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On the Asymptotic Rate of Optimal Codes That
Correct Tandem Duplications for

Nanopore Sequencing
Wenjun Yu , Zuo Ye , Member, IEEE, and Moshe Schwartz , Fellow, IEEE

Abstract—We study codes that can correct backtracking errors
during nanopore sequencing. In this channel, a sequence of
length n over an alphabet of size q is being read by a sliding
window of length `, where from each window we obtain only
its composition. Backtracking errors cause some windows to
repeat, hence manifesting as tandem-duplication errors of fixed
length k in the `-read vector of window compositions. While
existing constructions for duplication-correcting codes can be
straightforwardly adapted to this model, even resulting in optimal
codes, their asymptotic rate is hard to find. In the regime of
unbounded number of duplication errors, we either give the exact
asymptotic rate of optimal codes, or bounds on it, depending on
the values of k, ` and q. In the regime of a constant number of
duplication errors, t, we find the redundancy of optimal codes
to be t logq n + O(1) when `|k, and only upper bounded by this
quantity otherwise.

Index Terms—Nanopore sequencing, tandem duplication,
error-correcting codes.

I. INTRODUCTION

W ITH the exponentially increasing amount of data gen-
erated and the need for long-term archival data storage,

DNA storage is emerging as a contender technology, capable
of breaking existing bottlenecks of conventional electronic
storage systems by offering high data density, longevity and
ease of copying information [6]. Among the many challenges
facing us in the process of enabling DNA storage, we focus
on the sequencing technologies used to read DNA.

Several technologies have been developed to improve the
reading performance of DNA. In particular, nanopore sequenc-
ing has attracted the attention of researchers and practitioners
alike due to better portability, ability to read longer strands,
and low initial cost. A DNA strand is simply a long string
over an alphabet of size 4, the elements of which are called
nucleotides (or bases). The main nanopore sequencing process
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involves pushing a fragment of a DNA strand through a
microscopic pore. While moving through it, a window of
length ` nucleotides is observed by the machine. As the
DNA molecule continues moving through the pore, ideally,
we should obtain a sliding-window reading of the entire string
with a window of size `.

Unfortunately, certain physical aspects of the nanopore
sequencer lead to various distortions in the final readout such
as random dwell times, fading, inter-symbol interference (ISI),
and random noise. Additionally, the passage of the DNA
fragment through the pore is often irregular and may involve
backtracking (jumping back a few positions) or skipping
(jumping forward a few positions), creating duplicated parts
in the sliding-window reading, or missing windows. Finally,
it is not always easy to get the window reading, forcing us to
resort to weaker forms of reading, for example, only obtaining
the (unordered) composition of the bases within each window.

Prior work in this area focused on developing various
mathematical models for the sequencer and designing codes
to efficiently correct errors in the final readouts. For example,
[15] studied the model that incorporates ISI, deletions and
measurement noise. In [3], the authors considered codes
that correct substitution errors, and provided the optimal
redundancy for single substitution with window of length
` > 3. For the window of length ` = 2, the work in [16]
generalized previous works to propose the optimal redundancy
for two substitution errors. Additionally, [2] studied the single
deletion nanopore channel and proposed a code with optimal
redundancy up to an additive constant. In [5], the authors
considered codes that correct backtracking or skipping errors
and presented numerical results for the asymptotic rate of
backtracking error-correcting codes.

In this paper, we adopt the nanopore-channel model studied
in [2], [3], and [16]: the DNA sequence is read by sliding
windows of length `, where we only obtain the composition of
each scanned window. However, unlike [3], [16] which studied
substitution errors, and [2] which studied skipping errors
(causing deletions), we focus on backtracking errors. In more
detail, each DNA sequence of length n is first transformed into
an (n + ` − 1)-length vector called an `-read vector through
the ISI channel, where the i-th coordinate of the `-read vector
is obtained by collecting the consecutive symbols between the
(i − ` + 1)-st and i-th entries of the original DNA sequence
and outputting their (unordered) multiset composition. This
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process can be regarded as a detecting window of length `
passing through the whole sequence by shifting one position
at each step. However, as the DNA molecule moves through
the pore, a backtracking error causes it to move back k bases.
Thus, a few of the sliding windows are repeated, in essence,
causing a tandem duplication of length k to occur in the `-read
vector. Reference [5] focused exclusively on the specific case
of moving back k = 2 bases. In contrast, this paper extends
the study to the general case for any integer k > 1, providing
a broader and more comprehensive analysis of the problem.

Duplication errors were introduced in [7], in the context of
DNA storage in living organisms, and the first duplication-
correcting codes were developed in [9]. These allow for
arbitrary alphabets, parametric duplication length, and various
duplication types. Following this, codes correcting any number
of tandem duplications were studied in [9], [21], and [22].
Codes that correct only a fixed number of tandem dupli-
cations (sometimes just one) were studied in [8], [10], and
[13]. Additionally, codes that correct mixtures of duplications,
substitutions, as well as insertions and deletions, have been the
focus of [17], [18], and [19].

In this paper, we are interested in codes over an alphabet
of size q and length n, that are capable of correcting tandem
duplications of fixed length k in their `-read vectors. Unlike
skipping errors, backtracking errors (in which the DNA strand
moves back in the pore) may potentially happen an unbounded
number of times. Thus, we are interested both in the regime of
an unbounded number of duplications, or a constant number
of duplications. Since codes capable of correcting tandem
duplications exist in both regimes, a simple and effective
strategy for constructing the desired codes is the following:
Consider the set of all qn possible sequences of length n over
the alphabet. After applying the sliding window, these result
in qn `-read vectors that reside in a much larger space of size
∼ q`n. Note that most of the sequences in that larger space
are not `-read vectors, since they do not represent a sliding-
window reading of a sequence over the original alphabet.
However, in that large space we can construct a known
duplication-correcting code, and from its set of codewords,
keep only those that are actually `-read vectors. Thus, we can
harness the power of known optimal constructions, but we are
left with a difficult problem: what are the rates of the resulting
codes?

The main contribution of this paper is finding the exact
asymptotic rate, or bounds on it, for optimal codes over an
alphabet of size q, that are capable of correcting tandem
duplications of fixed length k in their `-read vectors, both
in the regime of unbounded number of errors, and in the
regime of a constant number of errors. For the case of
unbounded errors, we study the optimal code that parallels
the construction given in [9]. Depending on the values of k
and `, sometimes depending on whether `|k, we can compute
the exact asymptotic rate of the optimal code, and in others,
we provide bounds. These results are summarized in Table I.
For the case of a constant number of errors, t, we study the
code that parallels the construction given in [11]. We show that
the redundancy of the optimal code is t logq n+O(1) when `|k,
and only upper bounded by this quantity otherwise. All results

generalize the results of [9] and [11], which are the special
case of ` = 1, namely, when sequences are read letter by letter.

The paper is organized as follows. We begin in Section
II by introducing the relevant notation and definitions. Sec-
tion III focuses on the regime of unbounded duplication errors,
whereas Section IV studies a constant number of errors. We
conclude in Section V with a short discussion of the results
and open problems.

II. PRELIMINARIES

For any i, j ∈ Z, i 6 j, we define [i, j] , {i, i + 1, . . ., j}.
For n ∈ N we then define [n] , [1, n]. Consider some finite
alphabet Σ. A sequence (or, a vector) of length n over Σ is an
n-tuple x = (x1, x2, . . ., xn), where xi ∈ Σ for all i. We shall
generally use bold lower-case letters for sequences, and the
same letter in regular font and an index, to denote a letter of
the sequence. Indexing of sequence positions will start from
1. The length of x is denoted by |x| , n, and whenever it
makes sense, the norm of x is defined as ‖x‖1 ,

Pn
i=1|xi|.

The set of all sequences of length n over Σ is denoted by
Σn. The unique empty sequence (the sequence of length 0) is
denoted by ε, and we define Σ0 , {ε}. We then also define
Σ6n ,

Sn
i=0 Σi, Σ∗ ,

S
i>0 Σi, and Σ+ ,

S
i>1 Σi. Given two

sequences, x, y ∈ Σ∗, we use either xy or (x, y) to denote their
concatenation. For any ` ∈ N, we also define x` to be the
concatenation of ` copies of x. Naturally, we define x0 , ε.

Consider a sequence x = (x1, x2, . . ., xn) ∈ Σn. We say v ∈
Σk, k > 1, is a k-factor of x, if there exist u,w ∈ Σ∗ such
that x = uvw. If the length of v is unknown or unimportant,
we just say that v is a factor of x. Given i, j ∈ Z, i 6 j, the
window from position i to j is defined as

x[i, j] , (xi, xi+1, . . ., x j).

