefore turn to prove the upper bound. We first contend that
C,E?[) C Fie(n) when n > 2k + € — 1. Assume to the contrary
that is not the case, namely, that there exists x € C,({?;(n) such
that x¢F; ¢(n). Thus, x contains a factor of length 2k + ¢ — 1
that is k-periodic, say, x[i,i + 2k + € —2]. Then x5 = Xj g+
for all 0 < s < k+{—2. Hence, Riyr—111¢(X) = Rijite-1410(X)
for 0 < t < k— 1. That would mean that A;(R.(x)) contains O
starting at position i+k+¢—1, which contradicts the definition
of C). Thus, C)(n) C Fi¢(n) and then

)c,ﬁ?,?(n)) < | o).

Now, let us consider x € C,E’}(n) for i > 1. If x is (k, )-fine,
namely, then x € F; ,(n). Otherwise, x has a factor of length
2k + ¢ — 1 that is k-periodic. Assume the first such factor is
(Xiy -« o Xigok+c—2). We then define Dely ¢(x) as

Dely ¢(x) = My jiri-11(%) = {X1, .., Xict, Xigks - - -5 Xn)s

namely, Del; /(x) deletes the first k symbols of the first factor
of length 2k + ¢ — 1 that is k-periodic. We call this operation
a k-periodic deletion at position i.

Turning our focus to Ax(R.(x)), the k-periodic factor of
length 2k + ¢ — 1 at position i of x, manifests as a 0k
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factor at position i + k + € — 1 at Ap(R¢(x)). Let us define
Remy ((Ax(R¢(x))) as the operator removing the said 0* factor.
Thus,

Remy ((Ar(Re(x))) = Miiqiye-1,i+2k+0-21(Ar(Re(x)))
= (R1,¢(x) = Ryt (%),

Rijiqe-2,0(x) = Riy o2 0(x),
Ritokte-1,0(%) = Rijppe-1,0(x),
Ruye-1,60x) = Ry ri—1,0(x)).

We call this the 0¥ removal at position i +k + € — 1.
We contend the following claim.
Claim 1:

Remy ((Ar(R(x))) = Ar(Re(Deli¢(x))). 13)

Namely, that deleting the first factor of x that has length 2k +
¢ -1 and is k-periodic (which is responsible for a 0¢ factor
in the derivative) and then taking the k-step derivative of the
{-read vector, is the same as first taking the k-step derivative
of the £-read vector and then removing the said OF factor.

Proof of claim: The proof of this claim is by brute-force
inspection: For convenience, denote

Re(x) = (R, Ra, - -, Ry 1),
Re(Delye(x)) = (R, Ry, .. . Ry o4 1)
Then:
o RER for1<j<i-1,
. R} = (X o 1 Xjmtg 25 s Ximls Xigler -+« » Xjk) o c(Xj_¢y1,

Xj—t+42,"" ..,xj):ijori<j<i+€—2,
o RYR foritl-1<j<itk+l-2,
o RERyforitl-1<j<n+l—k-1,
where (a), (d) come from the definition and (b), (¢) come from
the form of the k-periodic factor (x;,..., Xiy2x+¢-2). Hence:
. R}—R;_szj—Rj_k for ISs<i+k+£€-2,
. R"]A—R;fk =Rj—Rjforit+k+{-1<j<n+t-k-1,

thus proving the claim. [ ]
An important consequence of (13) is that the nucleus of x

(see Definition 3) remains unchanged under Del ¢(-), namely,

© s X1 Xis

Nie(Delge(x)) = Nie(x).

