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Abstract- It is known that the generalized Lloyd method is applicable to locally optimal multiple
description scalar quantizer (MDSQ) design. However, it remains unsettled when the resulting MDSQ is
also globally optimal. We partially answer the above question by proving that for a fixed index assignment
there is a unique locally optimal fixed-rate MDSQ of convex cells under Trushkin’s sufficient conditions
for the uniqueness of locally optimal fixed-rate single description scalar quantizer. This result holds
for fixed-rate multiresolution scalar quantizer (MRSQ) of convex cells as well. Thus the well-known
log-concave pdf condition can be extended to the multiple description and multiresolution cases.

Moreover we solve the difficult problem of optimal index assignment for fixed-rate MRSQ and
symmetric MDSQ, when cell convexity is assumed. In both cases we prove that at optimality the number
of cells in the central partition has to be maximal, as allowed by the side quantizer rates. As long as
this condition is satisfied, any index assignment is optimal for MRSQ, while for symmetric MDSQ an
optimal index assignment is proposed.

The condition of convex cells is also discussed. It is proved that cell convexity is asymptotically optimal

for high resolution MRSQ, under the 7" power distortion measure.
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I. INTRODUCTION

The problem of multiple description coding (MDC) was first posed by Wyner at the 1979 IEEE
Information Theory Workshop. Recent years have seen greatly intensified research efforts on MDC,
which were primarily driven by the pressing needs of robust communications over lossy IP and wireless
networks. A popular MDC technique is multiple description quantization.

A multiple description quantizer (MDQ) consists of a set of K encoders, also called side encoders, and
a set of 2% — 1 decoders. Each encoder generates a different description, called side description. Each of
the K side descriptions can be separately decoded to a reconstruction of a certain fidelity, by a so-called
side decoder. Furthermore, any non-empty subset Z, |Z| > 2, of the K side descriptions can also be
jointly decoded by a so-called joint decoder. The reconstruction improves as more side descriptions are
received and they collaborate to refine the source. Each pair of a side encoder and the corresponding

side decoder of the MDQ forms a quantizer (called side quantizer). Moreover, for each set Z,

7] > 2,
of descriptions there is an implicit encoder related to the side encoders for the descriptions in Z. This
encoder together with the decoder for set Z constitute a joint quantizer. The side and joint quantizers are
called components of the MDQ. A component of particular importance is the central quantizer, which
corresponds to the whole set of K descriptions.

This paper is concerned with the design and properties of optimal multiple description scalar quantizers.
We will use the abbreviation K-DSQ for a K-description scalar quantizer. The performance of a K-DSQ
is measured by the expected distortion of the reconstructed source at the receiver, where the expectation
is taken over all possible sets of descriptions received. Thus, it is a weighted sum of the distortions of
all decoders. The objective of optimal K-DSQ design is to minimize the expected distortion subject to
rate constraints on the K side descriptions.

A multiresolution (progressively refinable) scalar quantizer (MRSQ) is a special case of K-DSQ, where
a prefix condition has to be met. Namely, side description ¢ can be decoded only jointly with all of the
side descriptions 1, 2, through ¢ — 1, for any 1 <+¢ < K. In other words, the set of component decoders
is restricted to the decoders associated to the sets of descriptions {1,2,--- i} forall 1 <i < K.

Another important case, which is commonly treated in the literature, is that of symmetric K-DSQ,

when all K side descriptions have the same rate, and any two sets of descriptions of equal size have the
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same probability of being received.

A few techniques have been proposed for optimal K-DSQ design in both fixed-rate and entropy-
constrained cases. The main design methods can be classified into two types: generalized Lloyd algorithms
[26], [27], [4], [17], [12], and combinatorial algorithms [22], [23], [5], [6], [7]. [8], [16]. The first type is
a generalization of Lloyd’s method [21] for fixed-rate scalar quantizer design. This method alternatively
optimizes the decoder and the encoder, when the other component is fixed. Since the sequence of expected
distortions is non-increasing, the algorithm eventually converges to a local optimum. The generalized
Lloyd’s method has been applied to the design of 2-DSQ with balanced descriptions (i.e., symmetric
2-DSQ in our terminology) [26], [27]. It was also used for the design of multiresolution scalar quantizers
[4], [17] and multiresolution vector quantizers [9]. The design of more general K-DSQ by this approach
was covered in [12].

