Logic Design

Synchronous Sequential Circuits



Introduction

« Combinational circuits: value of each output depends only on
the values of inputs

* Sequential Circuits: values of outputs depend on 1nputs and
past behavior of the circuit

* In most cases a clock 1s used to control the operation of a
sequential circuit

» These circuits are called synchronous sequential circuits
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* Synchronous sequential circuits are realized using
combinational logic an done or more flip-flops

 State: the value of outputs of flip-flops

* Under the control of clock signal, flip-flop outputs change
their state as determined by the combinational logic

W Combinational o] Flip-flops . (oml_)maponal
circuit Q circuit

T

Clock

McMaster Figure 8.1. The general form of a sequential circuit.
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* To ensure that only one transition from one state to another
takes place during one clock cycle, flip-flops are edge-
triggered

* Outputs are generated by another combinational circuit and
are function of present state of the flip-flops and the inputs

* Qutputs do not necessarily have to depend directly on the
inputs

* Moore type: the output depends only on the state of the circuit

* Mealy type: outputs depend on both the sate and the inputs

* Sequential circuits are also called finite state machines (FSM)
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Design Example

* Design a circuit that:
— Has one input (w) and one output (z)
— All changes occur on the positive edge of the clock

— Output z 1s equal to 1 if during the two immediately preceding clock
cycles the input w was equal to 1. Otherwise z is equal to O.

Clockcycle: th 1 tb t3 ty ts tg t7 tg to ftyo
w: 0 1 0 1 1 0 1 1 1 0 1
Z 0O 0 0 0 0 1 0 0 1 1 0

Figure 8.2. Sequences of input and output signals.
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Design Example

* First step 1n designing a FSM: determine how many states are
needed and which transitions are possible from one state to
another

* No set procedure for this task

* A good way i1s select a starting state (a state that the circuit
enters when the power 1s turned on or a reset signal 1s applied

« Starting state A
* Aslong as w 1s 0, the circuit should remain in A

* When w becomes 1, the machine should move to a different
state (B)
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State Diagram

Figure 8.3. State diagram of a simple sequential circuit.
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State Table

Present Next state Output
state 1y, =0 w=1 z
A A B 0
B A C 0
C A C 1

Figure 8.4. State table for the sequential circuit in Figure 8.3.
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Design Example

* When implemented 1n logic circuits, each state 1s represented
by a particular valuation (combination) of state variables

« Each state variable may be implemented in the form of a flip-
flop

 Since there are three states in this example, two state variables
are sufficient: y, and y,
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Design Example

|- 4

Y )

Yy ! !
Combinational > Combinational -
circuit circuit N

-
Y> vV
- - = : 4
>
Clock

Figure 8.5. A general sequential circuit with input w, output z,
and two state flip-flops.
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Design Example

* We need to design a combinational circuit with inputs w, y1
and y2 such that for all valuations of these signalsY1 and Y2
will cause the machine to move to the next state

* We create a truth table by assigning specific valuation of
variables y1 and y2 to each state

Next state
Present

state w =0 w =1 | Qutput
vy | To¥y o YoT,
c 10 00 10 1

11 dd dd d

McMaste

Universiv ma Figure 8.6. State-assigned table for the sequential circuit in Figure 8.4.
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Design Example

* Choice of flip-flop:

* Most straightforward choice 1s to use D flip-flops because the
values of Y1 and Y2 are simply clocked into the flip-flops to
become the new values of yl and y2
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Design Example

Ignoring don't cares Using don't cares

00 01 11 10

0 0 0 d 0

Y, = wy Yy + wy Vs Y, = wy +wy,

1 0 @@@ ’ ! ‘. = wi \'l’,\":»‘)

(R}
]
Al
—
T
(B}
]
-

ta
ra

McM Figure 8.7. Derivation of logic expressions for the sequential circuit in
NIC IV

Univer: Figurc 8.6.
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Design Example

D

Y.
ﬁ ZDQ)’Z 5

Y,
" ﬁj 1 D Q X
> Q—‘

Figure 8.8. Final implementation of the sequential circuit derived
]'1\1&’1’ in Figure 8.7.
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Design Example

h O L B uy 5 K 7 g o T

i ipiaiaiiaipini

w

W ! I

Figure 8.9. Timing diagram for the circuit in Figure 8.8.
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Bus controller