We can therefore repeatedly apply Deli, until we reach a
(k, £)-fine sequence. We denote that sequence by Del; ,(x).
Obviously,

Ni.¢(Del; ((x)) = Ny (). (14)

Additionally,
Ln/k]

Del; ,(x) € | J Freln - jk).
j=0

(15)

We observe that

i (@)
ciyom

{Nk![(X) T X€ C,g)[(n)})

8 et - 5ecin)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 5, MAY 2025

(2 ‘{Del};g(x) I XE€ C,ﬁf}(n)”
Ln/k)

()

< | Freln - jio)|

Jj=0
(e)
< nlFpe(n)l,

where (a) follows from the code definition in Construction A,
(b) follows from (14), (¢) follows from the fact that several
sequences may have the same nucleus, (d) follows from (15),
and (e) follows from Lemma 4 and k > 2. Thus, by also
using (5),

L2t
Cectm] = D || < n?lFe .
i=0
Therefore,
lim R(Cy¢(n)) < lim R(Fy((n)),
as claimed.

Finally, assume the case of £|k. By Lemma 3, every factor
0% of A(Re(x)) implies the existence of a k-periodic factor of
x of length 2k + ¢ — 1. Thus, not only C,((f); C Fi(n) as in the
general case, but necessarily C,EOZ = Fre(n). By sandwiching
we get

lim R(Cy.¢(n)) = lim R(C{)(n)) = lim R(Fy.¢(n)),

which completes the proof. [

We proceed to obtain closed-form bounds on the asymptotic
rate of Cie(n) from Construction A. For the upper bound,
we note that Fy(n) is in fact related to run-length-limited
(RLL) sequences, whose asymptotic rate is already known.
As for the lower bound, we use the probabilistic method, and
in particular, the Lovdsz Local Lemma in one of its many
forms.

Lemma 5 ([I, Lemma 5.1.1]): Let Ay,...,A,, be events in
an arbitrary probability space. Let G = (V, E) be a directed
graph with V = [m] such that for every i € [m], the event A; is
mutually independent of all the events {A; : (i, ))€E}. Suppose
that there are real numbers cy,...,c,, such that 0 < ¢; < 1 and
Pr(A) < ¢; ]_[(i’j)eE(l —¢;) for all i € [m]. Then

pr| A& |=J[a-c.

iefm) iclm)

For any sequence x = (xy, ..., x,) € Z!, deciding whether 0
occurs starting at position i + £+ k — 1 of A (R.(x)) depends
only on x[i,i + 2k + ¢ — 2]. To analyze this, we introduce
the following technical lemma to estimate the number of
sequences x[i,i + 2k + € — 2] € T such that 0* occurs
starting at position i + € + k — 1 of Ap(R¢(x)).

Lemma 6: Let k,£ > 2 and i > 1 be positive integers. Let
X =(x1,...,X,) € ZZ. If OF occurs starting at position i + € +
k — 1 of Ay(R¢(x)), then the number of possible values for
x[i,i + 2k + ¢ — 2] is upper bounded by

ot it o<k
S kgt if € > k.
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Proof: Assume that 0¥ occurs starting at position i+ +k—1
of Ay(R¢(x)). We then have (10) as follows,

Ri+g_1+j,((x) = R,-+k+g_1+j,g(x)f0r all je [0,k—1],

which involves exactly the symbols of x[i,i + 2k + £ —2]. We
first contend that if we know the value of x[i,i+k+{—1], then
there is exactly one way of completing x[i+k+¢, i+2k+{—2]
such that (10) holds. Indeed, since Rii,/(x) = Riyo+ke(X) by
(10), we have

Hxiprre ) = ({{xima b U {{ximasre - o Xiprpe} ) \
{{Xi+k, oo Xiph40-1 }}
(e U )
{{Xi+k, cee xi+k+€—1}} )

which determines the value of x;;44, using the known values
of x[i,i+k-+¢—1]. Iterating this by increasing the indices, we
determine the values of x[i+k-+¢,i+2k+€—2]. We therefore
focus on bounding the number of values x[i,i+ k+ ¢ — 1] can
take.