The combinatorial methods address the design of optimal K-DSQ for discrete distributions, under the
constraint of convex cells. These algorithms ensure globally optimal solution under the above convexity
constraint. Specifically, in [22], [23] the problem is modeled as a shortest path problem in a weighted
directed acyclic graph. In [7], [8], [6] a strong monotonicity of a general class of distortion functions is
exploited to speed up the shortest path computation for fixed-rate 2-DSQ [7], [6] and symmetric fixed-rate
K-DSQ [8]. Similar ideas are used in [5] to accelerate the dynamic programming in the optimal design
of fixed-rate MRSQ. Unfortunately, the cell convexity may preclude optimal solutions [10]. Moreover,
the fast matrix search algorithm for K-DSQ can still be too expensive if K is large (the complexity is
exponential in K in general).

In contrast, the locally descent algorithms are easier to implement and have lower complexity. But
they only converge to a locally optimal solution in general. However, this limitation becomes nonexistent
if the underlying distortion function has a unique local minimum. The main question to be answered
by this paper is under what conditions the local minimum is unique, and hence the generalized Lloyd
method for K-DSQ design is globally optimal.

Sufficient conditions for the uniqueness of a local optimum were studied in the case of fixed-rate single
description scalar quantization [11], [24], [18], [19], [25]. The most general sufficient conditions are the

ones given by Trushkin in [24], which were shown to be satisfied if the source pdf is log-concave [25].
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It is unknown up to now, however, whether a similar result holds for fixed-rate K-DSQ’s. One of the
contributions of this paper is to prove that Trushkin’s conditions also ensure the uniqueness of locally
optimal fixed-rate K-DSQ’s with convex cells (convex K-DSQ’s).

A central mechanism of K-DSQ is index assignment (IA) introduced in [26]. TA labels each central
quantizer cell by an ordered K -tuple of indexes corresponding to the side quantizers cells whose inter-
section equals that central cell. Thus, the system of K side encoders is uniquely specified by the central
partition (the partition induced by the central quantizer) and the IA. Our results on the uniqueness of
locally optimal convex K-DSQ’s hold with respect to fixed IA. The problem of optimal IA is notoriously
difficult, and it is solved by us for two notable cases of K-DSQ with convex cells. Specifically, we present
an optimal IA for fixed-rate convex symmetric K-DSQ. Moreover, for fixed-rate MRSQ of convex cells
we show that any index assignment is optimal as long as the number of cells in the central partition is the
maximum possible under the rate constraints. Furthermore, for both cases, we prove that the requirement
for the number of cells in the central partition to be maximal is necessary at optimality.

As to cell convexity, it was shown [10] that there are discrete distributions and weighting schemes for
different side and joint quantizers such that optimal K-DSQ has non-convex cells. It is interesting to know
when the cell convexity does not precludes optimality. Qualitatively, optimal K-DSQ will necessarily
have convex cells when the weights of side quantizers are large enough relative to the weights of the
joint quantizers, i.e., the optimization emphasizes on the side quantizers rather than the joint ones. This
intuition was validated in [6] for fixed-rate symmetric 2-DSQ’s of high rates, and r-th power distortion
measure. Another contribution of this paper is to show that the cell convexity of fixed-rate MRSQ does
not preclude optimality for high rates and r-th power distortion measure, regardless the weighting scheme.

