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Improved Constructions of Skew-Tolerant
Gray Codes

Gabriel Sac Himelfarb , Graduate Student Member, IEEE, and Moshe Schwartz, Fellow, IEEE

Abstract—Skew-tolerant Gray codes are Gray codes in which
changes in consecutive codewords occur in adjacent positions.
We present the first construction of asymptotically non-vanishing
skew-tolerant Gray codes, offering an exponential improvement
over previous work. We also provide linear-time encoding and
decoding algorithms for our codes. Finally, we extend the
definition to non-binary alphabets, and provide constructions of
complete m-ary skew-tolerant Gray codes for every base m > 3.

Index Terms—Gray codes, skew tolerance, graph-compatible
gray codes.

I. INTRODUCTION

EVER since their introduction [6], Gray codes have been of
great interest both for their practical applications in data

communications and storage, and for the theoretical problems
that arise from their study. In their original forms, Gray
codes are listings of all binary n-tuples, without repetitions,
and with the added restrictions that consecutive tuples differ
by a single bit flip. Multiple variants have been extensively
investigated, and are still today, such as snake-in-the-box codes
[1], [12], [19], circuit codes [8], [10], [13], [15], and single-
track Gray codes [5], [7], [8], [10], [18], to name a few.
Moreover, Gray codes have inspired the idea of finding listings
of combinatorial objects such that there is only a small change
from one element to the next. They have thus been extended
to codes over subspaces [2], [17], permutations [9], [11], [24],
[27], [28], [29], [30], and a multitude of other structures. We
refer the reader to the classical survey [16] and the more recent
survey [14] for a comprehensive review of Gray codes.

In [26], Wilson and Blaum defined skew-tolerant Gray codes
as Gray codes such that changes in consecutive codewords
occur in adjacent positions. Their motivation behind this
definition was to allow for better performance in mechanical
encoder systems where the reading head might be skewed. In
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Fig. 1. Reading heads mounted over a surface (a) without a skew, and (b) with
a skew.

Figure 1(a), a surface contains distinct binary vectors of length
4 written as rows of a matrix. Four sensors are mounted on a
reading head (denoted by ⊗), and the head moves vertically. By
reading the binary vector beneath it, it can deduce its position.
However, if it attempts to do so in-between two rows, each
sensor may independently read the bit below or above it. If
more than one bit is in question, the resulting reading may be
neither the vector immediately below the head’s position, nor
the one immediately above it. This may result in a location
error. To avoid this, the rows form a binary Gray code, namely,
a single bit changes between any two consecutive rows. Thus,
even if getting a reading in-between rows, the resulting reading
is the entire vector immediately above or below the reading-
head location. When the reading head is mounted with a skew,
even if we use a (general) binary Gray code, more than one
sensor may see a bit change at some moment, as seen in
Figure 1(b). As [26] shows, by using a skew-tolerant Gray
code, the skew angle at which the system operates without
any location error is maximized.

Another major advantage of skew-tolerant Gray codes is
that they can be easily compressed, as they are completely
determined by the first codeword, the position of the first bit
flip, and a sequence of directions (right, left) that indicate the
next change position. Thus, only Θ(1) bits per codeword are
needed for storage.

Wilson and Blaum’s definition is equivalent to the Pn-
compatible Gray codes defined previously by Slater in [20]
and [21], where Pn represents the path graph of n vertices.
Several other works have studied Gray codes compatible with
more general graphs, like trees with infinite diameter [25],
hypercubes [4] and complete multipartite graphs [3].
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The only attempt at constructing large skew-tolerant Gray
codes that we know of is that of [26]. The size of the known
codes of n bits is of the order of (

√
3)n codewords, which

is exponentially smaller than the theoretical bound of 2n

codewords, namely, a complete code. Slater [21] conjectured
that no complete skew-tolerant (Pn-compatible) Gray code
exists for n > 7. This leaves open the question: what is the
largest possible skew-tolerant Gray code with length of n bits?

The main contribution of this work is to present a con-
struction of asymptotically non-vanishing skew-tolerant Gray
codes. More precisely, we present codes of length n and size
≈ c · 2n with c a constant that depends on the parity of n. For
n even, c > 0.76, and for n odd c > 0.84. Thus, our codes
offer an exponential improvement over the codes of [26]. We
also study the generalization of these codes to larger alphabets,
and show that for any alphabet size m > 3, there are complete
skew-tolerant Gray codes.

This work is organized as follows: in Section II we introduce
the definition of k-skew-tolerant Gray codes (k-SkTGCs), as
well as necessary notations used throughout the paper. In
Section III we start by studying 3-SkTGCs and 2-SkTGCs,
showing that complete codes are possible. By using a similar
approach, we then construct asymptotically non-vanishing 1-
SkTGCs. We also provide linear-time encoding and decoding
algorithms for all constructed binary codes. Finally, in Sec-
tion IV we generalize the definition of skew-tolerant Gray
codes to non-binary alphabets, and we show that it is always
possible to construct complete m-ary skew-tolerant Gray codes
of any length.

II. PRELIMINARIES

We begin by introducing necessary notations and defini-
tions. Throughout the paper we assume a finite alphabet, which
w.l.o.g., may be taken to be Zm, the ring of integers modulo
m > 2. We use lower-case letters to denote scalars, bold lower-
case letters to denote vectors, and upper-case letters to denote
sequences of vectors.

Let x = (x1, x2, . . ., xn) ∈ Zn
m be a vector. Most of the

time we index the entries of vectors starting from 1. When
we deviate from this norm we shall write so explicitly.
We denote by x[i] , xi the entry at position i of x, and
x[i. . . j] , (xi, xi+1, . . ., x j) the entries of x from position i to
j. The i-th standard unit vector, denoted ei, is the vector all
of whose entries are 0 except for position i which contains
1. We also use 0 to denote the all-zero vector. When writing
specific vectors, we shall often conveniently omit parentheses
and commas.

Consider now a sequence of vectors, C = c0, c1, . . ., cP−1,
where for all i, ci ∈ Z

n
m. We say this sequence has length n

and size |C| = P. For conveniently handling cyclic sequences,
we index the vectors in the sequence starting from 0. We shall
also find it easier to depict such a sequence by a P × n array
whose i-th row is ci, namely,

C =

2664
c0
c1
...

cP−1

3775 .
Simple operations on C, which remove either the first or
last vector (or both), or reverse their order, are defined as

follows:

C′ ,

2664
c1
c2
...

cP−1

3775 , C∗ ,

2664
c0
c1
...

cP−2

3775 ,

bC ,
2664

c1
c2
...

cP−2

3775 , ←−
C ,

2664
cP−1
cP−2
...

c0

3775 .
We can now define Gray codes.
Definition 1: An m-ary Gray code of length n and size P

is a sequence of P distinct vectors (codewords) of length n
over Zm, C = c0, c1, . . ., cP−1, where ci ∈ Z

n
m, such that for all

0 6 i 6 P − 2, ci and ci+1 differ in a single position, i.e.,

ci+1 − ci = ±eδi ,

for some 1 6 δi 6 n. If the latter property also holds for cP−1
and c0, namely,

c0 − cP−1 = ±eδP−1 ,

we say the Gray code is cyclic. If P = mn, we say the Gray
code is complete.