» Digital systems often contain a set of registers to store data

« Each register 1s connected to a common set of n wires, used to
transfer data into and out of registers

e This common set of wires 1s called a bus

 In addition to registers other types of circuits would be
connected to the bus

It 1s essential to ensure that only one circuit block attempts to
place data onto the bus wires at any given tome

* A control circuit 1s used to ensure that only one of the tri-state
buffers enables 1s asserted at a given time
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Bus Controller

Data

Extern #

Bus
Clock D> RI L> R2 |—> Rk
- - -
RI.-'n Rlnul Rz.-’n Rzoul Rk:‘n Rk pul
>
Control circuit
Funclion:q
Afaa Figure 7.55. A digital system with k registers.
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Bus controller

Bus

N

A

D Q D Q D Q
—p Q > Q —p Q
R1,, |( R2,
Clock :
Figure 7.56. Details for connecting registers to a bus.
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Bus controller

* An example: consider a system that has three registers, R1,
R2 andR3. We want to swap the content of R1 and R2

e Steps:
— Copy R2 to R3
— Copy R1 to R2
— Transfer R3 to R1
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Bus controller

* Content of R2 1s loaded into R3 using R2out=1, R3in=1

* Content of R1 1s transferred into R2 using R1out=1, R2in=1

* Content of R3 i1s transferred into R1 using R3out=1, R1in=1

« We will indicate the completion of the task by setting a signal

Done=1

Control
circuit

Clock —

\I(\I \l S

(..

—
e
—t
[——
[——
—
—>

Univer
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Rlout
R1,,
Rzout
R2,
R3out
R3in

Done
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Bus controller

O “'
4( A/No transfer )‘— Reset

0

B/R2

out —

-
-

0
1 ( C/Rl,, =1,R2, =1

‘ W
' w
@/m,,m =1,R1;, =1, Done =1

out
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Bus controller

Present Next state OUtpUtS
state w=0 w=] R1,u Rlin, R2,u R2;, R3,u« R3i, Done

A A B 0 0 0 0 0 0 0

B C C 0 0 1 0 0 1 0

C D D | 0 0 | 0 0 0

D A A 0 1 0 0 1 0 1
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Bus controller

Present Next state

state w=0 w=1 Outputs

U2in ):2)-1 )t_))’l Rloul Rl,n Rzouf Rzin R3oul R3in Done
00 00 01 0 0 0 0 0 0 0
01 10 10 0 0 1 0 0 | 0
10 11 11 | 0 0 | 0 0 0
11 00 00 0 | 0 0 1 0 |
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Bus controller

§73%
w

1
1 1

Yon
4 00 01 11 10
0 1 1
1 1 1
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Y1 = WM +y|y2

Yo=Y+t Ny
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Bus controller

Rlour = R24, = Y1Y2

R1;, = R3,yt = Done = y1yo

Rzout — Rgzn = Y1Y2
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Bus controller

Clock > 0 ‘ L Done
[ Rlout
\, 4 't
— Rzin
Y
D
_| »
> Q
. R20u1
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State Assignment Problem

* Some state assignment might be better than the others

[t 1s often impossible to find the best state assignment for a
large circuit

« Exhaustive search is not practical because the number of
available state assignments 1s huge
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State Assignment Problem

e YI=Dl=w
° Y2=Dzzwy1
° Z:y2
Present Next state
state | w=0 w=1 | Output
Z
y2y1 Y2 Y1 Y»>Yq
A 00 00 01 0
B 01 00 11 0
C 11 00 11 1
10 dd dd d
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State Assignment Problem

™\ Yz y2
/ D Q

w * D Q

Clock “ > Q

Resetn
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State Assignment Problem

* We now consider a different state assignment for the bus
controller example

Present Nextstate

state| =0 w=1 Outputs

V21 .Y-?Yl 1:’-}1 Rloul Rlin Rzout R-zm R:}ou.l R3;’n Done
A 00 00 01 0 0 0 0 0 0 0
B 01 11 11 0 0 1 0 0 1 0
C 11 10 10 1 0 0 1 0 0 0
D 10 00 00 0 1 0 0 1 0 1
L\v"Iu\'Iastg
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State Assignment Problem

W 00 01 11 10
0 (lw - -

Y = wya+yi»n
G W

YNan
o

Figure 8.19. Derivation of next-state expressions for the sequential
circuit in Figure 8.18.
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One-hot coding