To allow for windows that extend outside of [n], we define
xi , ε for all i < [n]. Thus, the factors of x are of the form
x[i, j] for all 1 6 i 6 j 6 n. We also define the removal of the
[i, j] window from x by

M[i, j](x) , (x1, x2, . . ., xi−1, x j+1, x j+2, . . ., xn).

We shall need to count the number of times a specific letter
appears in a sequence. Let a ∈ Σ be some letter. Then x|a
counts the number of times a appears in x, namely,

x|a , |{i ∈ [n] : xi = a}| .

Example 1: Consider the binary sequence

x = (0, 1, 1, 0, 0, 0, 1).

Then x[2, 4] = (1, 1, 0), and M[2,4](x) = (0, 0, 0, 1). Also notice
that x[−3, 2] = (0, 1) and x[5, 12] = (0, 0, 1). Of course, x|0 = 4
since there are four occurrences of 0 in x.

Let x ∈ Σn be a sequence of length n, and assume 1 6 m 6
n−1. We say x is m-periodic, if xi+m = xi for all i ∈ [1, n−m].
We note that by saying x is m-periodic we do not contend that
m is the minimal positive integer with this property, but rather
merely that it is a period of x. Thus, we have

x =
�
x[1,m]dn/me

�
[1, n].
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If no such m exists we say that x is aperiodic.
In what follows, we shall be examining sequences over

various alphabets, which will all be derived from an original
sequence. We shall assume, w.l.o.g., that the original sequence
is over the alphabet Zq , {0, 1, . . ., q − 1}, for some integer
q > 2. Assume, therefore, that x = (x1, x2, . . ., xn) ∈ Zn

q is
such a sequence. The composition of x is represented by the
polynomial in the variables z0, z1, . . ., zq−1,

c(x) , x|0 · z0 + x|1 · z1 + . . .+ x|q−1 · zq−1.

We note that c(ε) = 0. Additionally, if x and y are sequences,
then c(xy) = c(x) + c(y).

In the nanopore-sequencing channel setting, a DNA
sequence is read by a sliding window of length `, however,
from each such window only its composition is obtained. To
that end, we define the following alphabet

Ψ`,q ,
˚
c(y) : y ∈ Z6`q

	
. (1)

In other words, Ψ`,q contains all possible compositions of
sequences of length at most ` over Zq. By the definition,
|Ψ`,q| is the number of vectors (x0, . . . , xq−1) ∈ Zq satisfyingPq−1

i=0 xi 6 ` and xi > 0 for all i ∈ [0, q − 1]. Evidently,
|Ψ`,q| =

�
`+q
`

�
. We then define the composition of the window

of length ` that ends at position i by

Ri,`(x) , c(x[i − ` + 1, i]),

for all i ∈ [n − ` + 1]. We also observe that whenever i <
[n + ` − 1] we have x[i − `+ 1, i] = ε, and so Ri,`(x) = 0. We
can now define the `-read sequence of x as

R`(x) ,(c(x[−` + 2, 1]), c(x[−` + 3, 2]),
. . ., c(x[n, n + ` − 1]))

= (R1,`(x),R2,`(x), . . .,Rn+`−1,`(x)) ∈ Ψn+`−1
`,q .

Example 2: Assume that q = 4, namely, we are working
over Z4. Let

x = (1, 2, 0, 1, 3, 1, 2, 2, 0, 0) ∈ Z10
4 .

Take window size ` = 2, so then

R2(x) = (z1, z1 + z2, z0 + z2, z0 + z1, z1 + z3,

z1 + z3, z1 + z2, 2z2, z0 + z2, 2z0, z0) ∈ Ψ11
2,4.

In the nanopore-channel setting, a sequence x is transmitted,
while R`(x) is received, assuming a perfect noiseless reading.
However, as described in [12], backtracking errors may occur.
When such an error occurs, the nanopore reading mechanism
shifts back the molecule in the pore by k positions, therefore
repeating the last k entries read, before continuing on the
reading of the remainder of the molecule. These backtracking
errors are easily described using the tandem-duplication error
mechanism already used in [9] in a different context.

Generally speaking, assume y ∈ Σ∗ is some sequence over
the finite alphabet Σ = Ψ`,q. If a tandem-duplication error of
length k occurs at position i, we denote the resulting erroneous
sequence by

Ti,k(y) = uv2w,

where u, v,w ∈ Σ∗, y = uvw, |u| = i, and |v| = k. Thus, this
error repeats a k-factor of y located right after an i-prefix of
y. We say t such errors occurred, resulting in the sequence z,
if there exist i1, i2, . . ., it such that

z = Tit ,k
�
Tit−1,k

�
. . .Ti1,k(y)

��
.

We denote this relation between y and z by

y =⇒t
k z,

and say that z is a t-descendant of y. If the number of errors
is finite but unknown or unimportant, we write y =⇒∗ z and
say that z is a descendant of y. For convenience, y is a 0-
descendant of itself. The set of all t-descendants of y is denoted
by

Dt
k(y) ,

˚
z ∈ Σ∗ : y =⇒t

k z
	
,

and similarly,

D∗k(y) ,
˚

z ∈ Σ∗ : y =⇒∗k z
	

=

∞[
j=0

D j
k(y).

As is common in coding theory, we define the ball of radius
t around y by

Bk,t(y) ,
t[

j=0

D j
k(y),

and for an unbounded radius, we define

Bk,∞(y) , D∗k(y).

We now introduce the channel we shall focus on in this
paper. In this channel model, a sequence x ∈ Zn

q is transmitted
by being stored as a DNA sequence. The reading is performed
using nanopore sequencing, which ideally, should result in the
`-read vector R`(x). However, since backtracking errors may
occur, tandem duplications occur in R`(x). We assume these
errors are of length k. Assuming no more than t such errors
occur, the receiver obtains z ∈ Bk,t(R`(x)). If the number
of backtracking errors is unbounded, z ∈ Bk,∞(R`(x)). In
summary,

x ∈ Zn
q

`-read
−−−−→ R`(x)

tandem duplication
−−−−−−−−−−−−−→ z ∈ Bk,∞(R`(x)).

Example 3: We continue the setting of Example 2. Assume a
single backtracking error occurred with length k = 3, resulting
in a tandem duplication of length 3 in R2(x), following a prefix
of length 5,

T5,3(R2(x)) = (z1, z1 + z2, z0 + z2, z0 + z1, z1 + z3, z1 + z3,

z1 + z2, 2z2, z1 + z3, z1 + z2, 2z2, z0 + z2,

2z0, z0) ∈ B3,1(R2(x)),

where the underline shows the duplicated 3-factor.
We emphasize that after a tandem duplication, the resulting

vector of polynomials is not necessarily an `-read vector of
some sequence. Example 3 illustrates this point since there
is no sequence x′ such that R2(x′) = T5,3(R2(x)). In this
particular case, this can be seen by the two adjacent entries in
T5,3(R2(x)) containing 2z2, z1+z3 which can never be adjacent
in a 2-read vector.
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We shall design error-correcting codes for this channel,
which we now define.

Definition 1: Let ` ∈ N be the window read size, k ∈ N
the tandem-duplication length, t ∈ N the maximum number
of tandem-duplication errors (or t = ∞ if this number is
unbounded), n ∈ N the code length, and q ∈ N the alphabet
size. A code of length n is a subset C ⊆ Zn

q. We say it can
correct t tandem-duplication errors of length k in the `-read
nanopore channel if for any x, y ∈ C, x , y, we have

Bk,t(R`(x)) ∩ Bk,t(R`(y)) = ∅.

The rate of the code C is defined as

R(C) ,
1
n

logq|C|,

and its redundancy is defined as n(1 − R(C)).

III. CORRECTING AN UNBOUNDED NUMBER OF ERRORS

In this section we describe an optimal construction for
codes that are capable of correcting an unbounded number of
tandem duplications in the nanopore channel. The construction
parallels the construction of [9], in the sense discussed in the
introduction. While the construction is straightforward, and
even though we can show it is optimal, it is difficult to find
its asymptotic rate. The main challenge we face is the fact
that our domain is complicated – the set of `-read vectors. We
manage to find the exact rate for some values of ` and k (the
tandem-duplication length), and bound it for the other cases.

The main tool used in the construction is the k-step deriva-
tive. It was first employed by [9] to construct codes correcting
any number of tandem duplications, and was later used in [10],
[11], [13], [17], [19], [20], and [21].