We note that some papers relax the above definition, allow-
ing an arbitrary change in a single position when moving from
a codeword to the next, whereas we use the stricter definition
whereby that change is a ±1 in the value of the position. This
distinction is moot for binary and ternary Gray codes.

Definition 2: Let C = c0, c1, . . ., cP−1 be an m-ary Gray code
of length n and size P. Let δi be as given in Definition 1. The
transition sequence of C is defined as δ0, δ1, . . ., δP−2. If C is
cyclic, we define its transition sequence to also include the
change location from cP−1 to c0, namely, it is δ0, δ1, . . ., δP−1.

Example 3: Consider the following binary Gray code of
length 3 and size 8:

C =

26666666664

000
100
110
010
011
111
101
001

37777777775
.

It is a complete cyclic Gray code, and its transition sequence
is 1, 2, 1, 3, 1, 2, 1, 3.

Definition 1 is the starting point for many variants of
Gray codes known in the literature. Depending on the extra
requirements, a complete Gray code is not always possible.
Assume we have a parametric construction for m-ary Gray
codes resulting in a sequence of codes, C1,C2, . . ., where Ci
has length ni and size Pi. Further assume that limi→∞ ni = ∞.
To measure the efficiency of the construction we say it is
asymptotically non-vanishing if

lim
i→∞

Pi

mni
= c,

for some real 0 < c 6 1. An exponentially weaker requirement
is asymptotically constant rate, defined by

lim
i→∞

logm(Pi)
ni

= ρ,
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for some real 0 < ρ 6 1.
We can now define the object we shall study throughout the

paper, skew-tolerant Gray codes.
Definition 4: An m-ary k-skew-tolerant Gray code (k-

SkTGC1) of length n and size P is a cyclic Gray code (of
the same parameters) with transition sequence δ0, δ1, . . ., δP−1
such that ˇ̌

δi − δi+1
ˇ̌
6 k,

where indices are considered modulo P.
We note that k-SkTGCs are cyclic by definition. However,

we shall occasionally need non-cyclic k-SkTGCs as compo-
nent codes for the cyclic code construction. In that case we
shall explicitly write non-cyclic k-SkTGCs.

Definition 4 extends the definition given in [26] both by
allowing m-ary alphabets, as well as by relaxing the skew-
tolerance condition to allow for consecutive changes which
are k-close but not necessarily at distance 1. Thus, a binary
1-SkTGC of Definition 4 is exactly a skew-tolerant Gray code
as defined in [26]. The larger the value of k, the more prone
to skew-related reading errors a device will be (the maximum
angle at which a sensor may be allowed to be will decrease,
see [26]).

We emphasize that the generalization from SkTGCs to k-
SkTGCs is not arbitrary. Apart from a pure mathematical
interest, the constructions of complete binary 3-SkTGCs and
2-SkTGCs we provide in Section III, pave the way to our con-
struction of asymptotically non-vanishing binary 1-SkTGCs,
thereby exponentially improving upon the best construction
of [26] that only has an asymptotically constant rate of
log2(3)

2 ≈ 0.792. Additionally, from an application point of
view, the complete 3-SkTGCs and 2-SkTGCs trade off skew
tolerance for a complete Gray code. Finally, the complete
binary 2-SkTGC we construct is used to construct a complete
quaternary 1-SkTGC in Section IV.

Another interesting property of a Gray code is its induced
graph, which we now define. The induced graph of a cyclic
Gray code of length n, size P, and transition sequence
δ0, . . ., δP−1, is the undirected graph with n vertices 1, 2, . . ., n,
and edges {δi, δi+1} for 0 6 i 6 P− 1, where indices are taken
modulo P. Following [25], given an undirected graph G with
vertices numbered 1, . . ., n, we say a cyclic Gray code of length
n is G-compatible if its induced graph is a spanning subgraph
of G. Similarly, the term G-compatible is reserved for Gray
codes when viewed as non-cyclic.

We can now reformulate Definition 4. Let P◦n denote the
path graph of n vertices with self loops:

Then, an m-ary 1-SkTGC of length n is a P◦n-compatible Gray
code. If we restrict ourselves to the binary case, and assume
the code has at least three codewords, then two consecutive
changes cannot be in the same position (otherwise a codeword
would repeat itself). Thus, a binary 1-SkTGC of length n with
at least three codewords is a Pn-compatible Gray code, where
Pn is the path graph on n vertices:

1 − 2 · · · n − 1 − n
1While [26] used the acronym STGC to refer to a skew-tolerant Gray code,

we prefer to use SkTGC to avoid confusion with the acronym for single-track
Gray codes.

More generally, an m-ary k-SkTGC of length n is a Tk,n-
compatible Gray code, where Tk,n is the Toeplitz graph2 of
n vertices with adjacency matrix whose first row is

k+1X
i=1

ei = (1, . . ., 1„ ƒ‚ …
k+1

, 0, . . ., 0).

To the best of our knowledge, the literature on graphs
induced by Gray codes has only considered complete binary
codes. Slater [20], [21] was the first to consider the question of
Pn-compatible complete binary Gray codes. He also raised the
general question: which graphs can be induced by a complete
binary Gray code? It is known (by computer search) that there
are Pn-compatible complete binary Gray codes for n = 2, 3, 5,
but such codes do not exist for n = 4, 6, 7. If we consider the
codes to be non-cyclic, then there are such codes for n = 4, 6.
Slater conjectured in [21] that no Pn-compatible complete
binary Gray code exists for n > 7, but the problem is still open.
The only attempt that we know of to build Pn-compatible and
Pn-compatible binary Gray codes (even if incomplete) is the
recursive construction of Wilson and Blaum in [26], which
attains asymptotic rate log2(3)

2 ≈ 0.792.
For completeness, we mention some other results on the

question of which graphs are induced by complete binary
Gray codes. Wilmer and Ernst [25] constructed codes whose
induced graph is a tree of arbitrarily large diameter, and proved
that there is a certain family of trees such that no code is
compatible with them. Other results include the existence of
codes which are compatible with complete multipartite graphs
[3], and codes which induce complete graphs [23], complete
bipartite graphs [22], and the hypercube [4]. This last one
allows for compressed storage of Θ(log log n) bits per n-
bit codeword, to be compared with the Θ(1) bits per n-bit
codeword for k-SkTGC (assuming k is constant).