* One possibility 1s to use as many state variables as there are
states
* For each state all but one of the state variables are equal to 0

* This approach 1s known as one-hot coding

McMaster
University &8

* Copyright S. Shirani



Y1l=w’
Y2=wy,
Y3=wy,
Z=Y3

\k\l Nu

b

O = >

One-hot coding

Present Nextstate
state w=0 w=1 | Output
yiyay1 | iz, Y hY <
001 001 010 0
010 001 100 0
100 001 100 1
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One-hot coding

state w =0 w =1 Outputs
Yays3y241 }'1}73)'2)’1 )’l):})’l},l Rluul le Rzuu! R2m R3uut R3m Done
0001 0001 0010 0 0 0 0 0 0 0
0010 0100 0100 0 0 | 0 0 | 0
0 100 1000 1000 1 0 0 1 0 0 0
1 000 0001 0001 0 | 0 0 | 0 |
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One-hot coding

Y1 = w'yr + y4
Yg — WY1
Y3 =1yo

Rl,ut = R2; = Y3
R1;, = R3,u,: = Done =y,
RZout — RSzn = Y2
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Mealy State Model

* Mealy state machine: output values are generated based on
both the state and the inputs

« Example: design a sequential circuit that the output z 1s equal
to 1 1n the same clock cycle when the second occurrence of w
(input ) 1s detected

Clockcycle: to t to t3 t3 ts5 tg t7 tg to tyo
w: 0 1 O 1 1 0 1 1 | ]
z: 00 0 0 1 0 0 1 1 0 0
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Mealy State Model

Reset

/z=10

l w =]
w=0/2=0 .° °’ w=l/7=1

w=0/2=0

Figure 8.23. State diagram of an FSM that realizes the task in
Figure 8.22.
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Mealy State Model

Present Next state Output z
state w=0 w= w=0 w=1
A A B 0 0
B A B 0 I

Figure 8.24. State table for the FSM in Figure 8.23.
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Mealy State Model

Present Next state Output

state | |, —

Il

w=1|lw=0 w

Y Y Y z z
A 0 0 1 0 0
B 1 0 1 0 1

Figure 8.25. State-assigned table for the FSM in Figure 8.24.
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Clock

w

Mealy State Model

w D Q
-"
Clock > (-)
Resetn T
(a) Circuit
Iy 1 5 I3 4 Is I I3 Iy fy T

o LU [

() e —

0

0

(b) Timing diagram

Figure 8.26. Implementation of FSM in Figure 8.25.
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Mealy State Model

1/R2

“out

= ]'R3in =1

O] Rl =1.R2; =1

::' z (])/R3"llf = l*Rlin - l~D()"(’ =]
Mcl Figure 8.28. State diagram for Example 8.4.
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Serial Adder

» [f speed 1s not of great importance, a cost-effective option is
to use a serial adder

» Serial adder: bits are added a pair at a time (in one clock
cycle)
« A=an-lan-2...a0, B=bn-1bn-2...b0

A

a
Shift register [ ™
Adder Y
FSM =| Shift register
| Shiftregister [
) L
ﬁ Sum = A+ B
B
Clock
McMaster . . ‘ .
University B Figure 8.39. Block diagram for the serial adder.
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Serial Adder

* @: state that the carry-in 1s 0

« H: state that the carry-in isl

McMaster

University

¥

Reset  (apmg)

L 110
000 01=0
01x=1 100
10a1 11m1
(0101
G: carry-in=0
H: carry-in= 1

Figure 8.40. State diagram for the serial adder FSM.
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Serial Adder

Present Next state Output s
sate | gp=00 01 10 11 |00 01 10 11
G G G G H|O0O 1 1 0
H G H H H|1l 0 0 I

Figure 8.41. State table for the serial adder FSM.
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Serial Adder

Next state Output
Present
state ab=00 01 10 11 {00 O 10 11
y Y S
0 0 0 0 | 0 | | 0
| 0 | | | | 0 0 |

Figure 8.42. State-assigned table for Figure 8.41.