Definition 2: Assuming G is some (additive) Abelian group,
let y = (y1, . . ., ym) ∈ Gm be a sequence of group elements of
length m. For k > 1, the k-step derivative of y is defined by

∆k(y) , (y1 − y1−k, y2 − y2−k, . . ., ym − ym−k) ∈ Gm,

where for i 6 0 we define yi = 0.
Building on the definition of Ψ`,q from (1), we now define

Ξ`,q ,
˚
c(x) − c(y) : x, y ∈ Z6`q

	
,

where we emphasize that since c(·) has integer coefficients,
the subtraction is over the integers. Namely, Ξ`,q contains the
differences of any two polynomials from Ψ`,q. We shall mostly
be interested in the k-step derivative of the `-read vector of
a sequence1. Assume x ∈ Zn

q be a sequence, and let R`(x) =

(R1,`(x),R2,`(x), . . .,Rn+`−1,`(x)) ∈ Ψn+`−1
`,q be its `-read vector.

Then the k-step derivative of R`(x) is simply

∆k(R`(x)) ,(R1,`(x) − R1−k,`(x),R2,`(x) − R2−k,`(x),
. . .,Rn+`−1,`(x) − Rn+`−k−1,`(x))

∈ Ξn+`−1
`,q .

1Here, the group G from the Definition 2 contains all the linear polynomials
in the variables z0, . . ., zq−1.

Example 4: Let us continue Example 2 and Example 3.
Taking the 3-step derivative of R2(x) and T5,3(R2(x)) we
obtain

∆3(R2(x)) = (z1, z1 + z2, z0 + z2, z0, z3 − z2,

z1 + z3 − z0 − z2, z2 − z0, 2z2 − z1 − z3,

z0 + z2 − z1 − z3, 2z0 − z1 − z2,

z0 − 2z2),
∆3(T5,3(R2(x))) = (z1, z1 + z2, z0 + z2, z0, z3 − z2,

z1 + z3 − z0 − z2, z2 − z0, 2z2 − z1 − z3,

0, 0, 0, z0 + z2 − z1 − z3,

2z0 − z1 − z2, z0 − 2z2).

In the derivative, the location of the tandem duplication
contains a sequence of 0’s.

We crucially observe that a tandem duplication of length k
is equivalent to an injection of the factor 0k into the derivative,
at the same location (see Example 4 for an illustration of this
point). This was already noted in [9].

Consider a sequence y ∈ Ξ∗`,q. We can always write it in the
form

y = (0m0 , y1, 0m1 , y2, 0m2 , . . ., ys, 0ms ) , (2)

where for all i, yi ∈ Ξ`,q \ {0}, and mi > 0. We then define

µk(y) ,(0m0 mod k, y1, 0m1 mod k, y2, 0m2 mod k, . . .,

ys, 0ms mod k),

σk(y) ,
�jm0

k

k
,
jm1

k

k
, . . .,

jms

k

k�
. (3)

Obviously, y is easily obtained from µk(y) and σk(y).
Definition 3: Let x ∈ Zn

q be a sequence, and `, k positive
integers. We define the nucleus of x (w.r.t. the parameters k
and `) to be

Nk,`(x) , µk(∆k(R`(x))).

Lemma 1: Let k, `, and q be positive integers. Let z ∈ Ψ∗`,q,
and assume z =⇒t

k z′. Then

µk(∆k(z′)) = µk(∆k(z)).

Additionally, σk(∆k(z′))−σk(∆k(z)) contains only non-negative
entries, and 

σk(∆k(z′)) − σk(∆k(z))




1 = t.

Proof: Consider first a single tandem duplication, namely,
t = 1 and therefore z =⇒k z′. By our previous observation,
∆k(z′) differs from ∆k(z) by an insertion of the factor 0k.
By definition, µk(∆k(z′)) = µk(∆k(z)). Additionally, σk(∆k(z′))
differs from σk(∆k(z)) by a single entry that has increased by
1. The claim for general t follows by simple induction. �

With the last definition in place, we turn to show that for
an unbounded number of tandem-duplication errors, the error
balls around two sequences intersect if and only if they have
the same nucleus.

Lemma 2: Let x, x′ ∈ Z∗q be two sequences, and let k and `
be two positive integers. Then

Bk,∞(R`(x)) ∩ Bk,∞(R`(x′)) , ∅

if and only if Nk,`(x) = Nk,`(x′).
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Proof: The proof is essentially the same as [9, Lemma
14]. For the first direction, assume that z ∈ Bk,∞(R`(x)) ∩
Bk,∞(R`(x′)). Thus,

R`(x) =⇒∗k z and R`(x′) =⇒∗k z.

By Lemma 1,

µk(∆k(R`(x))) = µk(∆k(R`(x′))).

Therefore, by definition

Nk,`(x) = Nk,`(x′).

In the second direction, assume that as in (2) and (3),

Nk,`(x) = Nk,`(x′) = (0m0 , y1, 0m1 , y2, 0m2 , . . ., ys, 0ms ),
σk(∆k(R`(x))) = (a0, a1, . . . , as),
σk(∆k(R`(x′))) = (b0, b1, . . . , bs).

Then,

∆k(R`(x)) = (0m0+a0k, y1, 0m1+a1k, y2, 0m2+a2k,

. . ., ys, 0ms+ask),

∆k(R`(y)) = (0m0+b0k, y1, 0m1+b1k, y2, 0m2+b2k,

. . ., ys, 0ms+bsk)

Since a tandem duplication of length k in R`(x) corresponds to
the injection of the factor 0k in ∆k(R`(x)) at the same position,
the sequence

∆−1
k ((0m0+(a0+b0)k, y1, 0m1+(a1+b1)k,

y2, . . ., ys, 0ms+(as+bs)k))

is obtained by performing
Ps

i=0 bi tandem duplications in
R`(x) and it is also a sequence obtained by performing

Ps
i=0 ai

tandem duplications in R`(y). Therefore

∆−1
k ((0m0+(a0+b0)k, y1, 0m1+(a1+b1)k, y2, 0m2+(a2+b2)k,

. . ., ys, 0ms+(as+bs)k)) ∈ Bk,∞(R`(x)) ∩ Bk,∞(R`(x′)).

�
The code construction follows immediately from this

lemma.
Construction A: Let k, `, n and q > 2 be positive integers.

For any two sequences x, y ∈ Zn
q, define the equivalence

relation x ∼ y if and only if Nk,`(x) = Nk,`(y). Let [x] denote a
fixed representative of the equivalence class containing x. We
construct the code:

Ck,`(n) ,
˚
[x] : x ∈ Zn

q

	
,

namely, the code contains exactly one sequence from each of
the equivalence classes of ∼.

Corollary 1: The code Ck,`(n) from Construction A is an
optimal code capable of correcting any number of tandem
duplications of length k in the `-read vectors of its codewords.

Proof: The error-correction capability of the code is derived
from Lemma 2 since its codewords have non-intersecting error
balls. The code is optimal since it contains a codeword from
each possible equivalence class. �

To better understand the efficiency of the code construction,
our next goal is to find the asymptotic rate limn→∞ R(Ck,`(n)).

The main obstacle here is the fact that the mapping from
sequences to `-read vectors, R` : Zn

q → Ψn+`−1
`,q , is not

always onto (see Example 4 and the short discussion following
it). Further complications stem from the existence of two
parameters k and ` that affect this asymptotic rate. We divide
our discussion according to the values of these two parameters.

We begin with the case ` = 1. In this case, we note that by
identifying za with a, for all a ∈ Zq, we get R1(x) = x and we
sidestep the problem of R` not being onto. Thus, Construc-
tion A reduces to [9, Construction A], whose asymptotic rate
is known [9, eq. (4) and the Appendix], giving us

lim
n→∞

R(Ck,1(n)) = logq λk−1,q,

where λk,q is the largest root of

fk,q(x) , xk+2 − qxk+1 + q − 1. (4)

We comment that logq λk−1,q is in fact the capacity of the q-ary
(0, k − 1)-RLL constrained system (e.g., see [14]).

We divide some of the remaining non-trivial cases as
follows. First, we study the case: k = 1 and ` > 2 and
obtain its asymptotic rate. We continue with the case of k
being a multiple of `. We carefully study the relationship
between factors of the form 0k in ∆k(R`(x)) and the structure
of x. Finally, we use the probabilistic method to bound the
asymptotic rate for the remaining cases.

As we proceed, we shall find the following definition useful.
Definition 4: Let `, k be positive integers. For a sequence

x ∈ Z∗q, we define its depth (w.r.t. the parameters k and `) as

dk,`(x) , ‖σk(∆k(R`(x)))‖1 .

