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On Zero Skip-Cost Generalized
Fractional-Repetition Codes
From Covering Designs

Wenjun Yu", Bo-Jun Yuan, and Moshe Schwartz, Fellow, IEEE

Abstract—We study generalized fractional repetition codes that
have zero skip cost, and which are based on covering designs.
We show that a zero skip cost is always attainable, perhaps
at a price of an expansion factor compared with the optimal
size of fractional repetition codes based on Steiner systems.
We provide three constructions, as well as show non-
constructively, that no expansion is needed for all codes based
on sufficiently large covering systems.

Index Terms—Error-correcting codes, fractional repetition
codes, covering designs.

I. INTRODUCTION

ISTRIBUTED storage systems (DSS) underpin large-

scale data analytics, cloud services, and archival plat-
forms. Because node failures are routine, ensuring reliability
while maintaining fast and resource-efficient repair has become
a central design challenge. This has led to the development of
coding schemes tailored for distributed settings, among which
fractional repetition (FR) codes [2] have played a particularly
influential role. The FR code is embedded within the DRESS
(Distributed Replication based Exact Simple Storage) archi-
tecture [2]. In this scheme, user information is first encoded
using an outer MDS code. The coded information is then
further coded using an inner FR code, which distributes copies
of the coded information across several nodes. These form a
class of exact minimum-bandwidth regenerating (MBR) code
for distributed storage system. FR codes offer low-complexity
uncoded repair of failed nodes, where a failed node can be
reconstructed purely through symbol transfer, without any
computation at helper nodes.
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Since constructions for MDS codes with flexible param-
eters are known, considerable effort has been devoted to
the construction of FR codes. A common strategy for the
latter is to base the construction on combinatorial designs
(e.g., [21], [6], [7]1, [12], [14], [15]). Among these, using Steiner
systems is perhaps the most popular. However, since only
few constructions of Steiner systems are known, and their
parameters are quite restrictive, it was recently suggested
to consider other designs [13], [16] resulting in generalized
fractional-repetition (GFR) codes. These developments retain
the simplicity of uncoded repair while supporting a much
wider range of system parameters.

When a node fails (called, node erasure), a small number
of helper nodes are contacted. These nodes transfer copies
of parts of the erased data, thereby recovering all of the
erased node. A key practical aspects of repair performance
in storage systems is the number of helper nodes. Practical
systems typically enforce limits on the number of helper
nodes contacted during repair, commonly referred to as
locality. Large cloud deployments such as Azure LRC-based
systems [5] demonstrate that restricting locality helps reduce
cross-rack traffic, avoid straggler-induced delays, and simplify
system coordination.

At the same time, repair performance is further affected
by the mechanism through which helper nodes retrieve the
required symbols from local storage. In many real deploy-
ments, including HDD based storage, sequential reads are
dramatically faster than random reads, and even slight mis-
alignment in symbol positions can lead to significant seek
overhead during repair. Thus, the order in which symbols
are stored becomes crucial [11]. When the required symbols
are scattered across different positions, the helper experiences
additional disk seeks. This behavior, captured by the skip cost,
directly influences repair time, bandwidth consumption, and
overall system efficiency. To illustrate, consider the simple
system represented by the array

121211
233432
A= 344554)°

565666

where each column represents a node and each row represents
a coded symbol index within that node. Suppose the system
enforces a locality parameter { = 2, meaning any failed
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node must be repaired using at most two helper nodes.
If Node 1:(1,2,3,5) fails, one valid repair option is to contact
helpers Node 3 and Node 6 such that Node 3 contributes
the symbols {3,5}, while Node 6 contributes {1,2}. Because
the two requested symbols in Node 3’s storage vector are
separated by one irrelevant symbol that needs to be skipped,
and two requested symbols in Node 6’s storage vector are
sequential, this repair incurs a skip cost of 1. Alternatively,
contacting helpers Node 5 and Node 6 results in both helpers
supplying consecutive symbols {3,5} and {1,2} in their stored
vector, respectively. This option has a zero skip cost. Thus,
designing a zero skip-cost storage system with a prescribed
locality requires that, for any single-node failure, there exists
a repair scheme involving the specified number of helpers, in
which every helper node performs a purely sequential, skip-
free read, thereby achieving the maximal I/O throughput with
minimal latency variability.

Chee et al. [1] defined the skip cost of the FR code, with
zero skip cost being the most desirable. They went on to
construct zero skip-cost FR codes based on Steiner quadruple
systems. Apart from this, no other non-trivial FR codes with
zero skip cost are known. In FR and GFR codes, helper
sets are determined by the underlying combinatorial design,
and locality therefore interacts directly with how symbols are
placed and read. As a result, minimizing skip cost must be
achieved within realistic locality constraints, rather than by
allowing arbitrarily many helpers.

These considerations have motivated the study of zero
skip cost FR and GFR codes, in which each helper reads
the required repair symbols in strictly consecutive posi-
tions. Existing constructions, however, rely almost entirely
on Steiner systems, and thus inherit their severe restrictions.
When Steiner systems are unavailable, which is the norm
for most parameter choices, these designs cannot be applied.
To overcome this limitation, this paper develops a general
and flexible framework for constructing zero skip-cost gen-
eralized fractional repetition codes based on covering designs,
which we call covering fractional repetition (CFR) codes.
Covering designs are known to exist for all parameters while
asymptotically approaching those of Steiner systems, as shown
by Radl [9].