Y =ab+ ay + by
s=adbdc
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Serial Adder

p —— Full
adder Y .
— D O
carry-out
Clock > (_)
Reset T

Figure 8.43. Circuit for the adder FSM in Figure 8.39.
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Moore-type serial adder

« Since 1n both states G and H, 1t is possible to generate two
outputs depending on the input, a Moore-type FSM will need
more than two states

GO and GI: carry1s 0 sum 1s 0 or 1
« HO andHI: carryis 1 sumis O or 1

McMaster
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Moore-type serial adder

Reset

Figure 8.44. State diagram for the Moore-type serial adder FSM.
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Moore-type serial adder

Present Nextstate Output
s@ate | gh=00 01 10 11 s
Gy Go Gy G; Hp 0
Gy Go Gi Gi Ho 1
Hy Gy Ho Hp H 0
H, Gy Ho Hp H, 1

Figure 8.45. State table for the Moore-type serial adder FSM.
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Figure 8.46. State-assigned table for Figure 8.45.

Yo = ab + ays + byo

Moore-type serial adder

Nextstate
Present |

state | ab=00 01 10 11 | Output
.,-‘"-_7_"}1 Yz Y] S

00 00 0l 01 10 0

01 00 0l 01 10 1

10 01 10 10 11 0

11 01 10 10 11 1

YiI=adbPc

S = 1Y
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Moore-type serial adder

Sum bit Y, Y
q —— D Q — S
b 'FuI‘l
adder Carry-out -
— > Q
Y, )
D Q
Clock > (-2
Reset ?

Figure 8.47. Circuit for the Moore-type serial adder FSM.
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Counter design using sequential circuits

e Counting sequence: 0,1,2,3,4,5,6,7,0,1,..
* Input signal w: if w=1 count 1s incremented, 1f w=0 count 1s
frozen

w=10

w = |

[[1(}11\[@“-?3: Figure 8.60. State diagram for the counter.
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Figure 8.61. State table for the counter.

¥

Present Next state Output
state w=0 w=
A A B 0
B B C 1
C C D 2
D D E 3
E E F 4
F F G 5
G G H 6
H H A 7

State table

Next state
Present
Count
state w= 0 w= 1
Jaryo 2Y1Yo Y2Y1Yo e
A 000 000 001 000
B 001 001 010 001
C 010 010 011 010
D 011 011 100 011
E 100 100 101 100
F 101 101 110 101
G 110 110 111 110
H 111 111 000 111

Figure 8.62. State-assigned table for the counter.
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Implementation using D flip-flop

Y1y

wy 2
00
01

1

10

University

_IJ() ()ll_ 1()()U0¢,

0 YiYo
WVya
00 01 11 10 72 00 01 11 10
0 || 1| 0 00| 0| o |1 )
0 ll 1] 0 oo o ll I

_IW 010 (l__ I o m 0 I

Yo = wyy+wyy Yi=wy, +ym+ WYV,

Y1Xo
Wy,
T 00 01 11 10

owloflolo]lo
01 [(l RN,

1 ll 1)] 0 |

- \
w| oo ()] o

),2 - “.).2 o+ '\.“.\.: + .‘.l.\.z 4 "..\.(].\'l."l

Karnaugh maps for D flip-flops for the counter.
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Dy =Yy = w'yo + wy,
D =Y = w'ys + y1y) + wyoy)
Dy =Yy = w’yz + y2y6 + yzyi + wyo?hyé
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¥

Clock

Resemn

Yo

Figure 8.64. Circuit diagram for the counter implemented

with D flip-flops.
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Implementation using JK flip-flop

* For a JK flip-flop:
— If state=0, to remains in 0 J=0, K=d
— If state=0, to change to 1 J=1, K=d
— If state=1, to remains in 1 J=d, K=0

— If state=1, to remains in 0 J=d, K=1

J K|Q(t+1)

00 Q(t) —1] Q}—

0 1 0 b

e —K Qf—

L 1] Q(r)

(b) Truth table (c) Graphical symbol
McMaster
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Present Flip-flop inputs
- - Count
state w= 0 w= 1
Y2y1)y0 Z2Z120
NnhYy | 2Ky 1K JoKo | Yo | 2Ky 1K JoKo
A 000 000 0d 0d 0d 001 0d 0d Id 000
B 001 001 0d 0d do 010 0d Id dl 001
C 010 010 0d do 0d 011 0d do Id 010
D 011 011 0d do do 100 1d dl dl 011
E 100 100 do 0d 0d 101 do 0d Id 100
F 101 101 do 0d do 110 do Id dl 101
G 110 110 do do 0d 111 do do Id 110
H 111 111 do do do 000 dl dl dl 111
Figure 8.65. Excitation table for the counter with JK flip-flops.
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YiMo
Wy,
o T 00 01 11 10
00 0 d d 0
or) o d d 0
(e {a]alr)
10 Ll d | d]1 J
.’() =W
YiYo
WYy,
T 00 01 11 10
00 o0 0 d d
ory o 0 d d
IHf o | | d | d
0] 0 l | d l d
Iy = wyg
1Yo
wWys
o 00 01 11 10
00 o 0 0 0
0| d d d d
1] d d m d
wlo|o U 0
Jy = wypy