III. BINARY SKEW-TOLERANT GRAY CODES

In this section we present constructions for binary SkTGCs.
Our main objective is to give a construction of large 1-
SkTGCs. To this end, we first show that a particular case of a
known Gray code construction, the so-called supercomposite
Gray codes (see [25]), is in fact a complete 3-SkTGC. We then
improve on this construction to obtain complete 2-SkTGCs.
Finally, we obtain asymptotically non-vanishing 1-SkTGCs
with a similar but more complex construction.

A. The Case k = 3

The family of supercomposite Gray codes was introduced in
[25] in order to disprove a conjecture by Bultena and Ruskey.
These codes generalize the binary reflected Gray codes, whose
recursive construction uses a reflection, by introducing a shift
operation as well. We show that a specific choice of parameters
results in complete 3-SkTGCs.

Construction A: Consider the code of length 1

A1 ,

�
0
1

�
,

2Recall that a Toeplitz graph is a graph whose adjacency matrix is a
symmetric matrix which is constant along its diagonals.
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and for every n > 1, define the code An+1 as

An+1 ,

26666666664

0. . .0 0
1

An
...
1
0

←−
A′n

...
0

37777777775

ending of 2nd block

1st block

2nd block

Theorem 5: For every n > 1, An from Construction A is a
complete 3-SkTGC of length n.

Proof: It is immediate by construction that |An+1| = 2|An|

for all n > 1, so the size of An follows.
By inspection, A1 and A2 are both 1-SkTGC (and therefore

also 3-SkTGC). For n > 3, we will prove by induction on n
that An is a 3-SkTGC, and that An begins with266664

0. . .000
0. . .001
0. . .011

...
1. . .111

377775 , (1)

and ends with 266664
111. . .110
011. . .110
001. . .110

...
000. . .010

377775 . (2)

For the induction base, by inspection,

A3 =

26666666664

000
001
011
111
101
100
110
010

37777777775
is a 1-SkTGC, and it satisfies (1) and (2).

Now suppose that An is a valid 3-SkTGC, and that it satisfies
the beginning and ending condition. By construction, An+1
begins with 0, and the following codewords are the same as
that of An, but with a 1 appended on the right, resulting in the
desired starting sequence as (1). The ending of An+1 is the
beginning of An reversed, after removing the 0, and with a 0
appended on the right, resulting in the desired ending sequence
as (2).

Given that An is a valid 3-SkTGC, we first observe that, by
construction, the codewords of An+1 are all distinct. Addi-
tionally, the transitions inside each block are valid by the
induction hypothesis. Thus, to see that An+1 is indeed a valid
3-SkTGC, it only remains to check the transitions between the
blocks. The transition between the second and first blocks is
as follows: 264 0. . .010

0. . .000
0. . .001
0. . .011

375

The changes are in positions n, n+1, n, so they are consecutive.
If we list the last two codewords from the first block, and the
first two in the second one, we can see that the transition
between those blocks is as follows:264 0. . .01101

0. . .00101
0. . .00100
0. . .01100

375
The changes are in positions n−2, n+1, n−2, which preserves
the 3-SkTGC condition. �

Construction A allows straightforward decoding and encod-
ing algorithms. However, since the these codes are only a
stepping stone to obtaining complete 2-SkTGCs and asymp-
totically non-vanishing 1-SkTGCs, in the interest of brevity
we omit these algorithms.

B. The Case k = 2

We now present a construction to obtain complete 2-
SkTGCs. The construction has the same flavor as Construction
A for 3-SkTGCs, but is more involved.

Construction B: Define the code

A3 ,

266666664

000
001
011
111
110
100
101

377777775 .

Furthermore, for every n > 3, define the codes An+1, Bn+1 and
Cn+1 as follows:

Bn+1 ,

26666666664

0. . .0 0
1

An
...
1
0

←−
A′n

...
0

37777777775

ending of 2nd block

1st block

2nd block

An+1 ,

24 B∗n+1
en−1

en−1 + en+1

35 =

24 B∗n+1
0. . .0100
0. . .0101

35 ,
Cn+1 ,

264 0
en−1

en−1 + en+1
B′n+1

375 =

2640. . .0000
0. . .0100
0. . .0101

B′n+1

375 .
Theorem 6: For every n > 4, Cn from Construction B is a

complete 2-SkTGC of length n.
In order to prove Theorem 6 we will first need the following

lemma:
Lemma 7: For every n > 3, all of the following hold, with

regard to Construction B:
• An is a non-cyclic 2-SkTGC of size 2n − 1 which does

not contain the codeword en−1;
• Both the first and the last changes in An occur in position

n;
• Bn+1 is a (cyclic) 2-SkTGC of size 2n+1 − 2.
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Proof: First notice that it is possible to prove by a straight-
forward inductive argument that An and Bn begin with (1) and
that Bn ends with (2).

We prove the claims on An by induction on n, and the claim
on Bn+1 will follow from them. For the induction base, by
inspection, A3 is a non-cyclical 2-SkTGC that does not contain
e3−1 = e2, and the first and last changes occur in the last
position.

Now suppose An satisfies the claims. We prove that An+1
does too. Since the first and the last changes in An occur in
position n, the changes in between the first and second blocks
of Bn+1 are n, n + 1, n, and the changes in the end of the
second block and the beginning of the first block are n, n+1, n.
This, together with the fact that An is a 2-SkTGC and that
by construction Bn+1 does not contain repeated codewords,
implies that Bn+1 is a cyclic 2-SkTGC.

As already mentioned, Bn+1 ends in en. To build An+1, we
remove the last codeword in Bn+1. This implies that An+1 does
not contain en, as desired.

Since An does not contain en−1, by construction Bn+1
contains neither en−1 nor en−1 + en+1. This means that adding
them at the end of B∗n+1 does not repeat codewords. Also,
B∗n+1 ends with

�
en + en−1 + en−2

en + en−1

�
=

�
0. . .01110
0. . .00110

�
.