The main contributions of this paper are as follows:
We construct CFR codes with zero skip cost. The zero skip
cost, however, comes at a price of potentially having more
nodes than an FR code based on a Steiner system of the
same parameters (if it were to exist in those parameters at all).
We call the ratio of obtained nodes to the (mostly unattainable)
number of nodes in a Steiner system, the expansion factor.
We show a trivial construction with asymptotic expansion
factor 2, and then a second construction with asymptotic
expansion factor 1. However, in finite cases, the expansion
factor of the second construction might be higher than that
of the first. We then provide a third more efficient construc-
tion for finite cases, improving upon the first two in many
cases. Finally, we show using a probabilistic non-constructive
argument, that for all sufficiently-large covering designs, no
expansion is required whatsoever in order to attain zero skip
cost.
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The paper is organized as follows. In Section II we give the
notation and rigorous definitions used throughout the paper.
Our constructions of CFR codes are described in Section III.
We conclude in Section IV with a short summary and open
questions.

II. PRELIMINARIES

For integers i < j, we define [i, j] = {i,i+ 1,..., j}, and for
v € N, we define [v] £ [1,v]. Given a set S, we denote by (i)
the set of all k-subsets of S, namely,

)

For any two positive integers, a and b, we let a mod b denote
the unique integer r € [b] such that r = a (mod b). Thus,

2{s'cs ¢ |s

=k}.

a= ((‘Z’] - 1)b+(am_odb).

We shall also use the notation {} to denote multisets, i.e., sets
with possibly repeated elements.

Throughout this paper we work over the alphabet [v], and
we consider the distributed storage system based on a k X N
array A € [v]**N with form A = (aV,...,a™), where a® €
[v]¥ is column vector of length k. In this framework, each
column of A represents a node. There are v symbols spread
among the N nodes such that the i-th node stores k symbols
in an ordered sequence a'”.

When some node j fails, the system repairs it by trans-
ferring symbols from other nodes. We consider repair by
transfer, also called uncoded repair [8]. The repair process
calls upon a set of nodes, called helper nodes, H C [N]\{j},
which depends on j. Each node & € HY transmits a subset
of its entries, R, back to node j such that the original
entries of j are all received, namely, |, RY is exactly
the set of entries in a'”. Since we would like to minimize
the bandwidth required for repairing, we further assume no
element is transmitted twice, which means that R® nR") = @,
for all h,¥ € HY, h # K. Another standard assumption
we make is that the repair process has locality ¢, which
means no more than ¢ helper nodes participate in the repair,
ie., [HYI< €.

At this point we would like to consider the skip cost
of the repair process. The concept was first introduced
by [1] as a measure of the repair-process performance. It is
motivated by storage devices that are more efficient reading
sequentially (e.g., HDDs and magnetic tapes) compared with
random access that requires skipping. More rigorously, the
mathematical framework is developed as follows.

Definition 1: Assume the distributed-storage code A, as
defined above, with locality ¢. Further assume that during a
repair process, node & € [N] transmits a subset of its contents,
R™_ where

h n (0 h
a® = (a(1 ),a(z),...,afc)),

RO = (., ...a),

l 5]
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for some 1 < i) < ...
defined in this case as

< iy < k. the skip cost for node h is

t—1
costR™ | a®) 2y ijy —ij— 1) =iy —iy = (t - 1).
j=1

We naturally extend this to the skip cost of repairing node j,

cost(a") £ min § cost(R™ | a™),
HO
heH D)

where the minimization is over all ways of finding a set of
helper nodes HY, |HY| < ¢, and assigning each & € H) a
transmission R”. Finally, the skip cost of the entire array is
defined by
cost(A) £ max cost(a).
JEIN]

Example 1: Consider a distributed-storage system based on
the following array,

121211
233432
A= 344554}

565666

and assume locality £ = 2.

If node 1 fails, there are some repair options. One option is
to contact nodes ’H(l') = {3, 6}, and have node 3 transmit {3, 5}
and node 6 transmit {1,2}. The skip cost of this option is

cost({3,5} | a®) + cost({1,2} | a®)=1+0=1.

We can alternatively contact nodes ’H,;l) = {5,6}, and have
node 5 transmit {3,5} and node 6 transmit {1,2}. The skip
cost of this option is

cost({3,5} | a®) + cost({1,2} | a®) =0+ 0= 0.

We naturally have
cost(a") =0,

since the skip cost is always non-negative and we already have
evidence of a repair process for node 1 with skip cost O.

We can summarize the lowest skip cost repair process for
each of the columns of A in the following table:

Column Repair Process Skip Cost
1 {1,2} from a©, {3,5} from a® 0
2 {2,3) from aV, {4, 6} from a© 0
3 {1, 3} from a®,{4,5} from a¥ 0
4  {2,4} from a©@,{5,6} from a® 0
5 {1,3} from a®,{5,6} from a® 0
6 {1,2} from aV, {4,6} from a® 0

Since all columns may be repaired with a skip cost of 0, we
can now say
cost(A) = 0.

To better understand the considerations in constructing A,
we recall the framework of fractional repetition codes. El
Rouayheb and Ramchandran [2] introduced the concept of a
DRESS (Distributed Replication-based Exact Simple Storage)
code, which consists of the concatenation of an outer MDS
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code and an inner fractional repetition (FR) code. In their
settingl, assume that k, N, v, p are positive integers satisfying

kN = vp. (1)

An (N,k,p)-FR code is a collection of N k-subsets of [v],
B,,B,,....By € ([Z]), such that each symbol of [v] appears
in exactly p subsets. For convenience, a k X N matrix A is
defined, whose i-th column, a®, contains the elements of B;
in some arbitrary order.

Several studies have suggested ways of constructing the
blocks Bjy,..., B, which define the FR code. Most of these
revolve around the use block designs, as these naturally contain
points and blocks as part of their definition. In some cases the
blocks of the system are used as is, while in some the transpose
design is used, where the role of points and blocks is reversed.
As examples we mention the use of Steiner systems in [1], [2],
[7], and [12], #-(v, k, A) designs in [15], and affine resolvable
designs [6], [7], [14].