For the first case, assume ¢ < k. There are ¢g* ways of
choosing x[i,i + k — 1]. By (10), Ritr-1.¢(X) = Ritite-1.0(%),
SO

{{xi,---»xi-i-[—l}} = {{Xi+k,-~-,xi+k+€—1}}-

Since £ < k, the two multisets do not overlap. Thus,
x[i,i + ¢ — 1] is the same as x[i + k,i + k+ {— 1] up to
a permutation of the £ symbols. There are ¢! ways of choos-
ing a permutation, and we obtain the claimed upper bound,
lqk.

For the second case, assume £ > k. There are ¢’ ways of
choosing x[i,i + € — 1]. By (10), Ri1¢-1,6(X) = Rijpye-1,0(x),
S0

{{x,», . )CH_g,]}} = {{xi+k, I xi+k+[,1}} .

Because ¢ > k, the two multisets overlap in {x; 4, ..
Removing this overlap we get

o Xige-1}

i) = e Xenge )}

Thus, x[i,i+k—1] is the same as x[i+{,i+k+{—1] up to a
permutation of the k symbols. There are k! ways of choosing
a permutation, and we obtain the claimed upper bound, k!g’.
]

Theorem 3: Let k,€ > 2, and let C;¢(n) be the code from
Construction A for alphabet size g > 2. Then

}Ln(}o R(Crr(n)) < log, Aitr-24-
If additionally |k then
Jim R(Cex(n) = log, At e-24,

where Aji¢, is defined in (4).

Proof: Our starting point is the upper bound presented in
Theorem 2. It is shown using the asymptotic rate of Fj ¢(n).
Here, we simply find the asymptotic rate of F ¢(n). Using the
same approach as before, we take any x € Zj and look at
Ay(Ri(x)). Since we use the 1-read vector of x, we identify
the polynomial z, with the element a, for any a € Z,. Thus,
Ar(R1(x)) is just a sequence over Z, as well. We also note
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that x contains a factor of length 2k+¢—1 that is k-periodic, if
and only if A¢(R(x)) contains a factor 0¥+¢=!. Thus, F /(1)
contains exactly those sequences whose k-step derivative of
their 1-read vector does not contain the factor 0F+¢-1,

The sequences in Z;! that do not contain the factor 0***~! are
called g-ary (0, k+ ¢ —2)-run-length-limited (RLL) sequences,
and are denoted by RLL,(0, k+¢—2)(n). Since there is a clear
bijection between ZZ and its image under Ax(R;(-)) we get

| Fiem)| = [RLLy(0,k + £ = 2)(n)] .
Thus,
}Lm R(Fre(n)) = }LIE) R(RLL,(0,k 4 € —2)(n))

= log, Aktr-24,

where the last equality is from [9, (4) and the Appendix].

If |k then by Theorem 2 the asymptotic rate of Cy ((n) equals
the asymptotic rate of Fj ((n), which equals the asymptotic rate
of RLL,(0,k + € - 2)(n). ]

Remark 1: We can give more pleasant upper and lower
bounds on log, Axt¢—, that appears in Theorem 3. By [9,
(4) and the Appendix] we can write

(g—1)log,e

a(g—1)log e
1- g+t ’

qk-‘ri’ < logq Akge—24 < 1 -

where 1
oz W)

and W(-) is the Lambert W-function. As k + £ — co we have
a— 1.

Theorem 4: Let k,{ > 2, and let C;¢(n) be the code from
Construction A. Then

1
lim R(Cx(n)) > 1 - log, (—) .

1-c¢
If £ <k, then

1- 1- 51(16;1%—16)
€= 8k+4l—8

and we require

> ((f!(lék 80— 16))k+ﬁ—‘ .

If £ >k,
1- 1- k!(l6l;;§l€—l6)
€= 8k+4l—8

and we require
q> {(k!(mk 80— 16))ﬁ—‘ .

Proof: Our starting point, once again, is the lower bound
presented in Theorem 2, which is shown using the asymptotic
rate of C,Eol) (n). We lower bound this asymptotic rate by using
the Lovasz Local Lemma.