Thus, An+1 ends with

264en + en−1 + en−2
en + en−1

en−1
en−1 + en+1

375 =

2640. . .01110
0. . .00110
0. . .00100
0. . .00101

375 .
The last changes in An+1 are therefore in positions n −

2, n, n+1. This shows that An+1 is a non-cyclic 2-SkTGC, and
the last change occurs in position n + 1. Since B∗n+1 begins
with �

0. . .00
0. . .01

�
,

the first change in An+1 also occurs in position n + 1.
Finally, let an = |An|. By construction, an+1 = 2an + 1,

and a3 = 7. Solving this recursion yields an = 2n − 1. Since
|Bn+1| = |An+1| − 1, the claim on the size of Bn+1 follows as
well. �

Now we can prove Theorem 6.

Proof of Theorem 6: By Lemma 7, for every n > 4 Bn is a
cyclic 2-SkTGC of size 2n−2, and since An−1 does not contain
the codeword en−2, this means that Bn is missing precisely the
codewords en−2 and en−2 + en.

Since the last, first, second and third codewords of Bn are

Bn =

266664
0
en

en + en−1
...

en−1

377775 =

266664
0. . .000
0. . .001
0. . .011

...
0. . .010

377775

we can insert the missing words between the first two code-
words of Bn to obtain Cn,

Cn =

2666666664

0
en−2

en−2 + en
en

en−1 + en
...

en−1

3777777775
=

2666666664

0. . .0000
0. . .0100
0. . .0101
0. . .0001
0. . .0011

...
0. . .0010

3777777775
so that the transition sequence (starting from the last code-
word) is n−1, n−2, n, n−2, n−1, and the 2-SkTGC property is
preserved. This shows that Cn is in fact a complete 2-SkTGC.
�

It is not hard to see that the induced transition graph for
the codes Cn as defined in Construction B is the following
Toeplitz graph (and not a proper subgraph):

We comment that another, non-equivalent, complete binary 2-
SkTGC may be obtained as a side-effect of [25, Theorem
2.1], whose main purpose was to disprove a conjecture by
Bultena and Ruskey. It is shown there that Gray codes may be
constructed, whose transition graph is a tree of the following
form:

The numbering of the nodes corresponds to the order in which
the bit positions are added to the code, where in each step
of the construction two bits are added. By permuting the
code positions, we can obtain a complete 2-SkTGC with the
following transition graph:

However, the advantage of Construction B is that the ideas
behind it can be adapted to obtain 1-SkTGCs, as we will see
later on, and it is more natural in the sense that bit columns
are added in order and do not need to be permuted.

We would now like to present decoding and encoding algo-
rithms for Construction B. Since the difference between the
codes Bn and Cn are minute, we opt for a cleaner presentation
and present the algorithms for Bn. It is straightforward to adapt
them for the complete codes Cn. Algorithm 1 performs the
decoding and Algorithm 2 the encoding.

Given a codeword c in Bn, we can track its formation
backwards in the construction. There are two options: either c
comes from a codeword in A3 to which n− 3 bits were added
on its right; or it comes from a codeword inserted in the code
during some intermediate step n0 (when building An0 from Bn0

we insert en0−2 and en0−2 + en0 ).
Thus, Algorithm 1 checks for the existence of a step n0 such

that c[1. . .n0] = en0−2 or c[1. . .n0] = en0−2 + en0 . Note that if
such an n0 exists, it is unique. It is easy to see that this can
be done in linear time in n. If no such n0 exists, the algorithm
uses a lookup table to find the position of the first three bits
of c in the base code A3. After the first conditional statement,
pos contains the position of c[1. . .n0] in An0 .
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Algorithm 1 Decoding algorithm for Bn of Construction B
Input: c ∈ Zn

2, c , en−2, en−2 + en

Output: The index of c in Bn of Construction B
function DECODE(c, n)
pos← 0
n0 ← 3
if exists 4 6 j 6 n − 1 s.t.

c[1. . . j] = e j−2 then
n0 ← j
pos← 2n0 − 3

else if exists 4 6 j 6 n − 1 s.t.
c[1. . . j] = e j + e j−2 then
n0 ← j
pos← 2n0 − 2

else
pos← LookUp3[c[1. . .3]]

end if
for i in [n0 + 1. . .n] do

if c[i] = 0 then
pos← (2i − 2 − pos) mod (2i − 2)

else
pos← 1 + pos

end if
end for
return pos

end function

Notice that for i > n0 + 1, the position of c[1. . .i] in Ai is
actually the same as its position in Bi (since c[1. . .i] is not
at the end of Bi). The final loop in the algorithm tracks the
position of c[1. . .i] in Ai for n0 + 1 6 i 6 n. If c[i] = 1, that
means c[1. . .i] is in the first block in the construction, and
so its position is 1 more than the position of c[1. . .i − 1] in
Ai−1. If c[i] = 0, then c[1. . .i] belongs to the second block. If
the position of c[1. . .i− 1] was 0, then the position of c[1. . .i]
is again 0. In any other case, the position of c[1. . .i] can be
calculated as 2i−1 plus the distance of c[1. . .i−1] to the ending
position of Ai−1. This is 2i−1 + (2i−1 − 2− pos) = 2i − 2− pos,
where pos is the position of c[1. . .i − 1] in Ai−1. Notice that
the expressions for case c[i] = 0 can be summarized as (2i −

2 − pos) mod 2i − 2.
Algorithm 2 is an encoding algorithm for Bn, and is a simple

reversal of the decoding algorithm.

C. The Case k = 1
We finally tackle the most difficult case – constructing

1-SkTGCs. For simplicity of presentation, we shall allow
positions to be numbered with indices in Z. More precisely,
in a code of length N, the positions will be numbered from
left to right by

−

�
N − 1

2

�
, . . .,−1, 0, 1, . . .,

�
N − 1

2

�
,

and we denote
n ,

�
N − 1

2

�
.

Before we elaborate the construction details, we would like
to discuss the main strategy. The construction for 1-SkTGCs

Algorithm 2 Encoding Algorithm for Bn of Construction B
Input: n > 3, 0 6 pos 6 2n − 3,
Output: Codeword c with index pos in Bn in Construction A

function ENCODE(pos, n)
if n > 3 then

if 1 6 pos 6 2n−1 − 1 then
c[n]← 1
pos← pos − 1

else
c[n]← 0
pos← (2n − 2 − pos) mod 2n − 2

end if
for i in [n − 1. . .4] do

if pos = 2i − 2 then
c[1. . .i]← ei + ei−2

return c
else if pos = 2i − 3 then

c[1. . .i]← ei−2
return c

else if 1 6 pos 6 2i−1 − 1 then
c[i]← 1
pos← pos − 1

else
c[i]← 0
pos← (2i − 2 − pos) mod 2i − 2

end if
end for

end if
c[1. . .3]← A3[pos]
return c

end function

presented in [26] yields codes with asymptotic rate log2(3)
2 ≈

0.792. The main reason behind this is that the construction
needs to discard a fourth of the code in each recursive step: in
order to obtain a code of length n+2, the recursive construction
requires a code of length n such that the first change occurs in
the last position, whilst the last change needs to occur in the
first position. A straightforward reflecting construction is able
to guarantee a change in the last position at the beginning, and
a change in the first position only at around 3/4 of the size
of the code. Thus arises the need to discard the last quarter.