The popularity of Steiner systems is shadowed by their rel-
ative rarity. The strict divisibility conditions required prohibit
many parameters, and the few constructions known provide
only Steiner systems with small parameters. However, in
[13] and [16], more flexible codes were suggested, called
generalized fractional repetition (GFR) codes, paving the way
to using other designs, such as covering designs, which are
the focus of this paper. To describe these codes, we first recall
the definition of covering designs.

Definition 2: Let t < k < v be positive integers. A (,k,v)
covering design is the pair (X, B), where X = [v] (the points)
and a multiset B = {By,..., By} C (§) (the blocks), such that
any t-subset of points T € ()f) is contained in at least one
block.

This definition generalizes the notion of (#,k,v) Steiner
systems, which require that any 7-subset is contained in exactly
one block.

Assume (X, B) is a (t,k,v) covering design. Let us then
define (V_s)

A \I-=§

Ts = sy
(=)
for all s € [f]. If we are given an s-subset, S € (%), we use
rs to denote the number of blocks containing S. By standard

counting techniques (e.g., see [10]), we have
o> ), 3)

(=)
For (t,k,v) Steiner systems, (3) holds with equality. Since
k<v,

2

">r[_1>r[. (4)

Additionally, the number of blocks satisfies,

1B > Q 5)
()
and once again, this is attained with equality for Steiner
systems.

'We use different letters than [2] for the code parameters, to better align
with the common notation in design theory.
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Let us now define GFR codes based on covering designs.

Definition 3: Let (X,B) be a (t,k,v) covering design with
blocks B = {By,...,B,}. A covering fractional repetition
(CFR) code with parameters (N = |B|,k,p), is a k X N array
A € [vI**¥ whose columns are the blocks of B in some order.
Each symbol of [v] appears in at least p columns of A.

Thus, a CFR code is just the blocks of a covering design
written as columns of an array. The order of the columns does
not matter. Within each column we may choose to order the
block elements in any way we want, however, this crucially
determines the skip cost of the code.

The main relaxation of CFR codes, compared with FR
codes, is that not every symbol of [v] appears the same number
of times in the array .4. We can always safely assume p from
Definition 3 is at least r; from (2). If we denote by p, the
number of time a € [v] appears in A, then we have

kN =" pa,

ac(v]

which reduces to (1) when all the p, are equal. Thus, each
node contains exactly k£ symbols, and each symbol a € [v]
appears in p, nodes. We comment that [13], [16] study the
transpose design, resulting in each symbol in [v] appearing
the same number of times, but nodes may contain a different
number of symbols.

Finally, we recall R6dl’s proof of the existence of good
covering designs [9]:

Lemma 1 [9]: For all positive integers ¢ < k < v, there exist
(t,k,v) covering designs (X, B), with size
0y o,
()
when ¢ and k are constants, and v — oo.

Lemma 1 shows that it is possible to build covering designs
whose number of blocks approaches that of Steiner systems,
even in parameters where no Steiner systems exist.

1B =

III. CONSTRUCTIONS OF ZERO SKIP-COST CFR CODES

The goal of this section is to construct CFR codes with
zero skip cost. As we show shortly, this is always possible
in a trivial way—simply repeat columns in the CFR code.
However, we would also like to minimize the number of
columns in the CFR code, a notion we shall also formal-
ize as the expansion factor. Another simple construction
we present gives an asymptotic optimal expansion factor,
but poor expansion factor for many practical parameters.
We then present a more elaborate construction which signifi-
cantly reduces the expansion factor. We conclude by showing,
using the probabilistic method, that in fact almost all orderings
of covering designs have zero skip cost, and no expansion is
needed. This, unfortunately, is not a constructive proof.

We first ask ourselves what is the locality restriction. Par-
ticularly, since lower locality is better, we shall determine the
minimum locality we can guarantee given just the parameters
of the covering design used to construct the CFR code. To that
end we first define a set of desired design parameters.
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Definition 4: Let (X,B) be a (t,k,v) covering design.
We say it is properly local if

v—t+1 S k 1
-1 = > .
L P -1

Lemma 2: Let A € [vI**N be a CFR code based on
a properly local (t,k,v) covering design (X,B). Then the
minimum locality of A satisfies

k
fmin< - 1 |-
=

Proof: Let us define

(6)

g2 (—Ikl—‘,rékﬁ(t—l).

Assume a column of A is erased containing the elements of the

block {xi,...,x;}. We partition these elements into g disjoint
sets

StE{xn . nxa)l S E X Lol

Sq = AXGg=D=1D)+15 - - > Xk}

all of size r—1, except perhaps the last set of size r. We choose
the helper nodes iteratively. In the first round, by (2) and (3),
S'1 is contained in

-t+1
7‘51—127‘,1—12’7%—‘—1

distinct non-erased columns of .A. We choose one arbitrarily
as a helper node. In the second round, once again, we have
rs, — 1 > r_; — 1 non-erased columns containing S,. If a
previously chosen helper node is in this set, we remove it, and
choose a helper node for recovering S, from the remaining
ones. We keep this process until reaching S,, which by (4)
also satisfies rs, =1 2 r - 1L Since we have a total of
q iterations, and since the covering design is properly local
(hence r,—; — 1 > g by (6)), there is at least one column we
can choose as a helper node in each iteration. This results in
locality g, proving the claim on the minimum locality. [
Following Lemma 2, we shall consider only properly local
covering designs, and analyze the skip cost of CFR codes
based on them using the restriction on the locality to be

“[4)

We comment that restricting ourselves to properly local cover-
ing designs is a very mild restriction, since all (v, ¢, k) covering
designs with v > t’i—zl are properly local, and increasing v for
any constant ¢t and k is possible by Lemma 1.