The set of all sequences of depth i will be denoted by

D(i)
k,` ,

˚
x ∈ Z∗q : dk,`(x) = i

	
.

We partition the code from Construction A, C1,`(n), accord-
ing to the depth of the codewords, and define for all i > 0,

C(i)
k,`(n) , Ck,`(n) ∩D(i)

k,`.

Moreover, C(0)
k,` consists of all sequences x ∈ Z∗q such that R`(x)

does not contain the factor 0k. Since the `-read vectors are of
length n+ `−1, we cannot have any codeword of depth larger
than b n+`−1

k c, so we can certainly write

Ck,`(n) =

b
n+`−1

k c[
i=0

C(i)
k,`(n). (5)

Theorem 1: Assume that ` > 2, and let C1,`(n) be the code
from Construction A. Then

lim
n→∞

R(C1,`(n)) = logq(q − 1).

Proof: Fix a value for n. Let x = (x1, . . . , xn) ∈ C(i)
1,`(n) for

some i > 0. We explicitly compute

∆1(R`(x)) = (zx1 , . . ., zx` | zx`+1 − zx1 , . . ., zxn − zxn−` |

− zxn−`+1 , . . .,−zxn−1 ), (6)

where the purpose of the vertical lines is notational only,
allowing us to refer to the first, second, and third parts of
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∆1(R`(x)). We note that a 0 may only occur at the middle
part of the derivative, exactly when xi = xi−`. Additionally,
the first two parts of ∆1(R`(x)) equal to the `-step derivative
of R1(x),

∆`(R1(x)) = (zx1 , . . ., zx` | zx`+1 − zx1 , . . ., zxn − zxn−` ). (7)

Let us now define

N (i) ,
n
µ1(∆`(R1(x))) : x ∈ C(i)

1,`(n)
o
.

By (6) and (7) we have

µ1(∆1(R`(x))) = (µ1(∆`(R1(x))),−zxn−`+1 , . . .,−zxn−1 ).

It therefore follows thatˇ̌
N (i)

ˇ̌
6
ˇ̌̌
C(i)

1,`(n)
ˇ̌̌
6 q`−1

ˇ̌
N (i)

ˇ̌
. (8)

To find the size of N (i), we use the same approach as
discussed in the case of ` = 1. For each a ∈ Zq, we identify za

with a. Then, the mapping ∆`(R1(·)) : Zn
q → Z

n
q is bijective,

and we have

N (i) =
˚

y = (y1, . . ., yn−i) ∈ Zn−i
q : y j , 0

for ` + 1 6 j 6 n − i. }

Thus, ˇ̌
N (i)

ˇ̌
= q`(q − 1)n−`−i 6 q`(q − 1)n−` =

ˇ̌
N (0)

ˇ̌
,

and, by (8),ˇ̌
N (0)

ˇ̌
6
ˇ̌̌
C(0)

1,` (n)
ˇ̌̌
6
ˇ̌
C1,`(n)

ˇ̌
=

n+`−1X
i=0

ˇ̌̌
C(i)

1,`(n)
ˇ̌̌
6 (n + `)q`−1

ˇ̌
N (0)

ˇ̌
.

It follows that

lim
n→∞

R(C1,`(n)) = lim
n→∞

logq

ˇ̌
N (0)

ˇ̌
n

= logq(q − 1).

�
We continue with the remaining cases, namely, when k, ` >

2. In order to bound the size Ck,`(n), we look at its partition into
C(i)

k,`. In turn, to bound the size of C(i)
k,` we need to better under-

stand the number of sequences x with a prescribed number of
occurrences of the factor 0k in ∆k(R`(x)). Let us first consider
the existence of a single 0 at position i+`+k−1 of ∆k(R`(x)).
This position contains Ri+`+k−1,`(x) − Ri+`−1,`(x). We note
that the subtracted value, Ri+`−1,`(x), is the composition of
x[i, i + ` − 1]. If the result of the subtraction is to be 0, and
assuming a long enough sequence, we must have i > 1, or else
the subtracted window overlaps only partially with x. Thus,
in order to get a 0, we must have

Ri+`−1,`(x) = Ri+`+k−1,`(x). (9)

Now, to get a factor 0k in ∆k(R`(x)), we need to require (9)
for k consecutive indices, namely,

Ri+`−1+ j,`(x) = Ri+`+k−1+ j,`(x)for all j ∈ [0, k − 1]. (10)

The implications of this are detailed in the following lemma.

Lemma 3: Let k, ` > 2 and i > 1 be positive integers. Let
x = (x1, . . ., xn) ∈ Zn

q. If 0k occurs starting at position i+`+k−1
of ∆k(R`(x)), then one of the following holds:

1) ` 6 k, and there exists a subset I ⊆ [0, ` − 1] such that
for all r ∈

�
0, b k+`−s−2

`
c
�
,

a) if s ∈ [0, k − 2] ∩ I,

xi+s+r` = xi+k+s+r`,

b) if s ∈ [0, k − 2] ∩ ([0, ` − 1] \ I),

xi+s = xi+s+r` and xi+k+s = xi+k+s+r`.

If additionally `|k, then only I = [0, ` − 1] is
possible, and x[i, i + 2k + ` − 2] is k-periodic.

2) ` > k, and there exists a subset I ⊆ [0, k − 2] such that,
a) if s ∈ I,

xi+s = xi+`+s and xi+k+s = xi+k+`+s,

b) if s ∈ [0, k − 2] \ I,

xi+s = xi+k+s and xi+`+s = xi+k+`+s.

Proof: Assume that 0k occurs starting at position i+`+k−1
of ∆k(R`(x)). We then have

Ri+`−1+ j,`(x) = Ri+k+`−1+ j,`(x)for all j ∈ [0, k − 1]. (11)

By definition, we have Rm−k,`(x) , Rm,`(x) for all m > n + 1.
Then i+ k+ `−1+ k−1 = i+2k+ `−2 6 n. These equalities
involve the symbols of x[i, i + 2k + ` − 2]. Since

Ri+`−1+ j,`(x) = c(xi+ j, . . . , xi+`−1+ j)
= c(xi+k+ j, . . . , xi+k+`−1+ j)
= Ri+k+`−1+ j,`(x),

Ri+`+ j,`(x) = c(xi+1+ j, . . . , xi+`+ j)
= c(xi+k+1+ j, . . . , xi+k+`+ j)
= Ri+k+`+ j,`(x),

for any j ∈ [0, k − 2], we have˚˚
xi+ j, xi+k+`+ j

		
=
˚˚

xi+`+ j, xi+k+ j
		
, (12)

where {{. . .}} denotes a multiset. We divide our proof depending
on ` and k.

Case 1: ` 6 k. We define the following set of integers:

I ,
˚

s ∈ [0, ` − 1] : xi+s = xi+k+s
	

By using (12), we obtain the following properties:
1) For all s ∈ [0, k − 2] ∩ I, xi+s = xi+k+s, which implies

xi+`+s = xi+k+`+s.
2) For all s ∈ [0, k − 2] ∩ ([0, ` − 1] \ I), xi+s , xi+k+s,

which implies xi+s = xi+`+s and xi+k+s = xi+k+`+s. We
also have xi+`+s , xi+k+`+s.

We can iterate this process by comparing the set {xi+s+r` : s ∈
[0, `−1]} with {xi+k+s+r` : s ∈ [0, `−1]} for 1 6 r 6 b k+`−s−2

`
c,

and get:
a) For all s ∈ [0, k − 2] ∩ I, xi+s = xi+k+s and xi+s+r` =

xi+k+s+r` for all 1 6 r 6 b k+`−s−2
`
c.

b) For all s ∈ [0, k − 2]∩ ([0, ` − 1] \ I), xi+s = xi+s+r` and
xi+k+s = xi+k+s+r` for all 1 6 r 6 b k+`−s−2

`
c,
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where (a) and (b) are iterated according to properties (1) and
(2), respectively.

In addition, we consider the sub-case of `|k. Assume to the
contrary that I , [0, `−1]. Recall, from (11), that Ri+`−1,`(x) =

Ri+k+`−1,`(x). This means that xi, . . ., xi+`−1 is a permutation
of xi+k, . . ., xi+k+`−1. Thus, if I , [0, ` − 1], there exists one
position, say j, such that x j+k , x j+k+`−1, then there exists
another position, say m, such that xm+k , xm+k+`−1. Thus,
we cannot have |I | = ` − 1, and we must have |I | 6 ` − 2.
Thus, there exists s ∈ [0, ` − 2] such that xi+s , xi+k+s. Note
that, necessarily, s ∈ [0, k − 2]∩ ([0, ` − 1] \ I). This, however,
contradicts b since we can choose r = k

`
6 b k+`−s−2

`
c, and we

get xi+s = xi+s+rl = xi+k+s.
Thus, when `|k we have I = [0, ` − 1]. Then a implies that

xi+ j+k = xi+ j for all j ∈ [0, k+`−2]. Hence, x[i, i+2k+`−2]
is k-periodic.