Our Construction C overcomes this limitation by modifying
the last codewords at each step so as to obtain a change in
the first position. This imposes an extra requirement on the
base code for the construction, and we will need to keep an
invariant at each step that guarantees that the modification of
the code will not repeat codewords.

Construction C: For every n > 1 we define codes An and
Bn+1 of lengths 2n + 1 and 2n + 3 respectively. Define the
code A1 as

A1 ,

264000
001
011
111

375 ,
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and for every n > 1, define the codes An+1 and Bn+1 as
follows:

Bn+1 ,

2666666666666666666666664

0 0. . .0 0
0 1
... An

...
0 1
1 1
...
←−
An

...
1 1
1 0
... An

...
1 0
0 0
...
←−
A′n

...
0 0

3777777777777777777777775

(ending of 4th block)

1st block

2nd block

3rd block

4th block

and An+1 is obtained from Bn+1 by replacing the last n − 1
codewords from Bn+1 by the n + 1 codewords26664

e−1 +
Pn

i=1 ei
e−2 + e−1 +

Pn
i=1 ei

...Pn+1
i=1 e−i +

Pn
i=1 ei

37775 =

2664
0. . .001 0 1. . .10
0. . .011 0 1. . .10

...
...

...
1. . .111 0 1. . .10

3775 ,
where the position with index 0 is surrounded by vertical lines
for emphasis.

To prove that Construction C produces 1-SkTGCs, we will
need the following lemma:

Lemma 8: For every n > 1, all of the following hold with
regard to Construction C:
• An is a non-cyclic 1-SkTGC of length 2n+ 1 which does

not contain the codewords
P j

i=1 e−i +
Pn

i=1 ei, for any
1 6 j 6 n;

• The first change in An occurs in position n, and the last,
in position −n;

• Bn+1 is a (cyclic) 1-SkTGC.
Proof: As we have already done in previous proofs, we

begin by observing that using a straightforward inductive
argument proves that An begins with266664

0
en

en−1 + en
...Pn

i=0 ei

377775 =

266664
0. . .0 0 0. . .00
0. . .0 0 0. . .01
0. . .0 0 0. . .11
...

...
...

0. . .0 1 1. . .11

377775 , (3)

for all n > 1.
We prove the first two claims by induction on n, and the

third claim will be proved as a side effect of that proof. For the
induction base, by inspection, A1 is a non-cyclic 1-SkTGC, it
does not contain the codeword 101 = e1 + e−1, and the first
and last changes occur in positions 1 and −1 respectively. Now
suppose An satisfies the conditions, and we need to prove that
An+1 does too.

We contend that Bn+1 is a 1-SkTGC. To prove that, we first
observe that the codewords of Bn+1 are distinct since those of
An are by the induction hypothesis. Since An is a non-cyclic
1-SkTGC (again, by the induction hypothesis), we only need
to check the transitions between blocks to verify that Bn+1 is a

1-SkTGC. The transitions between the fourth and first blocks,
and between the second and third blocks, are valid since An
begins with a change in position n. The transitions between
the first and the second blocks, and between the third and
the fourth blocks, are valid because An ends with a change in
position −n.

By (3), it follows that Bn+1 ends with26666664

Pn
i=0 eiPn
i=1 eiPn
i=2 ei
...

en−1 + en
en

37777775 =

26666664
0. . .0 1 11. . .110
0. . .0 0 11. . .110
0. . .0 0 01. . .110
...

...
...

0. . .0 0 00. . .110
0. . .0 0 00. . .010

37777775 ,

where the line denotes the location of last n − 1 codewords.
Thus, after removing the last n− 1 codewords and adding the
n + 1 words specified by the construction, An+1 ends with266666664

Pn
i=0 eiPn
i=1 ei

e−1 +
Pn

i=1 ei
e−2 + e−1 +

Pn
i=1 ei

...Pn+1
i=1 e−i +

Pn
i=1 ei

377777775 =

26666664
0. . .000 1 1. . .10
0. . .000 0 1. . .10
0. . .001 0 1. . .10
0. . .011 0 1. . .10

...
...

...
1. . .111 0 1. . .10

37777775 .

so the last changes in An+1 are in positions 0,−1, . . .,−(n + 1).
In particular, the 1-SkTGC property is preserved, and An+1
ends with a change in position −(n + 1). We also note that
since An+1 starts with 0 followed by en+1, the first change is
in position n + 1.

We need to verify that An+1 does not repeat codewords.
Since by the induction hypothesis An does not containP j

i=1 e−i +
Pn

i=1 ei for any 1 6 j 6 n, then Bn+1 does not
contain these codewords either, nor does it contain

Pn+1
i=1 e−i+Pn

i=1 ei. This means that the newly added words in An+1 were
not present in Bn+1, and thus are not repeated.

Finally, An+1 does not contain any word
P j

i=1 e−i+
Pn+1

i=1 ei,
for 1 6 j 6 n + 1, since all of the added words have a 0 in
position n+1, and since An does not contain

P j
i=1 e−i+

Pn
i=1 ei

for any 1 6 j 6 n. This concludes the induction step. �
Theorem 9: For every n > 2, Bn as defined in Construction

C is a 1-SkTGC of length N = 2n + 1 and size 7
12 2N − 8

3 .
Proof: By Lemma 8, Bn is a 1-SkTGC for every n > 2. As

for the size of the code, denote an = |An| and bn = |Bn|. Then,
a1 = 4, bn+1 = 4an, and an = bn + 2. We can set b1 = 2, so
we obtain the following recursion:(

b1 = 2
bn+1 = 4bn + 8 for n > 2

Solving the recursion yields bn = 7
12 22n+1 − 8

3 . �
Construction C can be easily adapted to obtain codes of

even length:
Construction D: Define the code A1 as

A1 ,

26664
0000
0001
0011
0111
1111

37775 ,
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and for every n > 1, Bn+1 is defined in the same way as in
Construction C, and An+1 is obtained from Bn+1 by replacing
the last n − 1 codewords from Bn+1 by the n + 2 codewords26664

e−1 +
Pn

i=1 ei
e−2 + e−1 +

Pn
i=1 ei

...Pn+2
i=1 e−i +

Pn
i=1 ei

37775 =

2664
0. . .001 0 1. . .10
0. . .011 0 1. . .10

...
...