Let X = (X1,...,X,) € ZZ be a random sequence, where for
each i € [1,n], X; is i.i.d. uniformly at random chosen from
Z4. Thus, X is uniformly at random chosen from ZZ. Let A;
be the event that Ay(R.(X)) has 0¢ at position i + €+ k-1,
where 1 <i<n-2k—-{+2 Let G =(V,E) be a directed
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TABLE I

THE ASYMPTOTIC RATE OF THE OPTIMAL CODE CORRECTING ANY NUMBER OF TANDEM
DUPLICATION OF LENGTH K IN THE NANOPORE {-READ VECTOR

k l Asymptotic Rate Comment
k>2 1 =log, Ak—1,4 9, (4)] (see also (4))
1 £>22 | =log,(¢g—1) Theorem 12

=log, Aktr-2,4

Theorem 21, ¢|k (see also (4) and Remark 22)

Slogg Ak+e—2,4

Theorem 21 (see also (4) and Remark 22)

kz2 | £>2 21—10gq(1%c) where

_ £1(16k+8¢—16)

8k+40—8

1
Theorem 23, £ < k, ¢ > [(a(wk +80— 16))m~‘

>1-— logq<i) where

_ K!(16k+80—16)

1—,/1
c=

8k+40—8

Theorem 23, ¢ > k, g > [ (k!(16k + 8¢ - 16))*213—1}

1 q
>1- Elqu(qj)

Remark 24

graph with V = [n -2k — €+ 2] and (i, j) € E if and only if
li—jl < 2k+{—2. By the observation in the proof of Lemma 6,
A; depends on X[i,i+ 2k + £ — 2] only, and so the event A; is

mutually independent of all the events {A; : (i, )¢E}.
By Lemma 6,
g p .
PrA) < 3%y Y resk (16)
qzw% =g ifl>k
Additionally,
T (9%
Pr|Xe /\ A | =pPr (Xe C}EO{)) _ kf Can
i€[n—2k—+2] q

For the first case, assume ¢ < k. Define

A 1- 1= [!(1(;1;1-%—16)
€ 8k+40—-8

and for all i € [n—2k — € + 2] set ¢; = c. We then have for all
i»

(@)
a [T-cp = et -
(i, )EE
)
> c(1 — (4k + 2¢ — 4)c)
£

(c)
= W > Pr(A)),

where (a) follows from the fact that each vertex is connected to
at most 4k +2£—4 other vertices, (b) follows from Bernoulli’s
inequality (1 —x)" > 1 —rx for r > 1 and x € (0, 1), and (c)
follows from (16). Note that gt > £1(16k+8(—16) for any

q = [(/(16k+8¢6—16))*+17], which makes sure that ¢; € (0, 1).
By Lemma 5 and (17), we have

‘C]SJ{) > ¢"(1 = ¢y 242

and therefore,
n+(n—2k—{’+2)logq(1 -0)

n

lim R(C\?) > lim
n—oo ’ n—oo

1
=1 —logq (I_—C) .

For the second case, when k < €, we choose

KI(16k-+8(-16)
. 1 - 1 - T
T 8k+dr-8
and g > [(k!(16k 4 8( — 16))2;*—1]. The remainder of the proof
is the same. [

Remark 2: While requirement on the alphabet size ¢ in
Theorem 4 is modest, we may wish to remove it to obtain
a lower bound on the asymptotic rate for small alphabet sizes.
We can do so, at the price of a lower rate guarantee, in
the following fashion. We can construct sequences x € C,g?
by picking arbitrary symbols in all locations except those
that are 0 modulo k. In those positions (the positions i that
is congruent to 0 (mod k)), we choose x; in a way that
Ri¢(x) # Ri_x¢(x). Then x € C,(fg , otherwise there exists a 0
factor in A (R(x)). Specifically, there exists some j € [n] such
that R4 ¢(x) = Rjk44¢(x) for all s € [0, k — 1]. Consequently,
the set {j +k + s : s € [0,k — 1]} must include at least one
index that is O (mod k), which contradicts our construction.
This removes at most one possible letter from the alphabet,
per such position. We then get for all g > 2,

1
: Oy s 1_ = 9
,}LTOR(CW) >1 X log, (q — 1) .
The results of this section are summarized in Table I.
Table II shows the bounds for common values associated with
nanopore sequencing.