The first construction we describe is completely trivial, serv-
ing only the purpose of providing a baseline, and motivating
the definition of the expansion factor. To describe it, we define
the following notation: for any multiset, S, and an integer
n € N, we denote by n - S the multiset that contains n copies
of each of the elements of §.

Construction 1: Let (X, B) be a properly local (t, k,v) cov-
ering design. We construct the CFR code, A, whose columns
are the blocks of (X,2 - 3), in some arbitrary order.
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Theorem 1: Let A be the CFR code from Construction 1.
Then it is a (2|B|,k,r),-CFR code with locality 1 and
cost(A) = 0, where ry is given in (2).

Proof: We first note that if (X,5) is a (¢,k,v) covering
design, then (X,2 - B) is also a (7, k, v) covering design. Thus,
the parameters of A follow by definition. If a node is erased,
we can recover all of its contents by reading its copy. This
immediately gives us locality 1 and skip cost 0. [ |

Construction 1 is indeed trivial. It also seems quite wasteful,
since we simply have repeated nodes. One might therefore
ask, given k, p, and v (or alternatively, given ¢, k, and v),
what is the smallest N for which an (N, k, p),-CFR code exists.
We observe that (5) gives a lower bound, which inspires the
following definition:

Definition 5: Let A be an (N, k, p),-CFR code based on a
(t,k,v) covering design. The expansion factor of A is defined
as

N
A2 ——.
ROV

We have &(A) > 1 for all CFR codes, and we would
obviously like to have &£(A) as low as possible.

Corollary 1: For any fixed 1 <t <k, there exists an infinite
sequence of integers, k < v; < v, < ---, such that there are
CFR codes, A4;, with parameters (N,-,k, (VI__ l') / (]:::))v locality
¢ =1, with cost(A4;) =0 and

lim £(A;) = 2.

Proof: By Lemma 1, there exists a sequence of (t,k,v;)
covering design, (X;, BB;), for which

Jim /21 _

: Vi K\

= (1)/6)
The claimed result then follows by using Construction 1 on
this sequence. [ ]

Having constructed zero skip-cost CFR codes with asymp-
totic expansion factor of 2, we turn to show a construction
with an asymptotic expansion factor of 1. Unlike the previous
construction, this time we shall have to be more specific
regarding the ordering of elements in columns.

Construction 2: Let (X,B) be a properly local (t,k,v)
covering design, 2 < t < k, and let (X,B’) be a (t — 1,k,v)
covering design. Define r = k mod (¢ — 1).

If r=r—1 or r =1, we construct the CFR code, A, whose
columns are the blocks of (X,B8U (tfl) - B’) arranged in the
following order:

e Blocks from B appear in some arbitrary order.

e Each block of B’ is written in ([fl) columns, where each
possible (t — 1)-subset of the block appears contiguously
as the first # — 1 elements in one of the (Ifl) copies.

If 2 < r € t-2, we construct the CFR code, A,

whose columns are the blocks of (X, BU (:1) -BU (’;) -B)
arranged in the following order:

e Blocks from B appear in some arbitrary order.

e Each block of B’ is written in (:1) columns, where each
possible (t — 1)-subset of the block appears contiguously
as the first 7 — 1 elements in one of the (,*,) copies.
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e Each block of B’ is written in (';) columns, where each
possible r-subset of the block appears contiguously as the
first  elements in one of the (]f) copies.

Theorem 2: Let A be the CFR code from Construction 2.

Define

LB+ (B r=1,0-1,
B+ ((5)+ () 1B 2<r<i-2.

Then A is a (N, k, r1),-CFR code with locality € = [k/(t — 1)]
and cost(A) = 0, where ry is given in (2).

Proof: The number of columns and rows in 4 is immediate
by construction. Since (X,B) is a (t,k,v) covering design,
adding the copies of blocks from B’ does not change that
fact. Thus, p = r; is guaranteed by (2). The locality is then
guaranteed by Lemma 2.

Finally, we examine the skip cost of 4. Assume a column
is erased. If that column comes from a block of /3’, then there
are at least (tfl) > 2 copies of it. By reading a non-erased
copy we can recover the column easily. If the erased column
comes from a block of B, assume its contents is {x1, X2, . .., Xx}.
Partition this set into ¢ sets, Py, P», ..., Py, of size t — 1 each,
except perhaps the last one of size r. For each i € [£— 1], find
a block in B’ that contains P;. Then find a column containing
this block with the elements of P; being the first |P;| elements,
and read those elements from the column at zero skip cost.
For i = ¢, if r = t— 1, then the same argument may be used. If
r = 1, then reading a single element always has zero skip cost.
Otherwise, if 2 < r < t—2, find a block of B’ containing the r
elements of P,, and then a column containing this block with
the first r elements being those of P,, and read them. Overall,
different i result in different accessed columns. The total skip
cost is therefore 0. [

Corollary 2: For any fixed 2 < t < k, there exists an infinite
sequence of integers, k < v; < vy < ---, such that there are
CFR codes, A;, with parameters (N;, k, ("'~ 11) / (]:11))»'," locality
¢ =Tk/(t - 1)], with cost(A4;) =0 and

lim £(A;) = 1.