...
1. . .111 0 1. . .10

3775 ,
where the position with index 0 is surrounded by vertical lines
for emphasis.

Theorem 10: For every n > 2, Bn as defined in Construction
D is a 1-SkTGC of length N = 2n + 2 and size 3

8 2N − 4.
Proof: The proof is the same as that of Theorem 9. �

Algorithm 3 Decoding Algorithm for Construction C

Input: n > 2, c ∈ Z2n+1
2

Output: The index of c in Bn from Construction C, or an
error if c�∈Bn

function DECODE(c, n)
n0 ← 1
if exists 2 6 m 6 n − 1 and 1 6 j 6 m s.t.

c[−m. . .m] =
Pm−1

i=1 ei +
P j

i=1 e−i then
n0 ← m
pos← L(n0) − n0 − 1 + j

else if exists 2 6 m 6 n − 1 and 2 6 j 6 m − 1
s.t. c[−m. . .m] =

Pm−1
i= j ei then

return Error
else if c[−1. . .1] ∈ A1 then
pos← LookUp1[c[−1. . .1]]
n0 ← 1

else
return Error

end if
for i in [n0 + 1. . .n] do

if c[i] , 0and c[−i] = 0 then
pos← 1 + pos

else if c[i] , 0and c[−i] , 0 then
pos← 2L(i − 1) − pos

else if c[i] = 0and c[−i] , 0 then
pos← 2L(i − 1) + 1 + pos

else
pos← (4L(i − 1) − pos) mod 4L(i − 1)

end if
end for
return pos

end function

Let us now consider decoding and encoding algorithms for
the odd-length 1-SkTGC from Construction C (the algorithms
for the even-length 1-SkTGC from Construction D are sim-
ilar). We start with Algorithm 3 for decoding Bn. Since the
code is not complete, the algorithm may return an error if
presented with an input that is not a codeword. The logic
behind the algorithm is quite similar to that of Algorithm 1.
First, let us denote

L(n) , |An| =
7
12

22n+1 −
2
3
.

Given a codeword c in Bn, we can trace back its formation.
It can either come from a word in A1, or from a word of the
form

n0−1X
i=1

ei +

jX
i=1

e−i, (4)

for some step n0 6 n − 1, and 1 6 j 6 n0, which was
added when constructing An0 from Bn0 . The first conditional
statement finds an adequate n0 if it exists, and calculates the
position of c[−n0. . .n0] in An0 . It is not hard to see that this can
be done in linear time. Notice that we need to handle the case
in which c does not belong to the code. This could happen for
one of the two following reasons: either c is a codeword which
was removed when obtaining Am from Bm, for 2 6 m 6 n− 1,
in which case c[−m. . .m] =

Pm−1
i= j ei for some j > 2, or c is a

codeword which is not of the form (4) and c[−1. . .1]�∈A1. We
use a lookup table LookUp1 that contains the indices for all
codewords in A1.

We index the codewords of Bn using L(n) in the following
way:

Bn =

2666666666666666666666664

0 0. . .0 0
0 1
... An−1

...
0 1
1 1
...
←−−−
An−1

...
1 1
1 0
... An−1

...
1 0
0 0
...
←−−−
A′n−1

...
0 0

3777777777777777777777775

0
1
...
L(n − 1)
L(n − 1) + 1
...
2L(n − 1)
2L(n − 1) + 1
...
3L(n − 1)
3L(n − 1) + 1
...
4L(n − 1) − 1

With this indexing in mind, we can deduce how to obtain the
position of c[−(i + 1). . .i + 1] in Bi+1 (which is the same as
its position in Ai+1 when i > n0) from the position of c[−i. . .i]
in Ai.

Encoding can also be performed in linear time, as shown in
Algorithm 4. For simplicity, we omit certain details, such as
the explicit calculations to determine to which block in Bi a
certain position belongs. We also denote the code26400

01
11
10

375
by Gray2, and we use the function ConvertPos(pos,i),
which given a position in Bi, returns the position it corresponds
to in Ai−1.

We conclude this section by suggesting a method for
optimizing the codes from Constructions C and D. Theorems
9 and 10 show that it is possible to obtain 1-SkTGCs whose
size is asymptotically a constant fraction of a complete code,
i.e., size that is ≈ c · 2n for some real constant c. Interestingly,
the constant for Construction C is 7

12 , which differs from the
constant 3

8 of Construction D. The constants obtained in the
previous section are not best possible: we can improve them by
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Algorithm 4 Encoding Algorithm for Construction C
Input: n > 2, 0 6 pos 6 bn − 1
Output: The codeword c with index posin Bn from Construc-

tion C
function ENCODE(pos, n)

if pos ∈ Blocki of Bn then
c[−n, n]← Gray2[i mod 4]
pos← ConvertPos(pos,n)

end if
for i in [n − 1. . .2] do

if pos > L(i) − i then
c[−i. . .i]←

Pi−1
j=1 e j +

Ppos−L(i)+i+1
j=1 e− j

return c
else if pos ∈ Block j of Bi then

c[−i, i]← Gray2[ j mod 4]
pos← ConvertPos(pos,i)

end if
end for
c[−1..1]← A1[pos]
return c

end function

choosing larger base cases and by using a slightly generalized
version of the construction, which we now describe.

Suppose we number the positions of codewords of length N
with indices −L, . . .,−1, 0, 1, . . .,R, where L > 1, R > 1, and
N = L+R+1 (so the numbering is not necessarily symmetric
around 0).

Construction E: Let A0 be a non-cyclic 1-SkTGC of length
N0 = L+R+1, L,R > 1, that satisfies the following conditions:

• The first change occurs in the last bit (bit R).
• The last change occurs in the first bit (bit −L).
• It starts with266664

0
eR

eR−1 + eR
...PR

i=0 ei

377775 =

266664
0. . .0 0 0. . .000
0. . .0 0 0. . .001
0. . .0 0 0. . .011
...

...
...

0. . .0 1 1. . .111

377775 .

• It does not contain any of the codewords
P j

i=1 e−i +PR
i=1 ei for 1 6 j 6 L.

For every n > 0, Bn+1 is defined in the same way as in
Construction C, and An+1 is obtained from Bn+1 by replacing
the last R + n − 1 codewords with the L + n + 1 codewords26664

e−1 +
PR+n

i=1 ei

e−2 + e−1 +
PR+n

i=1 ei
...PL+n+1

i=1 e−i +
Pn

i=1 ei

37775 =

2664
0. . .001 0 1. . .10
0. . .011 0 1. . .10

...
...