Case 2: ` > k. We once again look at (11). Taking j = 0,

Ri+`−1,`(x) = c(xi, . . ., xi+`−1)
= c(xi+k, . . ., xi+k+`−1)
= Ri+k+`−1,`(x).

Since ` > k+1, we can omit the common part xi+k, . . ., xi+`−1
and obtain,˚˚

xi, . . ., xi+k−1
		

=
˚˚

xi+`, . . ., xi+`+k−1
		
.

Let us now define

I ,
˚

s ∈ [0, k − 2] : xi+s = xi+`+s
	
,

where we emphasize the fact that we do not consider the case
of s = k − 1. Therefore, by using (12):

1) For all s ∈ I, xi+s = xi+`+s and xi+k+s = xi+k+`+s.
2) For all s ∈ [0, k − 2] \ I, xi+s = xi+k+s and xi+`+s =

xi+k+`+s.
This completes all the cases of the theorem. �

To further understand Lemma 3, we provide the following
example.

Example 5:
1) For (`, k) = (2, 3), q = 3, let

v ∈ Zn
3 with v[i, i + 6] = (0, 1, 2, 0, 1, 2, 0)

and

w ∈ Zn
3 with w[ j, j + 6] = (0, 1, 0, 1, 0, 1, 0)

be two sequences. Then 03 occurs at position i + 4 of
∆3(R2(v)) with the set I = {0, 1}, and 03 occurs at
position j + 4 of ∆3(R2(w)) with the set I = ∅.

2) For (`, k) = (2, 2), q = 3, let

x ∈ Zn
3 with x[i, i + 4] = (0, 1, 0, 1, 0)

be a sequence. Then 02 occurs at position i + 3 of
∆2(R2(x)) with the set I = {0, 1}.

3) For (`, k) = (3, 2), q = 3, let

y ∈ Zn
3 with y[i, i + 5] = (0, 1, 2, 0, 1, 2)

and

z ∈ Zn
3 with z[ j, j + 5] = (0, 1, 0, 1, 0, 1)

be two sequences. Then 02 occurs at position i + 4 of
∆2(R3(y)) with the set I = {0}, and 03 occurs at position
j + 4 of ∆2(R3(z)) with the set I = ∅.

Lemma 3 shows the importance of sequences with no
periodic factor, with proper parameters k and `. We formalize
such sequences in the following definition.

Definition 5: Let k, ` > 2, and let x ∈ Zn
q be a sequence. We

say that x is (k, `)-fine if it does not contain any k-periodic
factor of length 2k+`−1. Namely, either the sequence is short
n 6 2k+`−2, or n > 2k+`−1 and for all 1 6 i 6 n−2k−`+2,
x[i, i + 2k + ` − 2] is not k-periodic. We denote the set of all
(k, `)-fine sequences of length n by Fk,`(n).

Some simple monotonicity is easy to show.
Lemma 4: Let k, ` > 2, and n > 2k + ` − 1. Thenˇ̌

Fk,`(n)
ˇ̌
6
ˇ̌
Fk,`(n + 1)

ˇ̌
.

Proof: We simply show that any sequence in Fk,`(n) can
be extended by one symbol to a sequence in Fk,`(n + 1). Let
x ∈ Fk,`(n), and let a ∈ Zq be a symbol such that a , x[n−k+1]
(which is always possible since q > 2, namely, the alphabet
contains at least two letters). We contend that xa ∈ Fk,`(n+1).
Obviously any factor of length 2k + ` − 1 of xa that does not
involve the last symbol, is not k-periodic since x ∈ Fk,`(n).
The only factor in question is therefore x[n − 2k − ` + 3, n]a,
but since a , x[n − k + 1], it is certainly not k-periodic. �

Using these tools, we can now bound the rate of the code
we constructed.

Theorem 2: Let k, ` > 2, and let Ck,`(n) be the code from
Construction A. Then

lim
n→∞

R(C(0)
k,` (n)) 6 lim

n→∞
R(Ck,`(n)) 6 lim

n→∞
R(Fk,`(n)).

Moreover, if `|k then,

lim
n→∞

R(Ck,`(n)) = lim
n→∞

R(C(0)
k,` (n)) = lim

n→∞
R(Fk,`(n)).

Proof: The lower bound is trivial since C(0)
k,` (n) ⊆ Ck,`(n). We

therefore turn to prove the upper bound. We first contend that
C(0)

k,` ⊆ Fk,`(n) when n > 2k + ` − 1. Assume to the contrary
that is not the case, namely, that there exists x ∈ C(0)

k,` (n) such
that x�∈Fk,`(n). Thus, x contains a factor of length 2k + ` − 1
that is k-periodic, say, x[i, i + 2k + ` − 2]. Then xi+s = xi+k+s

for all 0 6 s 6 k+`−2. Hence, Ri+`−1+t,`(x) = Ri+k+`−1+t,`(x)
for 0 6 t 6 k−1. That would mean that ∆k(R`(x)) contains 0k

starting at position i+k+`−1, which contradicts the definition
of C(0)

k,` . Thus, C(0)
k,` (n) ⊆ Fk,`(n) and thenˇ̌̌

C(0)
k,` (n)

ˇ̌̌
6
ˇ̌
Fk,`(n)

ˇ̌
.

Now, let us consider x ∈ C(i)
k,`(n) for i > 1. If x is (k, `)-fine,

namely, then x ∈ Fk,`(n). Otherwise, x has a factor of length
2k + ` − 1 that is k-periodic. Assume the first such factor is
(xi, . . ., xi+2k+`−2). We then define Delk,`(x) as

Delk,`(x) , M[i,i+k−1](x) = {x1, . . . , xi−1, xi+k, . . . , xn},

namely, Delk,`(x) deletes the first k symbols of the first factor
of length 2k + ` − 1 that is k-periodic. We call this operation
a k-periodic deletion at position i.

Turning our focus to ∆k(R`(x)), the k-periodic factor of
length 2k + ` − 1 at position i of x, manifests as a 0k
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factor at position i + k + ` − 1 at ∆k(R`(x)). Let us define
Remk,`(∆k(R`(x))) as the operator removing the said 0k factor.
Thus,

Remk,`(∆k(R`(x))) = M[i+k+`−1,i+2k+`−2](∆k(R`(x)))
= (R1,`(x) − R1−k,`(x),

. . .,

Ri+k+`−2,`(x) − Ri+`−2,`(x),
Ri+2k+`−1,`(x) − Ri+k+`−1,`(x),
. . .,

Rn+`−1,`(x) − Rn+`−k−1,`(x)).

We call this the 0k removal at position i + k + ` − 1.
We contend the following claim.
Claim 1:

Remk,`(∆k(R`(x))) = ∆k(R`(Delk,`(x))). (13)

Namely, that deleting the first factor of x that has length 2k+
` − 1 and is k-periodic (which is responsible for a 0k factor
in the derivative) and then taking the k-step derivative of the
`-read vector, is the same as first taking the k-step derivative
of the `-read vector and then removing the said 0k factor.

Proof of claim: The proof of this claim is by brute-force
inspection: For convenience, denote

R`(x) = (R1,R2, . . .,Rn+`−1),
R`(Delk,`(x)) = (R′1,R

′
2, . . .,R

′
n+`−k−1).

Then:
• R′j

(a)
= R j for 1 6 j 6 i − 1,

• R′j = c(x j−`+1, x j−`+2, · · · , xi−1, xi+k, . . . , x j+k)
(b)
= c(x j−`+1,

x j−`+2, · · · , xi−1, xi, . . . , x j) = R j for i 6 j 6 i + ` − 2,
• R′j

(c)
= R j for i + ` − 1 6 j 6 i + k + ` − 2,

• R′j
(d)
= R j+k for i + ` − 1 6 j 6 n + ` − k − 1,

where (a), (d) come from the definition and (b), (c) come from
the form of the k-periodic factor (xi, . . . , xi+2k+`−2). Hence:
• R′j − R′j−k = R j − R j−k for 1 6 s 6 i + k + ` − 2,
• R′j −R′j−k = R j+k −R j for i+ k+ `− 1 6 j 6 n+ `− k− 1,

thus proving the claim. �
An important consequence of (13) is that the nucleus of x

(see Definition 3) remains unchanged under Delk,`(·), namely,

Nk,`(Delk,`(x)) = Nk,`(x).