Proof: By Lemma 1, there exists a sequence of (t,k,v;)
covering designs, (X;,55;), and a sequence of (¢t — 1,k,v;)
covering designs, (X;, B), with

() ()

1Bl = ~£=(1 + o(1)), |B'| = 725 (1 + o(1)). )

(r) (rfl)

Since t and k are constants, we have

1B = ©()( + o(1)), |B'| = ;)1 + o(1)),

implying that

1B’ = o(IB)). ®)
We apply Construction 2 to the pairs (X;, B;) and (X;, BY).
If r = 1,t — 1, by Theorem 2 we obtain a sequence
of (IBil + (,%,)IB}l.k,r)-CFR codes, A;. By combining (7)
and (8), we have

B; k)18
lim £(A;) = lim M -1
1—00 i—00 (;)/(I)
If 2 < r<t-2 asimilar argument applies. -
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While Construction 2 attains an expansion factor of 1, it
does so only asymptotically. Thus, for many practical values
its performance is inferior to the trivial Construction 1, as the
following example illustrates.

Example 2: Consider the parameters (¢,k,v) = (5,6,12).
In order to use Construction 2, we consult the online database
of covering designs [3], finding a (5,6, 12) covering design
(X, B) with |B| = 132 blocks, and a (4,6, 12) covering design
(X, B’) with |B’| = 41 blocks. Using Construction 2, we obtain
a CFR code, A, with parameters (N = 1362,k =5, p = 66)15.
For this CFR code, the expansion factor is

£y = 02
(5)/6)
However, a straightforward use of the (5,6,12) covering
design, (X, B), with Construction 1, results in a CFR code,
A\, with parameters (N = 264,k = 5,p = 66), for which we
get a much lower expansion factor
264
A= ——==2
RN

Motivated by this example, we provide a more elaborate
construction of CFR codes. It is based on a method for
constructing covering designs from other covering designs
that is inspired by the doubling construction of Steiner
quadruple systems of Hanani [4] used in [1] to get a zero
skip-cost FR code. While the construction almost never
results in an optimal asymptotic expansion factor, it out-
performs Construction 1 and Construction 2 for many practical
values.

Before proceeding, we introduce the following notation.
For any vector x = (x,...,x;) € [v]* and any a € [v], we
denote

~ 10.32.

Ixl, = [li € [k] @ x; = al
the number of coordinates of x containing a.

Construction 3: Let (X,B) be a properly local (t,k,v)
covering design, X = [v], B C Cf) Define
= k = kmod (r—1)
= — | r= — .
=17

We construct a design (X*, B*), with X* = [v*], B*
where v* = gv, in the following way.

N
—
-
N—

We first define three index sets:

I = {iE[CI]k sl lilg) =
{r,t_l,--'9t_1}}’
~————
q—l
L= {ie[CI]k FAlihs i) =
{()’t_lJrr,t—l,...,t—l}}’
N————
q-2
L {ie[CI]k Al i) =
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{mt—1+r—-mit—1,...,t—1},
&*f_-/

t
r+1<m<{—J}.
q

Given an integer x € X = [v], and an integer i € [¢g], we define

q-2

(x,i)Zx+(G-1DveX =[]

Similarly, for U € X = [v], we define the translation of U by
(i—1)v as
W, i) = {u, i) [v'].

We then define four sets of blocks:

cuelUlc X =

q-1
X U
B, £ {U(U,i,)u(\/,i,,) : Ue (I_ 1),V€ (r)
j=1
{it. . ig) = [q]},
q-2
B, = (U i) u(V,ig)u (W, i)
j=1
UE(X),VG(U),WE( v )
t—1 m t—14+r—-m
{it,..ig} =lgl,r+1<m< E]J}
X*
B3={{x1,...,xk}€(k)
{xlm_odv,...,ka_odv}eb’,
X1 Xk
(5] H)G’IU%
X*
845{{)(?1,...,)6](}6(1{)

{xi modv,...,x, mod v} € B,
X1 Xk
— |, — L.
(’V v -‘ ’ { V -I) € 3}
The entire block set, 5* is then defined by

B U Bs, L5J<r<t—l,
BiUBy U B3 U By, 1<r<LéJ—l.

Finally, we construct the CFR code, .4, by writing the blocks
of B* in columns, where the numbers in each column appear
in ascending order.

Theorem 3: Assume the setting of Construction 3. Then
(X*,B*) is a (t,k,qv) covering design. Additionally,

at,IBI+ (")) r=t-1,
owBl+a(7)("). |t <r<i-2

e3(t, 1B+ q(7) () +
LL)
> a@- D))

m=rt1
(f—lt-l_-}’—m) (rrl)’ 1<r< LéJ -1,

1B*| = (10)
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where
| !
it k) = (;_k—wq +4q(q - 1)(2t _ 2)!];' EENTEL
oot k) = q#ﬂ‘
!
LAy rf!kt - D2’

cs(t, k) = oo(t, k)+

Lg)
" K
9= l)m;1 mi—1+r—mia-nuz D

Proof: By construction, |X*| = v = gv, and B* C ()i)
Additionally, |B*| follows directly from the construction by
straightforward counting. To show that (X*, B*) is a (t,k, qv)
covering design, it remains to prove that any t-subset, T €
(*') is contained in at least one block of B*. Consider such
a t-subset, T = {y1,y2,...,V} € (X[), and for all j € [1], write

)Cj :yijdV,ij = |V}l—| .
v
o)
y;= (xj,ij), with x; € X = [v],i; € [g].

For convenience, we denote i = (iy,..
between two cases.

Case 1: Assume [{x,..., x;}| = t. In this case, since (X, B) is
a (t,k,v) covering design, there exists a block {x,...,x;} € B
that contains xi,..., x;,. Our strategy in this case is to show
that there must exist a vector i* = (i1,...,ix) € [ UL U3
whose prefix is i, and define,

T 2 {(x1, 1) s oo (X0 0D} -
It would then follow that T € T* € B3 U B4, implying,

depending on the parameter range, that 7' € B*. We distinguish
between the following sub-cases.