...
1. . .111 0 1. . .10

3775 ,
where the position with index 0 is surrounded by vertical lines
for emphasis.

Notice that Constructions C and D are both particular cases
of Construction E, where L = 1, R = 1, and L = 2, R = 1,
respectively.

TABLE I
BEST CONSTANTS FOR CONSTRUCTION E

Theorem 11: For every n > 1, Bn as defined in Construction
E is a 1-SkTGC of length N = L + R + 1 + 2n and size

2N

 
|A0|+

1
3 (L − R + 2)

2N0

!
−

4
3

(L − R + 2),

where N0 = L + R + 1.
Proof: The proof that Bn is a 1-SkTGC is essentially the

same as that of Theorem 9. For the size of the code, denote
ai , |Ai| and bi , |Bi|. We know that for n > 1,

bn+1 = 4an = 4(bn − (R+ n− 2)+ (L+ n)) = 4(bn + L−R+ 2).

Notice that we may extend the definition of bn to n > 0 by
defining b0 , a0 − (L − R + 2). Solving the recursion yields
the claimed size. �

We would like to find base cases such that the multiplicative
constant in Theorem 11 is as large as possible. Notice that the
difficulty of doing this is comparable (if not harder) to that
of the original problem we are trying to solve: we need to
find large 1-SkTGCs which satisfy additional conditions as
specified in Construction E. Consequently, we searched for
base cases with an exhaustive computer search by means of a
simple backtracking algorithm.

Table I shows the best possible constants for different
combinations of the parameters in Construction E. For each
tuple (N0, L,R) we looked for codes with the largest possible
size a0, so as to maximize the constant c. Notice that given
a fixed N0, finding a base case with the largest possible a0
does not guarantee the best constant c, as it also depends on
L and R. Highlighted in gray are the best constants found for
constructions of even and odd length. In the Appendix we
include base cases that attain these two values.

There does not seem to be an immediate connection between
base cases for the same value of N0. Even if we exchange
the values of L and R, the maximum possible value of a0
might differ. It is interesting to notice that for N0 = 5, the
best possible base case corresponds to the asymmetric choice
L = 1, R = 3, while for N0 = 7 the best constant corresponds
to a symmetric base case with L = 3, R = 3.

IV. M-ARY SKEW-TOLERANT GRAY CODES

In this section we construct non-binary 1-SkTGCs. Unlike
the previous section, all of the constructed codes are complete.
We will divide our constructions into three cases: m > 5, which
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is easier to handle as the higher number of symbols allows us
to have many consecutive changes in the same position, and
this can be exploited to obtain a straightforward construction;
m = 4, for which we will use binary 2-SkTGCs; and finally
m = 3, for which we first develop a construction that yields
non-cyclic codes, and then derive cyclic codes.

A. m-Ary Codes, m > 5
We start with the simplest case, where the alphabet Zm, is

large enough, namely, m > 5.
Construction F: Define the code

A1 ,

2664
0
1
...

m − 1

3775 ,
and for every n > 1 define An+1 as

An+1 ,

26666666666666666664

cn m − 3
cn m − 4
cn m − 5
...

...
cn 0
A′n 0
←−
A′n 1
...

...

A′nor
←−
A′n m − 1

cn m − 1
cn m − 2

37777777777777777775
where cn is the first codeword of An, and the entry “A′nor

←−
A′n”

is A′n if m is odd, and
←−
A′n if m is even.

Theorem 12: For every n > 1, and every m > 5, An as
defined in Construction F is a complete m-ary 1-SkTGC.

Proof: We will prove by induction that An is a complete m-
ary 1-SkTGC such that the first two changes occur in position
n, as well as the last change, and the change between the
ending and the beginning of An. For the induction basis, this
holds for A1 by inspection.

Assume this holds for An, and we prove it also holds for
An+1. Using the induction hypothesis, we immediately see that
An+1 contains distinct codewords, and thatˇ̌

An+1
ˇ̌

= m |An| = mn+1,

and so An+1 is a complete code. We only need to check that
the transitions between blocks of An+1 are valid. This follows
from:
• An begins with two changes in position n, so A′n begins

with a change in position n.
• An ends with a change in position n.
• cn is the first word of An, so from cn to A′n there is a

change in position n, and the same applies to the transition
between

←−
A′n and cn, and the transition between A′n and cn

(since by the induction hypothesis the change between
the ending of An and the beginning occurs in position n).

From the construction, we can see that An+1 ends with a
change in its last position, it begins with two changes in the
last position, and the change between the last codeword and the

first occurs in the last position as well. Finally, by inspection
and the induction hypothesis, all of the transitions are of the
form ±ei for some i. This completes the proof. �

B. Quaternary Codes
Construction F fails for m < 5. In this section we present

a simple construction for complete 1-SkTGCs when m = 4,
which is based on Construction B of complete binary 2-
SkTGCs.

Define the following mapping, ϕ : Z2
2 → Z4,

ϕ(00) = 0, ϕ(01) = 1, ϕ(11) = 2, ϕ(10) = 3.

If c ∈ Z2n
2 is a vector of even length, c = (c1, . . ., c2n), we use

ϕ(c) to denote the application of ϕ to the (non-overlapping)
pairs of bits of c, namely,

ϕ(c) , (ϕ(c1, c2), ϕ(c3, c4), . . ., ϕ(c2n−1, c2n)).

By natural extension, if C = c0, . . ., cP−1 is a sequence of
vectors of even length, we define

ϕ(C) , ϕ(c0), . . ., ϕ(cP−1).

Construction G: Given n > 1, Let Bn be a complete
binary 2-SkTGC of length 2n (for example, C2n as defined
in Construction B when n > 2; and the complete 1-SkTGC of
length 2 for n = 1). Construct the quaternary code

An = ϕ(Bn).

Theorem 13: For every n > 1, An as defined in Construction
G is a complete quaternary 1-SkTGC.

Proof: The code Bn is a complete Gray code of length 2n,
so it has 22n distinct codewords. Since ϕ is invertible, the
codewords of An are also distinct and

|An| = |Bn| = 22n = 4n,

hence An is complete.
The code Bn is 2-SkTGC, hence, any two consecutive

changes in it are at most at distance 2 apart. Thus, after
applying ϕ, consecutive changes can either occur in the
same position, or in adjacent positions. Finally, notice that
if x, y ∈ Z2

2 are two-bit words which differ in only one bit,
then

ϕ(x) − ϕ(y) ≡ ±1 (mod 4).