We can therefore repeatedly apply Delk,` until we reach a
(k, `)-fine sequence. We denote that sequence by Del∗k,`(x).
Obviously,

Nk,`(Del∗k,`(x)) = Nk,`(x). (14)

Additionally,

Del∗k,`(x) ∈
bn/kc[
j=0

Fk,`(n − jk). (15)

We observe thatˇ̌̌
C(i)

k,`(n)
ˇ̌̌

(a)
=

ˇ̌̌n
Nk,`(x) : x ∈ C(i)

k,`(n)
oˇ̌̌

(b)
=

ˇ̌̌n
Nk,`(Del∗k,`(x)) : x ∈ C(i)

k,`(n)
oˇ̌̌

(c)
6
ˇ̌̌n

Del∗k,`(x) : x ∈ C(i)
k,`(n)

oˇ̌̌
(d)
6

bn/kcX
j=0

ˇ̌
Fk,`(n − jk)

ˇ̌
(e)
6 n|Fk,`(n)|,

where (a) follows from the code definition in Construction A,
(b) follows from (14), (c) follows from the fact that several
sequences may have the same nucleus, (d) follows from (15),
and (e) follows from Lemma 4 and k > 2. Thus, by also
using (5),

ˇ̌
Ck,`(n)

ˇ̌
=

b
n+`−1

k cX
i=0

ˇ̌̌
C(i)

k,`(n)
ˇ̌̌
6 n2|Fk,`(n)|.

Therefore,

lim
n→∞

R(Ck,`(n)) 6 lim
n→∞

R(Fk,`(n)),

as claimed.
Finally, assume the case of `|k. By Lemma 3, every factor

0k of ∆k(R`(x)) implies the existence of a k-periodic factor of
x of length 2k + ` − 1. Thus, not only C(0)

k,` ⊆ Fk,`(n) as in the
general case, but necessarily C(0)

k,` = Fk,`(n). By sandwiching
we get

lim
n→∞

R(Ck,`(n)) = lim
n→∞

R(C(0)
k,` (n)) = lim

n→∞
R(Fk,`(n)),

which completes the proof. �
We proceed to obtain closed-form bounds on the asymptotic

rate of Ck,`(n) from Construction A. For the upper bound,
we note that Fk,`(n) is in fact related to run-length-limited
(RLL) sequences, whose asymptotic rate is already known.
As for the lower bound, we use the probabilistic method, and
in particular, the Lovász Local Lemma in one of its many
forms.

Lemma 5 ([1, Lemma 5.1.1]): Let A1, . . ., Am be events in
an arbitrary probability space. Let G = (V, E) be a directed
graph with V = [m] such that for every i ∈ [m], the event Ai is
mutually independent of all the events {A j : (i, j)�∈E}. Suppose
that there are real numbers c1, . . ., cm such that 0 6 ci < 1 and
Pr(Ai) 6 ci

Q
(i, j)∈E(1 − c j) for all i ∈ [m]. Then

Pr

0@^
i∈[m]

Ai

1A > Y
i∈[m]

(1 − ci).

For any sequence x = (x1, . . ., xn) ∈ Zn
q, deciding whether 0k

occurs starting at position i + `+ k − 1 of ∆k(R`(x)) depends
only on x[i, i + 2k + ` − 2]. To analyze this, we introduce
the following technical lemma to estimate the number of
sequences x[i, i + 2k + ` − 2] ∈ Σ2k+`−1

q such that 0k occurs
starting at position i + ` + k − 1 of ∆k(R`(x)).

Lemma 6: Let k, ` > 2 and i > 1 be positive integers. Let
x = (x1, . . ., xn) ∈ Zn

q. If 0k occurs starting at position i + ` +
k − 1 of ∆k(R`(x)), then the number of possible values for
x[i, i + 2k + ` − 2] is upper bounded by

6

(
`!qk if ` 6 k,
k!q` if ` > k.
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Proof: Assume that 0k occurs starting at position i+`+k−1
of ∆k(R`(x)). We then have (10) as follows,

Ri+`−1+ j,`(x) = Ri+k+`−1+ j,`(x)for all j ∈ [0, k − 1],

which involves exactly the symbols of x[i, i+ 2k + ` − 2]. We
first contend that if we know the value of x[i, i+k+`−1], then
there is exactly one way of completing x[i+k+`, i+2k+`−2]
such that (10) holds. Indeed, since Ri+`,`(x) = Ri+`+k,`(x) by
(10), we have˚˚

xi+k+`
		

=
�˚˚

xi+k
		
∪
˚˚

xi+k+1. . ., xi+k+`
		�
\˚˚

xi+k, . . ., xi+k+`−1
		

=
�˚˚

xi+k
		
∪
˚˚

xi+1. . ., xi+`
		�
\˚˚

xi+k, . . ., xi+k+`−1
		
,

which determines the value of xi+k+` using the known values
of x[i, i+k+`−1]. Iterating this by increasing the indices, we
determine the values of x[i+k+`, i+2k+`−2]. We therefore
focus on bounding the number of values x[i, i+ k+ `− 1] can
take.

For the first case, assume ` 6 k. There are qk ways of
choosing x[i, i + k − 1]. By (10), Ri+`−1,`(x) = Ri+k+`−1,`(x),
so ˚˚

xi, . . ., xi+`−1
		

=
˚˚

xi+k, . . ., xi+k+`−1
		
.

Since ` 6 k, the two multisets do not overlap. Thus,
x[i, i + ` − 1] is the same as x[i + k, i + k + ` − 1] up to
a permutation of the ` symbols. There are `! ways of choos-
ing a permutation, and we obtain the claimed upper bound,
`!qk.

For the second case, assume ` > k. There are q` ways of
choosing x[i, i + ` − 1]. By (10), Ri+`−1,`(x) = Ri+k+`−1,`(x),
so ˚˚

xi, . . ., xi+`−1
		

=
˚˚

xi+k, . . ., xi+k+`−1
		
.

Because ` > k, the two multisets overlap in {{xi+k, . . ., xi+`−1}}.
Removing this overlap we get˚˚

xi, . . ., xi+k−1
		

=
˚˚

xi+`, . . ., xi+k+`−1
		
.

Thus, x[i, i+ k−1] is the same as x[i+ `, i+ k+ `−1] up to a
permutation of the k symbols. There are k! ways of choosing
a permutation, and we obtain the claimed upper bound, k!q`.
�

Theorem 3: Let k, ` > 2, and let Ck,`(n) be the code from
Construction A for alphabet size q > 2. Then

lim
n→∞

R(C`,k(n)) 6 logq λk+`−2,q.

If additionally `|k then

lim
n→∞

R(C`,k(n)) = logq λk+`−2,q,

where λk+`−2,q is defined in (4).
Proof: Our starting point is the upper bound presented in

Theorem 2. It is shown using the asymptotic rate of Fk,`(n).
Here, we simply find the asymptotic rate of Fk,`(n). Using the
same approach as before, we take any x ∈ Zn

q and look at
∆k(R1(x)). Since we use the 1-read vector of x, we identify
the polynomial za with the element a, for any a ∈ Zq. Thus,
∆k(R1(x)) is just a sequence over Zq as well. We also note

that x contains a factor of length 2k+`−1 that is k-periodic, if
and only if ∆k(R1(x)) contains a factor 0k+`−1. Thus, Fk,`(n)
contains exactly those sequences whose k-step derivative of
their 1-read vector does not contain the factor 0k+`−1.

The sequences in Zn
q that do not contain the factor 0k+`−1 are

called q-ary (0, k+ `−2)-run-length-limited (RLL) sequences,
and are denoted by RLLq(0, k+`−2)(n). Since there is a clear
bijection between Zn

q and its image under ∆k(R1(·)) we getˇ̌
Fk,`(n)

ˇ̌
=
ˇ̌
RLLq(0, k + ` − 2)(n)

ˇ̌
.

Thus,

lim
n→∞

R(Fk,`(n)) = lim
n→∞

R(RLLq(0, k + ` − 2)(n))

= logq λk+`−2,q,

where the last equality is from [9, (4) and the Appendix].
If `|k then by Theorem 2 the asymptotic rate of Ck,`(n) equals

the asymptotic rate of Fk,`(n), which equals the asymptotic rate
of RLLq(0, k + ` − 2)(n). �

Remark 1: We can give more pleasant upper and lower
bounds on logq λk+`−2,q that appears in Theorem 3. By [9,
(4) and the Appendix] we can write

1 −
α(q − 1) logq e

qk+` 6 logq λk+`−2,q 6 1 −
(q − 1) logq e

qk+` ,

where
α = e−W

�
−

q−1
qk+` (k+`)

�
,

and W(·) is the Lambert W-function. As k + ` → ∞ we have
α→ 1.