If |{iy, ..., i}] < g — 1, then there exists i* € I, whose prefix

. Ir). We distinguish

is i. Then T C T* € B; C B*. Otherwise, {iy,...,i;} = [¢]. Let
m be the smallest multiplicity in iy, ..., I, i.e.,
m = minli|, . (12)
aglq]
Obviously,
t
. H | (13)
q

If 1 < m < r, then we can find i* € I} whose prefix is i,
and so T C T* € B3 C B*. Otherwise, we have r + 1 < m <
L], implying we are in the construction case of 1 < r <
L;]J — 1. We can then find i* € I3 whose prefix is i, and so
T CT*eB,C B

Case 2: Assume [{xq,...,x;}| <t — 1. In this case, we will
show that T € B; UB,, depending on the parameter range, and
therefore, T € B*. We define m as in (12), and therefore (13)
holds as well. If 1 < m < r, then by construction, T € B,
and therefore T € B*. Otherwise, we have r +1 < m < I_éj,
implying we are in the construction case of 1 < r < [£]—-1.
By construction, we then have T € 3,, implying T € 5. =

Theorem 4: Let A be the CFR code from Construction 3.
Then it is a (B°L.k (97)/(7})),,-CFR code with locality

t—1 t—1
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¢ = [k/(t — 1)] and cost(A) = 0, where |B*| is given in
Theorem 3.

Proof: By Theorem 3, (X*, B*) is a covering design, which
immediately (together with Lemma 2) settles all of the claimed
parameters, except for the zero skip cost. To prove the latter,
assume a column of A is erased, which contains the elements
of a block E € B*. We show how to recover the erased column
with zero skip cost. We distinguish between several cases:

Case 1: E € B;. W.lLo.g., assume

q-1
E=|JwW.puv.qg,

J=1

for some U = {uy,...,ur—1} € (%)) and V = {u1,...,u,}. Since
(X,B) is a (t,k,v) covering design, there exist at least r,_;
distinct blocks containing U. Since the design is properly local,
by (6), r—1 > g. We therefore denote by By,..., B, € B, a list
of g distinct blocks containing U. We now use these blocks
to find blocks in B*.

For all i € [¢q — 1], denote the elements of B; as B; =
{ur, ... te1,Yis - .- vik}. We consider the set

Bj = {<M1, l> R <Mt71s l> s (yi,t’ ji,t) PR <Yi,k’ ji,k)} >

such that (i,...,4, jis,..., jix) € I;. In particular, note that
Jia # 1 for all a. Thus, when the elements of B; are
sorted, (uy,i),...,{u;—1,i) appear consecutively. Additionally,
by construction, B} € Bs.

Similarly, for i = g, denote the elements of B, as B, =

{1, .. U, Ygrt1s--»Yqk)- We consider the set

B; = {(ul’q>’ MRS <Mra q) ,<yq,r+lajq,r+l), MRS} (}’q,k, j(],k)} b

such that (q,...,q, jor+1,---Jgr) € I1 and j,, # q for all a.
Again, when the elements of B; are sorted, {u1,q),...,{Ur, q)
appear consecutively, and By € Bs.

The distinctness of By,..., B, implies the distinctness of
Bi,.. .,B;. We then recover (U, i) from B}, for all i € [ — 1],
and (V, g) from BZ‘]. This is done with zero skip cost.

Case 2: E € B;. W.lo.g., assume

q-2
E=\JW, puv.q-1Huw.g),
j=1
for some U = {uy,...,u—1} € (X)) and V e (V), W e (t_lfr_m),

and some r + 1 < m < |£]. This case is handled just like
Case 1, with the two smaller sets, (V,q — 1) and (W,q),
receiving the same treatment as (V, g) in Case 1.

Case 3: E = {(x1,01)5 .o o (Xpy Ip)) € 83 and i = (i1,. .., 0p) €
I,. Thus, we can write E = U§:1<Ui, a;), with U; € (zl) for
all i € [g—1], and U, € (’f) Additionally, the sets U, are
pairwise disjoint.

For each i € [¢ — 1], we pick an arbitrary V; € (V), an
arbitrary b; € [¢] \ {a;}, and consider the set

B = |J Wipu(vibj)eB.
Jelg\{bi}
For i = g, we pick an arbitrary V € (,*)) such that U, C V,
and consider the set
By= ) (V.j)u(Ugag)eB.

Jelg\tag)

Authorized licensed use limited to: McMaster University. Downloaded on April 01,2026 at 16:57:05 UTC from IEEE Xplore. Restrictions apply.



2130

The sets B}, i € [q] are clearly distinct, since the sets U;
are pairwise disjoint. For each i € [¢g], we further have that
(Uj,a;) € B}, and when the elements of B} are sorted, the
elements of (U, a;) appear contiguously. Therefore, £ may be
recovered with zero skip cost.

Case 4: E = {(xl,i1>,. . .,(Xk,ik>} S 83 and i = (iy, .. .,ik) €
L. Thus, we can write E = | JZ(U;, ), with U; € (X)) for
all i € [q—2],and U,_; € (f_l +r). Additionally, the sets U;
are pairwise disjoint. We arbitrarily partition U,_; into two
sets, U(’I_l,U(’I C Uy, U’ G VU, = Ugpa, U:I U, =0,
IU;_II =t—1, and |U’| = r We similarly define aq | = aq
agy-1. The remamder of the proof for this case is the same
as Case 3, where instead of Uy,...,U, and ay,...,a, we use
Ui,..,Us, Uq 1> Uy and ay, .. .,aq,z,a’qfl,a;.