The next section introduces the definitions and notations used throughout the paper. Section 3 presents
the necessary conditions for a locally optimal fixed-rate convex K-DSQ. Section 4 states and proves a
key result of this paper: For convex and strictly increasing error functions, the sufficient conditions given
by Trushkin [24] for the uniqueness of a locally optimal fixed-rate scalar quantizer are also sufficient
for the uniqueness of a locally optimal fixed-rate convex K-DSQ, with respect to a given IA. Section 5
turns to the problem of optimal IA, in which we derive a necessary condition for optimality (within the

class of fixed-rate convex MRSQ): the central partition of MRSQ has to have the largest possible number
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of cells allowed by the rate constraints. Further, any IA is optimal as long as this condition is satisfied.
Next we prove in Section 6 that at optimality, the fixed-rate convex symmetric K-DSQ must also have
the maximal number of cells in the central partition, and present an optimal IA. The proposed IA is a
generalization of the staggered IA for two descriptions. Precisely, it requires that the j* threshold of
side partition ¢ be the ((] - 1)K + z‘)th threshold in the central partition. Moreover, we show that if the
error function is continuously differentiable, this IA is the unique optimal IA, up to a permutation of side
quantizers. In Section 7 we discuss the cell convexity condition and show, based on the high-resolution
analysis of optimal scalar quantization [2], [1], [3], [20], [14], that at high rates optimal fixed-rate MRSQ

has convex cells for the r*" power distortion measure. Section 7 concludes the paper.

II. DEFINITIONS, NOTATIONS, PROBLEM FORMULATION
Let X be a continuous random variable with probability density function (pdf, for short) p(x). In this

work we assume that the pdf p(z) satisfies the following condition.

Condition A. There is an open interval (V, W), —oo <V < W < o0, such that p(z) is continuous and

positive inside this interval and p(x) = 0 outside this interval. Denote A = [V, W] N R.
We consider a distortion function d(z,y) = f(|z —y|), where f(-) satisfies the condition stated below.

Condition B. f(-) is a nonnegative convex function with its only null point in 0. Consequently, f(-) is

continuous and strictly increasing. Additionally, for any y € R the following inequality holds
w
| fy=abpla)ds < +x.

A scalar quantizer () of M cells is a partition of the alphabet set .A into M non-empty sets C1, Ca, - - -, Cyy,
called cells, together with a set of representation values y1,- -+ ,yar € A. The distortion of the quantizer

is defined by
M M
DQ) =Y [ dwyp@iiz =3 [ (e -y n
i=17Ci i=17Ci
The quantizer is also associated with a rate, denoted by R(Q). In the case of fixed-rate quantizer,
R(Q) = logy M; in the case of entropy-constrained quantizer, R(Q) = Zf\i 1 P(C;) log, %0) where
P(C;) = [, p(x)dz. The problem of optimal quantizer design is to minimize D(Q) given a target

quantizer rate R(Q) = Ry.
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Now consider K > 2 different scalar quantizers Q1,Q2, - - , @k, called side quantizers, and define a
K -description scalar quantizer (K-DSQ) Q to be a system of 2% — 1 scalar quantizers Qz, for 7 C K =
{1,2,--- K}, T # (), such that for each Z = {iy,--- ,is} with s > 2, the partition of the alphabet A
by quantizer ()7 equals the intersection of the partitions of quantizers Q);,,--- ,Q;.. The quantizer Qg,
which has the highest resolution among all joint quantizers, is called the central quantizer. As K-DSQ
is a means of networked source coding to utilize channel diversity, it is natural to define the expected

distortion D(Q) of the K-DSQ Q to be

DQ) = )  wrD(Q), )

TCK,T#0
where each component quantizer ()7 is assigned a weight w7 > 0. Typically, in practice the weight wz

has the meaning of the probability that only the subset of side descriptions Z is available for source
reconstruction. Note that in (2) the term for no descriptions is omitted since it does not affect the optimal
design of K-DSQ. For convenience of further formulations we also define wy = 0.

