PATTERN RECOGNITION
anvo MACHINE LEARNING

CHAPTER 1: INTRODUCTION




Polynomial Curve Fitting
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Ot" Order Polynomial




15t Order Polynomial




3" Order Polynomial




9th Order Polynomial




Over-fitting

—©— Training
—O— Test

Root-Mean-Square (RMS) Error: Erus = /2E(w*)/N




Polynomial Coefficients

M=0 M=1 M=3 M =9
wg | 019 082  0.31 0.35
wk 1.27  7.99 232.37
w -25.43 -5321.83
wk 17.37  48568.31
W -231639.30
wi 640042.26
wi -1061800.52
wk 1042400.18
wi -557682.99
wy 125201.43




Data Set Size: N =15

9t Order Polynomial




Data Set Size: N =100

9t Order Polynomial




Regularization

Penalize large coefficient values
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Regularization: In A = —18




Regularization: InA =0




Regularization: Erus VS. In A
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Polynomial Coefficients

InA\=—-00 InA=-18 InA=0
wy 0.35 0.35 0.13
wy 232.37 4.74 -0.05
w3 -5321.83 -0.77 -0.06
w3 48568.31 -31.97 -0.05
w) -231639.30 -3.89 -0.03
wE 640042.26 55.28 -0.02
wg | -1061800.52 41.32 -0.01
ws | 1042400.18 -45.95 -0.00
w3 -557682.99 -91.53 0.00
wy 125201.43 72.68 0.01




The Rules of Probability

Sum Rule

Product Rule




Bayes’ Theorem

Posterior X likelihood x prior




Probability Densities
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Transformed Densities




Expectations

Conditional Expectation
(discrete)

Approximate Expectation
(discrete and continuous)




Variances and Covariances

coviz,y] = BEg,[{z—Elz]}{y —Ely]}]
= Ex,y[xy] - E[x]]E[y]

covix,y] = Exy [{X —Ex]Hy" - ]E[YT]}}
= Exylxy']| —EXE[y"]




The Gaussian Distribution
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N (z|p,0?) = (2702)1/2 exp {_202 (@~ 'u)Q}

Azl e) N (|, 02) > 0

/ N (z|p,0?) dz =1
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Gaussian Mean and Variance

E[z] = /OO N (zlp,0?) zdz = p
E[z?] = /OO N (z|p, %) 2° dz = p* + o*

var[z] = E[z?] — E[z]? = o




The Multivariate Gaussian

N, %) = iy s exp { =5 x-S - ) |
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Gaussian Parameter Estimation

p(x) Likelihood function

N($n|ﬂ, 02)




Maximum (Log) Likelihood
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Curve Fitting Re-visited




Maximum Likelihood

n=1
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Inp(tjx,w, ) = — 5 > A{yln, w) - tn}’ Ty g - In(2m)
n=1
BE(w)

Determine WML by minimizing sum-of-squares error, F/(w).
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Predictive Distribution

p(t|z, W, Bur) = N (tly(z, wr), 51\_41L>




MAP: A Step towards Bayes

B i (O (M+1)/2 o T
p(wla) = N(wl|0,a 1) = (%> exp {—§W W}
p(W(x, t, i, ) o< p(t|x, w, B)p(w|a)

éﬁ: _p2 . G,T
5 Y(xp, W n}°+ 2W W

Determine WMAP by minimizing regularized sum-of-squares error, E(W) :




Bayesian Curve Fitting

p(tlx,x,t) = /p(t|x,w)p(w|x,t) dw = N (tjm(z), s*(z))
m(x) = Bp(@)TS Y Plan)tn  5°(x) =B+ p(x)TSe(x)

N
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Bayesian Predictive Distribution

p(tlz,x,t) = N (t|m(z), s*(z))




Curse of Dimensionality
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Curse of Dimensionality

Polynomial curve ﬁtting, M = 3

D D D

y X, W = Wo + szxz —+ Z waazz% + S‘ Y S‘wz]kxz%xk

1=1 5=1 =1 7=1 k=1

Gaussian Densities in
higher dimensions




Decision Theory

Inference step
Determine either p(t|x) or p(x,1).

Decision step
For given X, determine optimal t.




Minimum Misclassification Rate
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p(mistake) = p(x € R1,C2) + p(x € Ra,C1)

= /Rlp(X,Cz)deL/ p(x,C1) dx.

R2




Minimum Expected Loss

Example: classify medical images as ‘cancer’ or ‘normal’

Decision
cancer normal

cancer ( 0 1000 >

<
5
= normal 1 0




Minimum Expected Loss

Liip(x,Cr) dx

Regions R; are chosen to minimize

E[L] =  L;p(Ck|x)
k




Reject Option

0.0

‘ - - . m
reject region




Why Separate Inference and Decision?

* Minimizing risk (loss matrix may change over time)
* Reject option

 Unbalanced class priors

 Combining models




Decision Theory for Regression

Inference step
Determine p(x,1).

Decision step

For given X, make optimal
prediction, y(x), for t.

Loss function: // (t,y(x))p(x,t) dx dt




The Squared Loss Function

— / {y(x) — t}*p(x,t) dx dt

{y(x) = t}* = {y(x) — E[t|x] + E[t|x] - t}*
= {y(x) —E[tlx]}* + 2{y(x) — E[t/x| {E[t|]x] — t} + {E[t|x] - t}"

£ = [y — Bltixl} plo) dx+ [ var [t pix) dx

y(x) = Elt[x]




Generative vs Discriminative

Generative approach:
Model p(t,x) = p(x|t)p(t)

t)p(t
Use Bayes’ theorem p(t|x) = p(x[t)p(t)

p(x)

Discriminative approach:
Model p(t[x) directly




Entropy

Important quantity in
e coding theory
* statistical physics
* machine learning




Entropy

Coding theory: X discrete with 8 possible states; how many
bits to transmit the state of X?

All states equally likely

1 1
Hlz] = —8 x 3 log, 3= 3 bits.




x| a b C d e f g h
1 1 1 1 1 1 1 1
px) | 5 1 5 16 81 81 61 61
code | 0 10 110 1110 111100 111101 111110 111111
1 1 1 1 1 1 1 1 4 1
Hizl = —=logs = — =log, - — =log, = — — log, — — — log., —
] g 08275 T B2y T g 0823 T 15 082 T T 5 1982 gy
= 2 bits
de length 1><1+1><2+1><3+1><4+4><1><6
average code len = — — — e S
& & 9 4 3 16 64

2 bits




Differential Entropy

Put bins of width ¢ along the real line

iiino { Zp(x,,;)A lnp(x,,;)} = — /p(x) Inp(z)dx

Differential entropy maximized (for fixeds* ) when
p(x) = N(z|p,o®)
in which case

Hz] = % {1+ In(2rn0%)} .




Conditional Entropy

Hly|x| = // p(y,x) In p(y|x) dy dx

Hlx,y] = Hly|x| + H[x]




The Kullback-Leibler Divergence

KLolo) = ~ [pmaGax— ([ peomp(oax)
o)

Z —Inq(xx|0) + Inp(xy)}
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KL(pllq) = 0 KL(pl/q) # KL(q||p)




Mutual Information

I[x,y] = XyMK)@D

e (22

I[x,y] = H[x] — H[x|y|] = H[y| — H[y|x]