Case 5: E = {(xl,zl) o {Xk, Ix)} € By. Thus, we can write
E = %L (Ui, @), with U,- e (X)) forallie[g-21, Upy € (Y),
and U, € ([_1fr_m), for some r+1 < m < | |. Additionally, the
sets U; are pairwise disjoint. The proof for this case follows
the exact same logic as the proof of Case 3. The g — 2 sets,
Ui, ..., U,, receive the same treatment as their equivalent in
Case 3. The two smaller sets, U,_; and U,, receive the same
treatment as the small set U, in Case 3. [ |

Example 3: Let (X,B) be a (3,4,5) covering design with

four blocks:

B=1{{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,3,4,5}}.

We apply Construction 3 to this design. In this case, g = 2
and r = 2. During the construction we obtain the following
blocks:

o The set B; contains the following 10 blocks:
{1,2,6,7},{1,3,6,8}{1,4,6,9},{1,5,6, 10},

{2,3,7,8},{2,4,7,9},(2,5,7, 1043, 4,8, 9},
{3,5,8,10}{4,5,9, 10}.

e The set B3 contains the following 24 blocks resulting
from index vectors from I;:

index blocks
(1,1,2,2){1,2,8,9},

{1,2,8,10}{1,2,9, 10},
0},

,3,7,9), {1,3,7,101,{1,4,7,10},
0},
hoALS5, 7,8},

(1,2,1,2)

£l

(1,2,2,1) {1,5,7,9},

s Iy

9

1

8

9}

,9), {2,3,6,10},{2,4,6,10},
1
8
9

2.1,1,2)

)

0},

)

(2,1,2,1) » {2,5,6,8}, {2,5,6,9},

s Yy

3,9,1
3,7
4,8
4,7
,5,8
3,6
4,6
4,6
5,6

s Vs

{1,
{
{
{
{
{
{
{
{
{
(2,2,1,1){3,4,6,7}, {3,5,6,7}, {4,5,6,7},

{4,

}
}
}
.8}

o The set 35 contains the following 8 blocks resulting from
index vectors from I5:

index blocks
(1,1,1,1){1,2,3,4},
{1,3, 4 5},
{6,7,8,9},
{6, 8, 9 10}.

{1,2,3,5}, {1,2,4,5},

2,2,2,2) {6,7,8,10},{6,7,9, 10},
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TABLE I

THE ASYMPTOTIC EXPANSION FACTOR OF CFR CODES RESULTING
FROM CONSTRUCTION 3 AND COROLLARY 3

(t, k) | (3,4 (4,5) (4,6) (5,6) (5,7)
1 % I 1 g
(t,k) | (5,8) (6,7 (6,8) (6,9) (6,10)
{ % % % 13227 13227

All the blocks together form a (3,4, 10) covering design
with 42 blocks. Writing the blocks as the columns of
a 4 x 42 matrix we obtain

A = (AI,A2)3

where

111122233411111111111
234534545522233344455
666677788988997778777 |’
789089090090009000889

Ay

and

122232223334411116666
A = 533444555455522237778
27| 866666666666633448899 |

990008899777845559000

(where 10 is written as O to maintain a condensed presenta-
tion). The matrix A is a (42,4, 12);9-CFR code with zero skip
cost.

Corollary 3: For any fixed 2 < t < k, there exists an infinite
sequence of integers, k < v; < v, < ---, such that there
are CFR codes, A;, with parameters (N;,k, (%" "/ (k_l))qv,.’

t—1

locality ¢ = [k/(¢t — 1)], with cost(A4;) = 0 and
ctk), r=t-1,

lim £(A) = ql ok, |t <r<i-2,

ek, 1<r< m -1,

where ¢ and r are defined in (9), and ¢ (z, k), c2(¢, k) and c3(t, k)
are defined in (11).

Proof: By Lemma 1, there exists a sequence of (t,k,v;)
covering designs, (X;, B;), with

k
()
We apply Construction 3, which by Theorem 4 gives us a

sequence of (IB;],k, (7}")/ (];:f))-CFR codes, A;, and where
|B*| is given by (10) and (11). We therefore have

B 1B

Vi K v k
== )0 = @0
which proves our claim since the first fraction tends to %, and
by (10) and (11), the second tends to c;(t,k), j € {1,2,3},
where j is determined by the parameters ranges. [

Some examples of the asymptotic expansion factor result-
ing from Construction 3 are provided in Table I. We note

that generally, the asymptotic expansion factor guaranteed
by Construction 3 is worse (i.e., higher) than that of

1Bl = —- (1 + o(1)).

|B;
1Bil

hm E(A) =
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TABLE I
SOME BEST KNOWN SI1ZES OF COVERING DESIGNS FROM [3]

Y167 8 910 11 12 13

| T 6 12 30 50 100 132 245

12 14 16 18 20 22 24 26

)
,6) 132 371 808 1530 2800 4659 7084 11544
6) 40 80 152 236 382 580 784 1152

TABLE III

THE EXPANSION FACTOR OF CFR CODES FROM (5, 6,v)
COVERING DESIGNS USING CONSTRUCTIONS 1, 2,
AND 3 WITH DESIGNS FROM TABLE II

v 12 14 16 18 20 22 24 26
Construction 1 2.00 2.22 2.22 2.14 2.17 2.12 2.00 2.11
Construction 2 | 10.32 8.30 7.37 6.03 5.52 5.03 4.32 4.21
Construction 3 1.61 1.83 1.68 1.73 1.59 1.63 1.43 1.50

Construction 2. However, in the non-asymptotic regime,
Construction 3 may significantly outperform Construction 2.
As example, we consider CFR codes from (5, 6,v) covering
designs for even values of 12 < v < 26. For the constructions
we use the smallest known covering designs parameters given
in [3], summarized in Table II. The resulting expansion factors
from Constructions 1, 2, and 3, are summarized in Table III.