The K-DSQ is said to be fixed-rate/entropy-constrained if all side quantizers are fixed-rate/entropy-
constrained.

The problem of optimal fixed-rate/entropy-constrained K-DSQ design is to minimize the expected
distortion (2) over all possible K side quantizers, given the weights wz, and given the target rates
R(Qi) = R;, 1 < i < K, of the side quantizers. Note that in the case of fixed-rate K-DSQ, the
constraints on the rates are equivalent to imposing to each side quantizer @; to have M; = 27 cells.

Note that only the quantizers Q7 with w7 # 0, contribute to the expected distortion. Therefore we call
them active components of the K-DSQ. We will require that the central quantizer of a K-DSQ be an

active component, i.e., wyx > 0.

A K-DSQ is called symmetric if Ry = Ry = -+ = Rg and wy = wy for all Z,7’ C K, such that
|Z| = |Z'|. We also require that the side quantizers of symmetric K-DSQ are active components, i.e.,
w{l} > 0.

The above definition of K-DSQ also includes multiresolution scalar quantizers (MRSQ). Precisely, an
MRSQ of K refinement stages is a K-DSQ whose active components are Q1, Q1,2}, -, Qq1,.. i}, » QK-
A cell is said to be convex if it is a convex set, i.e., an interval of the real line. A scalar quantizer is

called convex, or regular as referred in some literature, if all of its cells are convex. A K-DSQ is said to
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Fig. 1. Two different IA’s for convex 2DSQ and their corresponding side quantizers partitions: c¢) partitions for IA of a); d)
partitions for IA of b).

be convex if all its active quantizers are convex. Note that in a convex K-DSQ, not all side quantizers
are necessarily convex, but only if they are active components. For example, in a convex MRSQ only
the side quantizer (), is active, therefore all the others may have non-convex cells.

Assume that the K-DSQ has convex cells in the central partition and denote them by Cy,Co, - - -, Cyy,
the indexing being consistent with their order from left to right. Further, for each 7,1 <1 < K, let M;
denote the number of cells of the side quantizer (); and let Cy), Céi), e ,C](\Z, denote its cells. The
index assignment of the K-DSQ is the mapping h: {1,--- M} — {1,--- My} x --- x {1,--- , Mg},
such that h(l) = (j1,j2, - ,Jjri) if and only if C; = C](.ll) N C’j(f) N---N CJ(-f). In other words, the IA is
the function which assigns to each [ the K-tuple of indices of side cells whose intersection equals the
I central cell. Note that the the central partition together with the TA uniquely determine the partitions

)

of all component quantizers. This is because for any j and ¢ the side cell CJ(.i has to be the union of all
C) for which the ith component of h(l) equals j.

It is true that in the case of convex K-DSQ the convexity requirement already imposes constraints on
the IA. However, the variety of eligible IA’s may still be large enough to make an exhaustive search for

the optimal IA unattractive.

Next we illustrate the relevance of IA for convex K-DSQ’s by considering two examples, one for
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fixed-rate symmetric 2-DSQ and one for fixed-rate MRSQ with 2 refinement stages. The number of cells
in the central partition is M = 7 in the first example and M = 6 in the second one. In both cases we
assume a uniform distribution over [V, W] = [0, M|, and the central partition to be uniform, consequently,
Cr=(1—-1,1] for2 <1< M, and C; = [0, 1]. In these examples we will consider the squared error as
distortion measure and the midpoint of each cell as its representation value.

We will represent graphically each IA as a table with M; rows and M columns, where some positions
are filled with the integers [, 1 <[ < M, while others are empty. Precisely, integer [ is placed on row i
and column j if and only if h(l) = (¢, 7). This table will be referred to as the IA matrix as in [26].
Example 1. Relevance of IA for Convex Symmetric 2-DSQ. Consider the two IA’s depicted in Figure
1 a) and b), where M; = M, = 4. Each of the IA’s induces a convex 2-DSQ since the cells of both
side quantizers are convex. The side partitions corresponding to each of the two IA’s are represented in
Figure 1 ¢) and d), respectively. The side distortions for case c) are D(Q1) = D(Q2) = 22, while for
case d) are D(Q1) = D(Q2) = %. Since the central distortion is the same in both cases, it follows that
the 2-DSQ of case c) has smaller expected distortion.