Theorem 4: Let k, ` > 2, and let Ck,`(n) be the code from
Construction A. Then

lim
n→∞

R(C`,k(n)) > 1 − logq

�
1

1 − c

�
.

If ` 6 k, then

c =
1 −

q
1 − `!(16k+8`−16)

qk+`−1

8k + 4` − 8
,

and we require

q >
l

(`!(16k + 8` − 16))
1

k+`−1

m
.

If ` > k,

c =
1 −

q
1 − k!(16k+8`−16)

q2k−1

8k + 4` − 8
,

and we require

q >
l

(k!(16k + 8` − 16))
1

2k−1

m
.

Proof: Our starting point, once again, is the lower bound
presented in Theorem 2, which is shown using the asymptotic
rate of C(0)

k,` (n). We lower bound this asymptotic rate by using
the Lovász Local Lemma.

Let X = (X1, . . ., Xn) ∈ Zn
q be a random sequence, where for

each i ∈ [1, n], Xi is i.i.d. uniformly at random chosen from
Zq. Thus, X is uniformly at random chosen from Zn

q. Let Ai

be the event that ∆k(R`(X)) has 0k at position i + ` + k − 1,
where 1 6 i 6 n − 2k − ` + 2. Let G = (V, E) be a directed
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TABLE I
THE ASYMPTOTIC RATE OF THE OPTIMAL CODE CORRECTING ANY NUMBER OF TANDEM

DUPLICATION OF LENGTH K IN THE NANOPORE `-READ VECTOR

graph with V = [n − 2k − ` + 2] and (i, j) ∈ E if and only if
|i− j| 6 2k+`−2. By the observation in the proof of Lemma 6,
Ai depends on X[i, i+ 2k + ` − 2] only, and so the event Ai is
mutually independent of all the events {A j : (i, j)�∈E}.

By Lemma 6,

Pr(Ai) 6

(
`!qk

q2k+`−1 = `!
qk+`−1 if ` 6 k,

k!q`

q2k+`−1 = k!
q2k−1 if ` > k.

(16)

Additionally,

Pr

0@X ∈
^

i∈[n−2k−`+2]

Ai

1A = Pr
�

X ∈ C(0)
k,`

�
=
|C(0)

k,` |

qn . (17)

For the first case, assume ` 6 k. Define

c ,
1 −

q
1 − `!(16k+8`−16)

qk+`−1

8k + 4` − 8
,

and for all i ∈ [n− 2k − `+ 2] set ci = c. We then have for all
i,

ci

Y
(i, j)∈E

(1 − c j)
(a)
> c(1 − c)4k+2`−4

(b)
> c(1 − (4k + 2` − 4)c)

=
`!

qk+`−1

(c)
> Pr(Ai),

where (a) follows from the fact that each vertex is connected to
at most 4k+2`−4 other vertices, (b) follows from Bernoulli’s
inequality (1 − x)r > 1 − rx for r > 1 and x ∈ (0, 1), and (c)
follows from (16). Note that qk+`−1 > `!(16k+8`−16) for any
q > d(`!(16k+8`−16))

1
k+`−1 e, which makes sure that ci ∈ (0, 1).

By Lemma 5 and (17), we haveˇ̌̌
C(0)

k,`

ˇ̌̌
> qn(1 − c)n−2k−`+2,

and therefore,

lim
n→∞

R(C(0)
k,` ) > lim

n→∞

n + (n − 2k − ` + 2) logq (1 − c)

n

= 1 − logq

�
1

1 − c

�
.

For the second case, when k < `, we choose

c ,
1 −

q
1 − k!(16k+8`−16)

q2k−1

8k + 4` − 8
,

and q > d(k!(16k + 8` − 16))
1

2k−1 e. The remainder of the proof
is the same. �

Remark 2: While requirement on the alphabet size q in
Theorem 4 is modest, we may wish to remove it to obtain
a lower bound on the asymptotic rate for small alphabet sizes.
We can do so, at the price of a lower rate guarantee, in
the following fashion. We can construct sequences x ∈ C(0)

k,`
by picking arbitrary symbols in all locations except those
that are 0 modulo k. In those positions (the positions i that
is congruent to 0 (mod k)), we choose xi in a way that
Ri,`(x) , Ri−k,`(x). Then x ∈ C(0)

k,` , otherwise there exists a 0k

factor in ∆k(R`(x)). Specifically, there exists some j ∈ [n] such
that R j+s,`(x) = R j+k+s,`(x) for all s ∈ [0, k − 1]. Consequently,
the set { j + k + s : s ∈ [0, k − 1]} must include at least one
index that is 0 (mod k), which contradicts our construction.
This removes at most one possible letter from the alphabet,
per such position. We then get for all q > 2,

lim
n→∞

R(C(0)
k,`) > 1 −

1
k

logq

�
q

q − 1

�
.

The results of this section are summarized in Table I.
Table II shows the bounds for common values associated with
nanopore sequencing.

IV. CORRECTING A CONSTANT NUMBER OF ERRORS

In this section we turn to look at the case of a constant
number of tandem-duplication error of length k. As discussed
in the introduction, we shall be paralleling a construction of
such a code, bringing it to the domain of `-read vectors.
Unlike the previous section, we shall parallel the construction
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TABLE II
THE ASYMPTOTIC RATE OF THE OPTIMAL CODE CORRECTING ANY

NUMBER OF TANDEM DUPLICATION OF LENGTH 1 6 k 6 9 IN THE
NANOPORE `-READ VECTOR, ` = 5, 9, OVER AN ALPHABET OF

SIZE q = 4 (NUMERICAL VALUES ARE ROUNDED
TO 6 DECIMAL DIGITS

given in [11]. As in the previous section, the challenge is not
the construction itself, but rather finding its redundancy, and
whether it is optimal.

The construction of [11], which we parallel here, uses Sidon
sets. Let G be a finite Abelian group. A set B = {b1, . . . , br} ⊆

G is said to be a Sidon set of order t if the sums
Pr

i=1 aibi

have different values for all a1, . . . , ar ∈ Z with ai > 0 andPr
i=1 ai 6 t. By the result of [4], we can find such an Abelian

group of size |G| = O(rt), where we assume r → ∞ while t is
fixed. More precisely, by [4, Theorem 2], for r a prime power,
we can take G = Zq with q = (rt+1 − 1)/(r − 1).

Let us introduce a useful notation. given two vectors of
integers a ∈ Zm and a′ ∈ Zm′ , m,m′ > 1, not necessarily of
the same length, we define their dot product as

a � a′ ,
min(m,m′)X

i=1

aia′i .

With this notation we can proceed with the construction.

Construction B: Let k, `, t, n, and q > 2 be positive
integers. Let G be an Abelian group containing a Sidon set
B = {b1, . . ., bn+`} of order t. Define b , (b1, . . ., bn+`). For
any g ∈ G we construct the code

Cg
k,`(n) ,

˚
x ∈ Zn

q : b � σk(∆k(R`(x))) = g
	
,

where we recall the definition of σk(·) from (3).

Theorem 5: The code Cg
k,`(n) from Construction B can

correct any t or fewer tandem duplications of length k in the
`-read vectors of its codewords.

Proof: We prove the claim by giving a decoding procedure.
Assume x ∈ Cg

k,`(n) was transmitted, and denote its `-read
vector by z = R`(x). By construction,

b � σk(∆k(z)) = g.

Assume, however, that z′ is the `-read vector obtained at the
channel output, z =⇒i

k z′, where 0 6 i 6 t. We can compute

b � σk(∆k(z′)) = g′.

By Lemma 1, σk(∆k(z′)) − σk(∆k(z)) contains only non-
negative entries, and

‖σk(∆k(z′)) − σk(∆k(z))‖1 = i.

Thus, by the properties of the Sidon set, knowing the value of
the element

g′ − g = b � (σk(∆k(z′)) − σk(∆k(z)))

gives us exactly the entries of σk(∆k(z′))−σk(∆k(z)). We can
therefore recover σk(∆k(z)), which together with µk(∆k(z′)) =

µk(∆k(z)) immediately allows us to recover z. �
Corollary 2: Let k, `, t, n, and q > 2 be positive integers.

Then there exists a code C of length n over Zq that can correct
any t or fewer tandem duplications of length k in the `-read
vectors of its codewords, and has redundancy t logq n + O(1).