IV. CORRECTING A CONSTANT NUMBER OF ERRORS

In this section we turn to look at the case of a constant
number of tandem-duplication error of length k. As discussed
in the introduction, we shall be paralleling a construction of
such a code, bringing it to the domain of {-read vectors.
Unlike the previous section, we shall parallel the construction
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TABLE I

THE ASYMPTOTIC RATE OF THE OPTIMAL CODE CORRECTING ANY
NUMBER OF TANDEM DUPLICATION OF LENGTH 1 < k < 9 IN THE
NANOPORE {-READ VECTOR, { = 5,9, OVER AN ALPHABET OF
SIZE g = 4 (NUMERICAL VALUES ARE ROUNDED
TO 6 DECIMAL DIGITS

k ] ¢ [ Lower Bound | Upper Bound
1 5 = 0.792481

215 0.896241 0.999868
315 0.995182 0.999967
4 |5 0.998906 0.999992
5|5 = 0.999998

6 |5 0.999917 0.999999
715 0.999979 1.000000
8|5 0.999995 1.000000
915 0.999999 1.000000
119 = 0.792481

219 0.896241 0.999999
319 0.994779 1.000000
4 19 0.998891 1.000000
519 0.999664 1.000000
6|9 0.999875 1.000000
719 0.999946 1.000000
819 0.999973 1.000000
919 = 1.000000

given in [11]. As in the previous section, the challenge is not
the construction itself, but rather finding its redundancy, and
whether it is optimal.

The construction of [11], which we parallel here, uses Sidon
sets. Let G be a finite Abelian group. A set B = {by,...,b,} C
G 1is said to be a Sidon set of order t if the sums Z;] a;b;
have different values for all ay,...,a, € Z with a; > 0 and
Z;:] a; < t. By the result of [4], we can find such an Abelian
group of size |G| = O(+"), where we assume r — oo while 7 is
fixed. More precisely, by [4, Theorem 2], for r a prime power,
we can take G = Z, with ¢ = ("' = 1)/(r = 1).

Let us introduce a useful notation. given two vectors of
integers @ € Z" and a’ € 7" m,m’ > 1, not necessarily of
the same length, we define their dot product as

min(m,m’)

aca = E a;a;.
i=1

With this notation we can proceed with the construction.

Construction B: Let k, ¢, t, n, and ¢ > 2 be positive
integers. Let G be an Abelian group containing a Sidon set
B = {by,...,bys¢} of order t. Define b = (by,...,b,1¢). For
any g € G we construct the code

Cim) 2 {x ezl : bo o AR =g}

where we recall the definition of o(-) from (3).

Theorem 5: The code C,f’[(n) from Construction B can
correct any ¢ or fewer tandem duplications of length & in the
{-read vectors of its codewords.

Proof: We prove the claim by giving a decoding procedure.
Assume x € Cff(n) was transmitted, and denote its {-read
vector by z = R(x). By construction,

boo(Az) =g.
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Assume, however, that z’ is the {-read vector obtained at the
channel output, z = z’, where 0 <i < t. We can compute

boo(AZ) =g

By Lemma 1, 0(Aw(z")) — ox(Ax(z)) contains only non-
negative entries, and

llow(Ax(2) = oA = .

Thus, by the properties of the Sidon set, knowing the value of
the element

8 =8 =b0 (oA — ok(Ai(2)))

gives us exactly the entries of o (Ar(2")) — ok (Ax(2)). We can
therefore recover o (A(z)), which together with 1 (Ax(z')) =
Hr(Ar(z)) immediately allows us to recover z. [ |

Corollary 2: Let k, €, t, n, and g > 2 be positive integers.
Then there exists a code C of length n over Z, that can correct
any ¢ or fewer tandem duplications of length k in the {-read
vectors of its codewords, and has redundancy 7log, n + O(1).