Example 2. Relevance of IA for Convex 2-stage MRSQ. Consider the three IA’s illustrated in Figure 2
a)-c). Here M1 = 2 and My = 4. Each of these [A’s defines a 2-stage MRSQ where ()2 has non-convex
cells, while (1 has only convex cells. Since only )1 and (Q{; oy must have convex cells for the MRSQ
to qualify as convex, it follows that all three IAs correspond to convex MRSQ’s. Their side partitions
are depicted in Figure 2 d)-f), respectively. Note that the side distortion D(Q1) is smaller in case d)
than in the other two cases since, as it is well known, for the uniform distribution, the uniform quantizer
is strictly better than a non-uniform one. Further, because the side quantizer ()2 does not affect the
overall expected distortion, while the central quantizer is the same in all three situations, it follows that
the MRSQ of case d) has the best performance. On the other hand, note that the MRSQ’s of cases e)

and f) have different quantizers ()2, but identical quantizers ()1 and Q{1 2}, in other words their active

quantizers coincide. It follows that their performance is the same.

III. NECESSARY CONDITIONS FOR A LOCALLY OPTIMAL K-DSQ

In this paper the scope of our inquiry is confined to the class of fixed-rate convex K-DSQ’s. For

succinctness of presentation we will drop the qualifier “fixed-rate”, consequently only use the term
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Fig. 2. Three different IA’s for convex MRSQ and their corresponding side quantizers partitions: d) partition for 1A of a); e)
partition for IA of b); f) partition for IA of c).

convex K-DSQ in sequel.

Design algorithms generalized from Lloyd’s method [21], starting from a configuration of the K-DSQ,
alternatively fix the encoder to optimize the decoder and fix the decoder to optimize the encoder. Since
at each iteration the expected distortion does not increase, such an algorithm eventually converges to a
locally optimal convex K-DSQ. We next present the necessary conditions for a locally optimal convex
K-DSQ.

Let Q be a convex K-DSQ. Denote by My the number of cells of quantizer Q7, for Z C K, Z # ()

and write M = M. Let (u;—1,u;], for 1 < ¢ < M, be the cells of the central quantizer, where
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V=wu<u <us <--- <upy = W. The values u;,1 <1 < M — 1, are called thresholds. For each
active quantizer Q7 there are indices jzo = 0 < jz1 < jz2 < --- < jz,M; = M, such that the cells
of Q7 are (uj,, ,,uj, ], for 1 <k < Mz. Denote by yz . the reproduction value corresponding to cell

(Wjy 1> Ui, ] of Q7. Then (1) and (2) imply that

D= 3 wrd [ e - s 3)

Optimum decoder condition. When the encoder is fixed, the thresholds u; and the indeces jz are

fixed. Thus, the decoder is optimum if and only if the following is satisfied

/uum P )p(x)dlegéijl/uujz)k F|z — y)p(x)da,

for all 7 such that wy > 0, and k,1 < k < M7.
As shown by Trushkin [24], for every V < a < b < W, the function D (y f f(z —y|)p(z)dx

defined for every y € [V, W], achieves its minimum in some unique point p(a,b), situated inside the
interval (a,b). This value is called generalized centroid. Consequently, the optimum decoder condition
is that

Y1,k = u(“jI,k—l?“jZ,k)? for all Z, wz >0, and k,1 < k < M7. @)

Note that for the case of squared error distortion measure, j(a,b) is the conditional mean of the interval

(a,b), i.e

Sy wp(x)dz
v .

fa p(z)dz

Optimum encoder condition. Here we derive a necessary condition for optimal encoder, given fixed

p(a,b) = ®)

decoder and IA.
Define a function G(u) on the set Oy of (M — 1)-dimensional vectors u = (uq,ug2, - ,Up—1)

satisfying V < u; <wug < -+ <upy—1 < W:

Uiz k

Gw= Y ey / £l = yzal)p(e)de.