This implies that for any two adjacent codewords in An, ci and
ci+1,

ci+1 − ci = ±eδi ,

where indices are taken modulo 4n. �

C. Ternary Codes
We first describe a procedure to obtain ternary non-cyclic

1-SkTGCs, and then we use them to derive cyclic codes.
Construction H: Define the code A2 as:

A2 ,

2666666666664

00
01
02
22
20
21
11
12
10

3777777777775
.
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For every n > 2 we define An+1 as

An+1 ,

26666666666664

cn 0
cn 2
cn 1bAn 1
←−bAn 0bAn 2
dn 2
dn 1
dn 0

37777777777775
,

where cn and dn are the first and last words of An, respectively.
Theorem 14: For every n > 2, An as defined in Construction

H is a complete ternary 1-SkTGC which begins with 0 and
ends with e1. For n > 3, An is non-cyclic.

Proof: By construction, An begins and ends with two
changes in the n-th position. Thus, bAn begins and ends with a
change in the n-th position. This guarantees that the transitions
between blocks in the construction are valid. It is immediate
by construction that the codes do not repeat words, and
that they contain all possible words of the corresponding
length.

Note that A2 begins with 00 and ends with 10, and in each
step, An+1 begins and ends with the same words as An, with a
0 on the right. This proves the statement about the beginning
and ending of An. Finally, by simple induction An is 1-SkTGC.
�

Construction I: For all i, let Ai be the code from Construc-
tion H. For each n > 3 define the code Bn of length n as

Bn ,

24 An−1 0
e1 + An−1 1
2e1 + An−1 2
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where e1 + An−1 is the code obtained by adding e1 to each
codeword of An−1, and similarly for 2e1 + An−1.

Theorem 15: For every n > 3, Bn as defined in Construction
I is a complete ternary 1-SkTGC of length n.

Proof: By Theorem 14, An−1 is a complete (non-cyclic)
ternary 1-SkTGC. Thus, the code e1 + An−1 satisfies this
same property, and so does 2e1 + An−1. It follows that
all the codewords of Bn are distinct, and that |Bn| = 3n,
hence it is complete. Within each block the code is SkTGC,
so it only remains to verify the transitions between the
blocks.

Again by Theorem 14, for every n > 3 the last codeword of
An−1 is e1, which is the same as the first word of e1 + An−1.
The last word of e1 + An−1 is e1 + e1 = 2e1, which is the
same as the first of 2e2 + An−1. The last word of 2e2 + An−1
is 2e1 + e1 = 0, which is the first of An−1. Also, An−1, e1 +
An−1 and 2e1 + An−1 all begin and end with a change in the
(n − 1)-st position. This ensures that the block transitions are
valid. �

As a concluding remark, notice that Constructions H and I
can be generalized for every odd alphabet size m > 3, yielding
an alternative to Construction F when m is odd.

V. CONCLUSION

In this paper we presented a construction for binary SkTGCs
that asymptotically attains a constant fraction of possible

codewords. This significantly improves upon the size of the
best known construction. We also showed that it is possible
to obtain complete codes by slightly relaxing the skew-
tolerance condition and allowing consecutive changes to occur
at a distance at most 2. All these constructions have linear-
time encoding and decoding algorithms. We also constructed
complete non-binary SkTGCs.

There still remain many interesting questions. First and
foremost, Slater’s conjecture on the nonexistence of 1-SkTGCs
is still open: we do not know how to show even one word
must be missed when constructing SkTGCs. We also do not
know if it is possible to improve the size of the constructed
codes and obtain asymptotically complete codes (that is, the
limit of the ratio between the size of the code of length n
and 2n converges to 1). A possible strategy to do so could be
to try to imitate Construction B of 2-SkTGCs, in which the
missing codewords from previous steps are inserted into the
code later on. However, allowing jumps of size one imposes
a huge limitation and it does not seem clear how to proceed
in this case.

In the absence of any known construction for complete
binary 1-SkTGCs (apart for three small values of n), another
open question deals with complete binary 2-SkTGCs. Can
we construct complete binary 2-SkTGCs whose transition
sequence δ0, . . ., δ2n−1 contains the least amount of pairs of
consecutive entries differing by a value of 2? Construction B
and the construction in [25] are based on reflections, so in each
step the number of jumps of size 2 at least duplicates, and thus
this quantity is exponential in n. Reducing this number will
provide the code with better protection against skew errors.
It could also be of interest to control the distribution of the
jumps of size 2 in the code: for example, is it possible to avoid
consecutive jumps of size 2?

There is another relevant question related to the lack of
a construction for complete binary 1-SkTGCs. What is the
minimum number of edges that can be added to Pn such that
there exists a complete Gray code compatible with this graph?
What if the edges are limited to jumps of size 2?

Finally, regarding m-ary SkTGCs it would be of theoretical
interest to find constructions in which consecutive changes do
not occur in the same position. In other words, to find m-ary
Gray codes compatible with Pn, the path of n vertices without
self-loops.

APPENDIX

A. Base Case for Construction E, N0 = 6, L = 4, R = 1

26666666666666666666

000000
000001
000011
000111
001111
011111
111111
101111
100111
100011
100001
100000

37777777777777777777

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

100010
100110
101110
111110
011110
001110
000110
000010
001010
011010
010010
010110

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

010100
010000
011000
001000
101000
111000
110000
110100
110110
110111
110101
110001

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

666666666666666664

111001
101001
001001
011001
010001
010101
010111
010011
011011
001011
101011

777777777777777775
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B. Base Case for Construction E, N0 = 7, L = 3, R = 3

266666666666666666666666666666666666666666666666

0000000
0000001
0000011
0000111
0001111
0001011
0001001
0001000
0001010
0001110
0000110
0010110
0110110
1110110
1010110
1000110
1001110
1011110
1111110
1101110
1100110
1100010
1101010
1111010
1011010
0011010
0111010

377777777777777777777777777777777777777777777777

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

0101010
0100010
0100110
0100100
0100000
0101000
0111000
0110000
0110100
0111100
0101100
0001100
0011100
0010100
0010000
0010010
0010011
0010001
0010101
0011101
0001101
0101101
0111101
0110101
0110001
0111001
0101001

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

0100001
0100101
0100111
0100011
0101011
0111011
0011011
1011011
1111011
1101011
1100011
1100111
1101111
1111111
1011111
1001111
1000111
1000011
1000001
1000101
1001101
1011101
1010101
1010001
1010011
1010010
1010000

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌

666666666666666666666666666666666666666666666664

1010100
1011100
1001100
1000100
1000000
1001000
1011000
1111000
1101000
1100000
1100100
1101100
1111100
1110100
1110000
1110010
1110011
1110001
1110101
1111101
1101101
1100101
1100001
1101001
1111001
1011001
0011001

777777777777777777777777777777777777777777777775
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