Proof: By [4, Theorem 1], there exists a Sidon set of
order ¢ with n 4 ¢ elements over an Abelian group G of size

|G| = O(n'). Consider the codes C,ff from Construction B.
By Theorem 5 they all possess the desired error-correction
capability.

We note that
et =2

geG
By averaging, there exists g € G such that

1Z3] "
G| > 35 = Oi’nt).
By definition this code has redundancy tlog,n + O(1). [

We now turn to lower bound the redundancy required for
a code that is capable of correcting ¢t tandem duplications of
length k in the ¢-read vector. Unlike the upper bound obtained
through Construction B, it appears to be difficult to get a lower
bound. We do so for the case of €|k, and show that it matches
the upper bound of Corollary 2 up to an additive number of
O(1) symbols.

Theorem 6: Let k, €, t, n, and g > 2 be positive integers.
Assume that £|k. Then any code C of length n over Z, that
can correct any ¢ or fewer tandem duplications of length & in
the £-read vectors of its codewords, has redundancy at least
tlogqn + O(1).

Proof: Assume C is a code as stated in the theorem. Then
Re(C) £ {Re(x) x € C} is a set capable of correcting
up to ¢ duplications of length k. By the previous discussion,
this means that Ay(R/(C)) = {Ar(Re(x)) x € C}is a
code capable of correcting up to ¢ insertions of 0%. By [11,
Lemma 1], Ax(R,(C)) can correct up to ¢ deletions of 0*.

For us to use the deletion-correction capability stated above,
we need to bound the number of sequences x € Zj such that
Ay (R¢(x)) contains sufficiently many maximal runs of zeros
of length at least k (which allow a deletion of 0% to occur).
At this point we start using the assumption that £|k, and we
make the following observations. Assume x € Zj is a sequence
such that 0% occurs at position i + € + k — 1 of Ap(R.(x)). By
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Lemma 3, x[i,i + 2k + ¢ — 2] is k-periodic. This means that
Ar(x) (notice that we take the derivative of x here, and not of
the {-read vector of x) contains 0t~ at position i+ k. Since
the other direction is trivial, we get

AR+ k+€—1,i+2k+€—-2] =0°
K}
x[i,i + 2k+¢ — 2]is k-periodic
3

Ac(O)i + ki + 2k+€ = 2] = OFFET, (18)

We also note that since all relevant transformations are
invertible,

|Z2] = |AZD)| = |A(RAZ)| = .

Another crucial fact is that, when £|k, if we delete the 0 factor
from Ay(R¢(x)), what remains is indeed a k-step derivative
of an (-read vector of some sequence, specifically, by the
definition and the k-periodicity of x[i, i+ 2k+ ¢ —2], it follows
that

A(Re(Myjjipk-11()) = My kto-1,i4-2k 4021 (A (Re(x)).

We shall need the following notation. Assume X is some
finite alphabet that contains the symbol 0. If x € X" is some
sequence, we can uniquely factor in the following way:

19)

x =0"aq,0Ma0™...a,0™,

for some non-negative integers m;, and where a; € X\ {0}. We
say x contains m maximal runs of zeros of length > r if there
are exactly m indices i for which m; > r. The set of all such
sequences is denoted by S."(X"). Back to our problem, we
shall be interested in the size of S;¥T-!(Z).