ICK,wz#0 k=1""%z k-

The encoder is optimal given the decoder and the index assignment if and only if G(-) takes its minimum
value over Oy at u. Since G(-) is continuous and differentiable and O, is an open set, a necessary

condition for G(u) to be the minimum over Oy is:

oG
aui

(u) =0, forany i,1 <i< M — 1. (6)

DRAFT



11

Fix an arbitrary 7,1 < i < M — 1. Denote by S; the set of subsets of indices Z C K, such that
wz # 0 and w; is a threshold of quantizer Q7. Thus, for each Z € S; there is an integer k(Z, ) such that
Jzk(z,) =i (i.e., u; is the k(Z,4)™ threshold of quantizer Q7). Then

G<u>=T+sz(/“i

T€eS; UiT k(T,i)—1

UiT k(T,i)+1

(2 = yr iy Ip(@)da + /

U;

[z — yI,k(I,i)+1|)p(fU)d$> ,
where the term 1" does not depend on wu;. It follows that
oG

Ows (u) = Z wzp(u;) (f(lui - yI,k(I,i)’) — f(ui — yI,k(I,i)JrlD) .
v ZeS;

Since p(u;) # 0, the necessary condition for optimal encoder (6) becomes

> wrf(lw —yraaal) = Y wrf(lws — yr i) forany i,1 <i< M —1. (7
TS, Z€eS;

The K-DSQ obtained at convergence must simultaneously satisfy (4) and (7). By combining these two
conditions we obtain

Z wa(’ui - /"L(ujl',k(l,i)—17ui)|) = Z wa(|ui - M(ui? U/jI‘k(I,q‘,H—l)‘)’ 1<i<M-—1, (®)
TEeS; TEeS;

which is the necessary condition for local optimum with respect to the IA. From now on we simply refer
to it as the necessary condition for local optimum, being understood that this condition takes different

forms for different IA’s.

IV. SUFFICIENT CONDITIONS FOR UNIQUENESS OF A LOCALLY OPTIMAL CONVEX K-DSQ

Sufficient conditions for the global optimality of a locally optimal fixed-rate scalar quantizer were
investigated in [11], [24], [18], [19], [25]. The sufficient conditions found by Fleischer [11] in the case
of squared error distortion, require that p(z) be differentiable and the derivative of log, p(x) be strictly

).

such that g(x,n) is convex in 7, has a unique zero point for each z and is continuous in x [24]. He

decreasing. Trushkin considered a more general distortion measure, namely d(x,y) = g(z,|z — y

formulated sufficient conditions for the uniqueness of a locally optimal quantizer which do not require
differentiability of p(z). The log-concavity of p(z) satisfies these conditions when g(x,7n) = ¢(x)n?
or g(z,n) = ¢(x)|n|. Kieffer [19] proved the sufficiency of log-concavity for the family of distortion
functions d(z,y) = f(|x —y|), where f(-) is increasing, convex and continuously differentiable. Finally,

Trushkin [25] extended this result by showing that the requirement of continuous differentiability for
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f(+) can be dropped. To our best knowledge the conditions formulated by Trushkin in [24] are the most
general sufficient conditions for uniqueness of local optimal scalar quantizer so far.

As specified in Section 2 our distortion function is d(x,y) = f(|z — y|), where f(-) is a nonnegative
convex function with its only null point in 0, i.e., f(-) is continuous and strictly increasing. The next
theorem states that under the same conditions for p(z) as in [24, Theorem 1], there is at most one locally
optimal K-DSQ of a given IA. An immediate consequence is that the log-concavity of p(x) suffices to

ensure this uniqueness.