Proof: By [4, Theorem 1], there exists a Sidon set of
order t with n + ` elements over an Abelian group G of size
|G| = O(nt). Consider the codes Cg

k,` from Construction B.
By Theorem 5 they all possess the desired error-correction
capability.

We note that [
g∈G

Cg
k,`(n) = Zn

q.

By averaging, there exists g ∈ G such thatˇ̌
Cg

k,`(n)
ˇ̌
>
|Zn

q|

|G|
=

qn

O(nt)
.

By definition this code has redundancy t logq n + O(1). �
We now turn to lower bound the redundancy required for

a code that is capable of correcting t tandem duplications of
length k in the `-read vector. Unlike the upper bound obtained
through Construction B, it appears to be difficult to get a lower
bound. We do so for the case of `|k, and show that it matches
the upper bound of Corollary 2 up to an additive number of
O(1) symbols.

Theorem 6: Let k, `, t, n, and q > 2 be positive integers.
Assume that `|k. Then any code C of length n over Zq that
can correct any t or fewer tandem duplications of length k in
the `-read vectors of its codewords, has redundancy at least
t logq n + O(1).

Proof: Assume C is a code as stated in the theorem. Then
R`(C) , {R`(x) : x ∈ C} is a set capable of correcting
up to t duplications of length k. By the previous discussion,
this means that ∆k(R`(C)) , {∆k(R`(x)) : x ∈ C} is a
code capable of correcting up to t insertions of 0k. By [11,
Lemma 1], ∆k(R`(C)) can correct up to t deletions of 0k.

For us to use the deletion-correction capability stated above,
we need to bound the number of sequences x ∈ Zn

q such that
∆k(R`(x)) contains sufficiently many maximal runs of zeros
of length at least k (which allow a deletion of 0k to occur).
At this point we start using the assumption that `|k, and we
make the following observations. Assume x ∈ Zn

q is a sequence
such that 0k occurs at position i + `+ k − 1 of ∆k(R`(x)). By
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Lemma 3, x[i, i + 2k + ` − 2] is k-periodic. This means that
∆k(x) (notice that we take the derivative of x here, and not of
the `-read vector of x) contains 0k+`−1 at position i+ k. Since
the other direction is trivial, we get

∆k(R`(x))[i + k + ` − 1,i + 2k + ` − 2] = 0k

m

x[i, i + 2k+` − 2]is k-periodic
m

∆k(x)[i + k, i + 2k+` − 2] = 0k+`−1. (18)

We also note that since all relevant transformations are
invertible, ˇ̌

Zn
q

ˇ̌
=
ˇ̌
∆k(Zn

q)
ˇ̌

=
ˇ̌
∆k(R`(Zn

q))
ˇ̌

= qn.

Another crucial fact is that, when `|k, if we delete the 0k factor
from ∆k(R`(x)), what remains is indeed a k-step derivative
of an `-read vector of some sequence, specifically, by the
definition and the k-periodicity of x[i, i+2k+`−2], it follows
that

∆k(R`(M[i,i+k−1](x)))= M[i+k+`−1,i+2k+`−2](∆k(R`(x)). (19)

We shall need the following notation. Assume Σ is some
finite alphabet that contains the symbol 0. If x ∈ Σn is some
sequence, we can uniquely factor in the following way:

x = 0m0 a10m1 a20m2 . . .as0ms ,

for some non-negative integers mi, and where ai ∈ Σ \ {0}. We
say x contains m maximal runs of zeros of length > r if there
are exactly m indices i for which mi > r. The set of all such
sequences is denoted by S >r

m (Σn). Back to our problem, we
shall be interested in the size of S >k+`−1

m (Zn
q).

By [11, Lemma 3]2, there exists a sub-linear function f (n) =

o(n) such that X
|m−µn|> f (n)

ˇ̌
S >k+`−1

m (Zn
q)
ˇ̌
6

qn

nlog2 n ,

where µ , q+1
qk+` . Loosely speaking, most sequences contain

around µn maximal runs of zeros of length > k + ` − 1. By
(18), we have X

|m−µn|> f (n)

ˇ̌
S >k

m (∆k(R`(Zn
q))
ˇ̌
6

qn

nlog2 n , (20)

Let C′ ⊆
S
|m−µn|6 f (n) S >k

m (∆k(R`(Zn
q)) be a code capable

of correcting up to t deletions of 0k. Since each x ∈ C′
contains at least µn − f (n) maximal runs of zeros of length
> k, after exactly t deletions of 0k, the number of resulting
sequences is at least

�
µn− f (n)

t

�
. Additionally, by (19), after these

t deletions the sequence resides in ∆k(R`(Zn−tk
q )). Since after

the deletions, all sequences must be distinct,ˇ̌
C′
ˇ̌  µn − f (n)

t

!
6
ˇ̌
∆k(R`(Zn−tk

q ))
ˇ̌
.

2We mention that [11, Lemma 3] contains an extra weight restriction which
is of no consequence here.

Rearranging, and using
�a

b

�
> ab/bb,ˇ̌

C′
ˇ̌
6

qn−tktt

(µn− f (n))t . (21)

Finally, assume C ⊆ Zn
q is a code satisfying the conditions of

the theorem. We have |C| = |∆k(R`(C))|. The latter we partition
into two parts:

C′1 , ∆k(R`(C)) ∩
[

|m−µn|6 f (n)

S >k
m (∆k(R`(Zn

q)),

C′2 , ∆k(R`(C)) ∩
[

|m−µn|> f (n)

S >k
m (∆k(R`(Zn

q)).

By (20) and (21) we haveˇ̌
C′1
ˇ̌
6

qn−tktt

(µn− f (n))t ,ˇ̌
C′2
ˇ̌
6

qn

nlog2 n .

Thus,

|C| =
ˇ̌
C′1
ˇ̌
+
ˇ̌
C′2
ˇ̌
6

qn−tktt

(µn− f (n))t +
qn

nlog2 n = O
�

qn

nt

�
,

and the redundancy of C is at least t logq n + O(1). �
Remark 3: We note that if we remove the restriction of `|k,

the proof of Theorem 6 may break. For example, we show a
counter-example to (19). Assume q = 2, ` = 2, k = 3, and
n = 7. Consider the sequence x = (0, 1, 0, 1, 0, 1, 0). Then,

R2(x) = (z0, z0 + z1, z0 + z1, z0 + z1, z0 + z1, z0 + z1,

z0 + z1, z0),
∆3(R2(x)) = (z0, z0 + z1, z0 + z1, z1, 0, 0, 0,−z1).

Let us now delete the 03 factor in ∆3(R2(x)) to obtain

z′ = (z0, z0 + z1, z0 + z1, z1,−z1).

If we compute ∆−1
3 (z′) we get

∆−1
3 (z′) = (z0, z0 + z1, z0 + z1, z0 + z1, z0).

However, ∆−1
3 (z′) is not the 2-read vector of any binary

sequence. Thus, z′�∈∆3(R2(Z4
2)).

V. CONCLUSION

In this paper we studied the asymptotic rate of the optimal
code capable of correcting tandem duplications of length k
in the `-read vector of the nanopore channel. The number
of correctable tandem duplications was either unbounded (in
Section III), or bounded by a constant (in Section IV).

We observe that in the case of unbounded tandem duplica-
tion errors, the redundancy is linear in the length of the code
n. This channel generalizes the channel described in [9]. Both
the lower and upper bounds tend to 1 exponentially fast as
`, k → ∞. As Table II shows, even for practical values, the
rate is nearly 1.

When the number of tandem duplications is bounded by
t errors and `|k, our bounds match asymptotically, giving a
redundancy of t logq n+O(1). It is interesting to note that this
expression does not depend on ` and k, which agrees with the
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special case (` = 1) studied in [11]. However, when ` - k, we
only have t logq n+O(1) as an upper bound on the redundancy.

Some open questions remain. In particular, we are interested
in finding explicit constructions for asymptotically optimal
codes. The special case of ` = 1 studied for unbounded number
of errors in [9] does provide an explicit construction. In our
case, there seems to be an interesting connection between the
parameters k and `, making it difficult to give an explicit
construction similar to [9]. Thus, while the construction we
describe is optimal, more work is required to flesh out an
explicit one. When we restrict ourselves to a bounded number
of errors, already [11] has an optimal construction, but that
one is not explicit.

Another open question concerns the length of the duplica-
tion errors, i.e., the amount of backtracking in the nanopore
sequencing. The codes we propose rely on codes that cor-
rect duplication errors of a fixed length. This is the case
in almost all constructions for duplication-correcting codes.
Constructing codes capable of correcting multiple duplications
of varying lengths seems to require considerable more effort,
which we leave for future work.
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