By [11, Lemma 312, there exists a sub-linear function f(n) =
o(n) such that

qn
nlogyn’

2

lm—pan|> f(n)

|Sjlk+(’—1(zz){ <

where u 2 ‘q%l(. Loosely speaking, most sequences contain
around un maximal runs of zeros of length > k+ ¢ — 1. By
(18), we have

qu

(20)

bD

m—pan> f(n)

Let ¢ € Upnmicson St (A(Re(Z})) be a code capable
of correcting up to ¢ deletions of OF. Since each x € C’
contains at least un — f(n) maximal runs of zeros of length
> k, after exactly ¢ deletions of 0%, the number of resulting
sequences is at least (**~/*”). Additionally, by (19), after these
t deletions the sequence resides in Ak(Rg(ZZ’”‘)). Since after
the deletions, all sequences must be distinct,

(/Jn —tf(n)) < |Ak(R€(ZZ_tk))| )

|SZHAURAZ)| <

C/

2We mention that [11, Lemma 3] contains an extra weight restriction which
is of no consequence here.
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Rearranging, and using () > a”/b",

n—tk 4t
t
o< L _—_. @1)
(un—f(n))
Finally, assume C C Zj is a code satisfying the conditions of
the theorem. We have |C| = |Ax(R/(C))|. The latter we partition

into two parts:

Ci2 AR | STHARAZY),
Im—pn|<f(n)
CEMRCIN | STHARAZY)).
[m—pn|>f(n)
By (20) and (21) we have
n—tk 4t
i < L,
(un—f(n))
, q"
|Cz| < nlogn”
Thus,
B , , qn—tktt qn B qn
ICl = |Ci| + |5 < Gnrony o = © (;)

and the redundancy of C is at least zlog, n + O(1). [

Remark 3: We note that if we remove the restriction of {|k,
the proof of Theorem 6 may break. For example, we show a
counter-example to (19). Assume g = 2, £ = 2, k = 3, and
n = 7. Consider the sequence x = (0, 1,0, 1,0, 1,0). Then,

Ra(x) = (20,20 + 21,20 + 21,20 + 21,20 + 21,20 + 21,
Zy + 21, 29),
A3(Ra(x)) = (20,20 + 21,20 + 21, 21,0,0,0, -21).

Let us now delete the 0° factor in A3(R»(x)) to obtain
7' = (20,20 + 21,20 + 21,21, -2)).
If we compute A;'(z) we get
AN (2') = (20,20 + 21,20 + 21,20 + 21, 20).

However, Agl(z’) is not the 2-read vector of any binary
sequence. Thus, z’#A3(Ra(Z3)).

V. CONCLUSION

In this paper we studied the asymptotic rate of the optimal
code capable of correcting tandem duplications of length k
in the f-read vector of the nanopore channel. The number
of correctable tandem duplications was either unbounded (in
Section III), or bounded by a constant (in Section IV).

We observe that in the case of unbounded tandem duplica-
tion errors, the redundancy is linear in the length of the code
n. This channel generalizes the channel described in [9]. Both
the lower and upper bounds tend to 1 exponentially fast as
{,k — oo. As Table II shows, even for practical values, the
rate is nearly 1.

When the number of tandem duplications is bounded by
t errors and {|k, our bounds match asymptotically, giving a
redundancy of rlog, n+ O(1). It is interesting to note that this
expression does not depend on ¢ and k, which agrees with the
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special case (£ = 1) studied in [11]. However, when ¢ { k, we
only have 7log, n+O(1) as an upper bound on the redundancy.

Some open questions remain. In particular, we are interested
in finding explicit constructions for asymptotically optimal
codes. The special case of £ = 1 studied for unbounded number
of errors in [9] does provide an explicit construction. In our
case, there seems to be an interesting connection between the
parameters k and ¢, making it difficult to give an explicit
construction similar to [9]. Thus, while the construction we
describe is optimal, more work is required to flesh out an
explicit one. When we restrict ourselves to a bounded number
of errors, already [11] has an optimal construction, but that
one is not explicit.

Another open question concerns the length of the duplica-
tion errors, i.e., the amount of backtracking in the nanopore
sequencing. The codes we propose rely on codes that cor-
rect duplication errors of a fixed length. This is the case
in almost all constructions for duplication-correcting codes.
Constructing codes capable of correcting multiple duplications
of varying lengths seems to require considerable more effort,
which we leave for future work.
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