Theorem 1. Assume that the pdf p(-) satisfies Condition A and the error function f(-) satisfies Condition
B. Additionally assume that conditions 7T'1 — T4 stated below hold. Then there is at most one u € Oy,
which satisfies (8).

T1) Forany V < zp <z < W, xzg — pu(V,x0) < 21 — u(V, 21).

T2) Forany V < zg <z < W, u(xg, W) —xo > p(x1, W) — 1.

T3) Forany V < zo <29 < W,V <21 < 21 < W, such that ¢y < x1, there is
p(zo, z0) — xo < p(w1,21) — 21 = 20 — (o, 20) < 21 — p(x1, 21). )

Moreover, if the left inequality is strict, then so is the right one.

T'4) For any positive integer m and any two sets of values V < z; < --- < ap, < W,V <21 <+ <
Zm < W, such that z; < z;, 1 <i <m, and p(z;, xi41) — i < p(2i, 2i01) — 2, 1 <i <m—1, at
least one of the following inequalities holds:

T4.1) z1 — pw(Vix1) < z1 — p(V, 21);
T4.2) w(@m, W) — 2 > p(2m, W) — zm;

T4.3) for some i,1 <i<m —1, i1 — (@i, vig1) < zip1 — (2, 2ig1).

In order to prove Theorem 1 we first write the necessary condition for local optimum (8) in a simpler

form. Denote respectively by ’yz-(l)

(u) and 7-(2)(u), the expression in the left and right hand side of

7

equation (8), which is rewritten as

fyi(l)(u) = 71(2)(u) forall i,1 <4< M — 1. (10)
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There are coefficients o; j > 0, for 0 < j < 4, a; ;-1 > 0 (because wx > 0), and coefficients 3;; > 0,
fori <l < K, B i+1 > 0 (because wx > 0), such that

7i(1) Zamf p(uj,u;)), and 'yl Z Bif (i, up) — us). (11

l=i+1

Note that a single descrlptlon quantizer can be considered as a special case of K-DSQ with K = 1. Then
the central partition coincides with the side partition 1 and M = M;. Consequently, conditions (10) also
characterize a locally optimal convex scalar quantizer. However, the corresponding functions fyi(l)(~) and
7§2)(~) are simpler. Each of them is only a function of two consecutive thresholds and the summations
in (11) contain a single term. Trushkin’s approach to prove the uniqueness of a locally optimal quantizer
under the conditions of Theorem 1, was to show that, if two locally optimal points u and u’ have the first
k —1 components equal and u;, < uj, then the inequality ”<” propagates to the rest of the components,
ie., u; < u} holds for all i > k. The proof was completed by showing that relation up—1 < u),;_,
leads to a contradiction. In the case of K-DSQ, the summations in (11) contain more than one term and
%(1)(.) and %-(2)(-) are functions of more thresholds, facts which make the problem more complex. In
this case if two locally optimal points u and u’ have the first K — 1 components equal and u; < uj,
then inequalities u; < w do not necessarily hold for all ¢ > k. Moreover, such inequalities would not be
sufficient to reach a contradiction. Our approach is to show that a more complex condition is propagated
to some values of ¢ > k until a contradiction is reached. To proceed with the proof we first present two
lemmas.

Lemma 1. If Conditions A, B and T'3 hold, then for any V < xg < zo < W, V <1 < z1 < W, such

that zgp < z1, there is
20— wo < 21 — 11 = 20 — p(wo,20) < 21 — p(xe, 21) (12)
Moreover, if the first inequality is strict, so is the second one.
Proof. Note first that implication (9) of T3 is equivalent to
z1 — zo < plx1, 21) — p(wo, 20) = w1, 21) — p(xo, 20) < 21 — 20. (13)
Likewise, relation (12) is equivalent to
x1—xo < 21 — 20 = p(x1, 21) — p(xo, 20) < 21 — 20 (14)