We conclude this section by showing that, for all sufficiently
large v, any (t, k,v) covering design may be directly placed as
the columns of a CFR code with zero skip cost. This will create
a CFR code with the optimal expansion factor. However, the
claim is proved using the probabilistic method, and is therefore
non-constructive.

Theorem 5: Fix integers 2 < t < k. Then for all sufficiently
large v, any (t, k,v) covering design, (X, B), can create a CFR
code A, whose columns are the blocks of 55, with locality
¢ =[k/(t — 1)], such that cost(A) = 0.

Proof: Let us define

gz LLJ ,r2kmod(r—1),N £ |B|.
Observe that for sufficiently large v the covering design is
properly local. We further note that we can assume B is a set
and not a multiset, i.e., there are no repeated blocks. Indeed,
if a column with a duplicate is erased, we can recover it by
reading the duplicate. Thus, for the sake of the analysis to
follow we remove duplicates of columns. In particular, this
implies we may assume

(14)

We place the N blocks of 5 in a kx N array, A randomly: for
each block B; = {x;,..., X;x}, independently of other blocks,
we randomly and uniformly choose a permutation o € Sy, (the
set of permutations over [k]), and place the elements in the
column of A in the order x;.,q),..., X By showing that,
with positive probability, all columns of .4 may be recovered
with zero skip cost, we will deduce the claim.
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Consider column i of A, corresponding to the block
B; = {xi1,..,xix} € B. We further partition B; into
q sets, each of size t — 1, except perhaps the last one of
size r:

Biy = {xi1,.. o Xis—1} Big = {Xigs oo X2} - - -5
Bi g = {Xig-na-1)s - - » Xik}-
For each j € [g], there exist at least r,_; = Z:;ﬂ blocks of B

that contain B; ;. Thus, we can find ¢ pair-wise disjoint sets of
blocks, Hii,. .., Hig € B\ {B;}, such that for all j € [g], and
all H € H;;, we have B;; C H, and

-1 v—k
|H""|‘L g J‘Lz(k—wnj'

For all sufficiently large v we therefore have [H; ;| > 1.

Consider a set B;; and a column made of the elements
of H, such that B;; € H. For now, assume |B;;| = t — 1.
Out of the k! possible arrangements of the elements of H
in the column, exactly (k — ¢+ 2)(t — DItk — ¢t + 1)! =
(t — D!(k — 1+ 2)! of them contain the elements of B;; in a
contiguous block, thus allowing their retrieval with zero skip
cost.

Let us denote by E;; the event that B;; may be recovered
with zero skip cost. Then

(l _ 1)'(/{ —t+ 2)' Lov—=k)/q(k—=141)]
Pr [E,‘J‘] >1- (1 - !

since we have at least |r,_;/q] columns in H;; containing the
elements of B;;. Returning to our assumption, if 1 < B;; <
t—1, then it is easily checked that (15) holds as well. We now
conveniently denote

., (15)

- Dk —t+2)!
- k!
arx < 1 is a constant (depending on ¢

A k =1
and note that 0 <
and k). Then .

Bk = 0’,2}2
also is a constant that satisfies 0 < S, < 1. We can now
develop (15) to get

f— Dk — ¢+ 1\ LR gtk=1+D)]
Pf[Ei,j]>l—(l—( )(k' + ))

>1-B

since for all large enough v we have |(v—k)/q(k—t+1)] > #

Let E; be the event that column i of A, corresponding to
block B;, may be recovered with zero skip cost. Using (16),
we have

(16)

@ G )
PrlE] > (1-81)" > 1 - B (17)

where (a) holds since the sets H;; are pair-wise disjoint, and
so their columns are statistically independent, and (b) follows
from Bernoulli’s inequality (1 — x)* > 1 — ax for any real
x€e[0,1]and a > 1.

We now have

Pricost(A) =0]=Pr| (| E | =1-Pr| | JE

i€[N] i€[N]
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(@)
>1-

> Pe[E] 21 ~ NgB!,

i[N]

(o) [

>1-v qﬁ[,k’

where (a) follows from the union bound, (b) follows from
(17), and (c) follows from (14). We now crucially note that g,
t, k and f3,; are constants. Thus, v*g grows polynomially in v,
whereas B, vanishes exponentially. Thus, for all sufficiently
large v we have

Pr[cost(A) = 0] > 0,

and a CFR code with zero skip cost exists as claimed. [ |

IV. CONCLUSION

In this work we studied constructions of fractional-repetition
codes based on covering designs (CFR codes). We additionally
required the codes to have zero skip cost when recovering
from a column erasure. We showed this is always attainable,
though at a price: we may need to increase the number of
columns with respect to the optimal number determined by
Steiner systems. We called this price the expansion factor.

We showed how zero skip cost CFR codes with
asymptotic expansion factor 2 and 1 are constructed
(Constructions 1 and 2). However, until reaching this asymp-
tote, another construction we presented obtained a lower
expansion factor (Construction 3).

Another interesting problem concerns the skip cost. Con-
sider a CFR system .4 with N nodes and a set of blocks
{A;} specifying the symbol distribution, and let S ; denote the
symbols stored in node j. The problem is to determine a
permutation 7; of the symbols within each node such that the
worst case skip cost cost(A) is minimized during the repair
process. Although we have shown that any covering design
can, in principle, be arranged in a CFR code to achieve zero
skip cost, the proof is non-constructive (Theorem 5). Several
open questions remain, the most important being: is it possible
to efficiently find the permutation guaranteed by Theorem 57 If
this is computationally hard, can one design a construction that
improves upon Construction 3 in the non-asymptotic regime?
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