McMaster

University W

w3

Wy

Y1Yo

00 01 11 10
00 d 0 0 d
0or] d 0 0 d
nlfafo] 1] 4
10 Ld 1| 1| d J

Kyp=mw

1Yo

00 01 11 10
00 ] d d 0 0
0or) d d 0 0
1] d rd__l] 0
10| d Ld_ _IJ 0

Ky = wyg

1Yo

00 01 11 10
00 d d d d
or| o 0 0 0
o 0 m 0
10fd|d w d

Ky = wygy

Figure 8.66. Karnaugh maps for JK flip-flops in the counter.
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w J Q Yo
>
K Q
1
J
| ) . Q %
K Q
1
J
} § Q Yo
K Q
Clock T
Resetn

McMaster

University W

Figure 8.67. Circuit diagram using JK flip-flops.
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w J Q Yo
—P
K Q
1
| J Q n
—P
K Q
1
|_ J Y
} L Q 7
K Q
Clock T
Resetn +

Figure 8.68. Factored-form implementation of the counter.
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Analysis of Synchronous Sequential Circuits

Outputs of flip-flops represent the current state
Inputs of flip-flops determine the next state
We can build the state transition table

Then we build state diagram

i;l}(‘;\l;l\\‘lk‘l’
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Examplel

Y N
O o B
> Q
Y.
D0 o
Clock . Q
o
Resetn °

Figure 8.80. Circuit for Example 8.8.
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Example 1

_ /
Y1 = wys + wy;
Y2 — WY1 + wYsg
z = y2 yl
Present Next State 5
state w=0 w=1 utput Present Next state Output
"V Z -
Y2yl Y>Y) Y>Y) state w=0 w=1] z
00 00 01 0 A A B 0
01 00 10 0 B A C 0
10 00 11 0 C A D 0
11 00 11 1 D A D 1

(a) State-assigned table (b) State table

| Figure 8.81. Tables for the circuit in Example 8.80.
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Example 2

Jy V1
W —y I Q ::)__-
S Z
‘—l >0 K -
K, Q
Q
\ J 2 '\':
I Q
Clock >
K
K, Q
Resetn —* ?

Figure 8.82. Circuit for Example 8.9.
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Example 2

Present Flip-flop inputs
state w =0 w= 1 Output
00 01 01 00 11 0
01 01 01 10 11 0
10 01 01 00 10 0
11 01 01 10 10 1

Figure 8.83. The excitation table for the circuit in Figure 8.82.

J1 =W

Ki=vw"+ Y2

JQ — WY

KQ = w’

< = Y2U1
e

¥
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Example 2

Next State
Present Outout

state w=0 w=1 Hpy Present Next state Output
A\ VA -

)2) l Y2Y| Yz Y] state w =0 w= 1 Z
00 00 01 0 A A B 0
01 00 10 0 B A C 0
10 00 11 0 C A D 0
11 00 11 1 D A D 1

(a) State-assigned table (b) State table
McMaster

University =8
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Example 3

W —e _X D, n
D Q
T et
> Q
O
«—{>c }—l \)—\ T, I Q Yo
N 12—
| Clock S 0
Resetn o i
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A

Uniy

| |

Dy =w(y2 +y1)
Ty = wy1ys + w'ys
Z =YY

McMaster

IVCISILY % 51 8

N

Example 3

Present | Flip-flop inputs |
Vayi D, oD, .
00 00 01 0
L0 10 01 0
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Example 3

Next State
Present Outout
Itpu
state w=10 w=] uept Present Next state Output
Iy Z tates .
Y2Yi Y:Y] YZY] state w = 0 w = | Z
00 00 01 0 A A 3 0
01 00 10 (0 3 A C (0
| 0 00 Il (0 C A D (0
|1 00 Il | D A D |
(a) State-assigned table (b) State table
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