DRAFT



14

Assume now that the hypothesis of Lemma 1 holds. Next we need to distinguish between two cases.
Case a) 2o < x1. If x1 — 29 < (w1, 21) — p(wo, 20), then the second inequality in (14) follows by 7'3
(according to (13)). If 1 —xg > p(z1, 21) — u(xo, 20), then combining this relation with z1 —x¢ < 21— 20,
again p(x1,21) — u(xo, 20) < 21 — 2o follows. Now let us assume that z1 — xg < 23 — 29 and that
w(z1, z1) — p(xo, 20) = 21 — 20. Then the first inequality in (13) holds and it is strict, and by 73 the
second one is strict too, thus leading to a contradiction. Hence, the claim of Lemma 1 is proved.

Case b) z; < xzo. Because the function x(-,-) is non-decreasing in both variables [24], 1 < z¢ and
20 < z1, imply that u(xo, z0) > p(x1,20) and u(x1, z0) < pu(xy, z1). The last relation can be rewritten
as 0 = x1 — x1 < p(x1,21) — p(x1, 20) and by T3 (via (13)) it implies that p(z1,21) — p(z1,20) <
21 — 20, and that the equality holds only if p(x1,21) — p(z1,20) = 0. On the other hand, equality in
the last two relations cannot be reached simultaneously because z; — 29 > 0. Consequently, we have

w(xy, z1) — p(xy, 20) < 21 — 20. Using further the fact that p(x1, 20) — pu(x1,21) < 0, we obtain

w(x1, 21) — p(wo, z0) = (a1, z1) — w21, 20)) + (w1, 20) — (20, 20)) < 21 — 20,
which concludes the proof. [

In order to state the next lemma we introduce a definition first. Consider two arbitrary points u =
(wr, -+ yupm—1) , o' = (uj, -+ ,uf,;_y) € Op, and an integer 4,1 < i < M — 1. We say that condition

C(1) is satisfied if and only if u; < u} and the following inequalities hold
ui—ujgu;—u;forallj,1§j<z'. (15)
Note that condition C(1) is the condition that u; < .

Lemma 2. Assume that Conditions A, B, T'1, T2 and T3 hold. Let u,u’ be arbitrary points in Oy,
and let ¢ be an integer 1 < ¢ < M — 2. If condition C(i) is satisfied and 'yi(l)(u) = 71-(2)(u) and
wi(l)(u’ )= %-(2)(u’ ), then at least one of the following holds.

L1) pu(us, uiv1) — ui = p(ug, uiyq) —uj and C(i + 1) is satisfied;

L2) there is some k,1 < k < M —1—1, such that condition C'(i+k) is satisfied and %(Jlr)k(u) < 'yﬁ)k(u’).
If in addition to condition C'(7), we have 7(1)(u) < fy.(l)(u’ ), then necessarily L2 holds. (Note that L1

3 K3

and L2 do not necessarily exclude each other.)
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Proof. Because C(i) is satisfied, it follows that u; < w and inequalities (15) hold. Thus, by applying 7'1

for j = 0 and Lemma 1 for j > 0, we obtain that
wi — pug, ui) < ug — p(uf,ug),
for all 7,0 < j < i. Because the function f(-) is strictly increasing, it follows that
Fui = p(ug, ws)) < f (uf = p(u, i), (16)

for all 5,0 < j < 4. Using the expression (11) for %.(1)(-) and the fact that all coefficients «; ; are non-

negative, we have fyl-(l)(u) < 7§1)(u’). This and the hypothesis %(1)(11) = 752)(u) and 7(1)(u’) = (2)(u’)

7 7

further imply

7 () <P (), (17)
which is equivalent to
M M
D Buaf (s w) — i) < Byaf (uluf, ug) —uj). (18)
I=i+1 I=i+1

Because (3;; > 0 for all [, and (3; ;41 > 0, at least one of the following conditions must hold:

S f(u(us,wivr) —ui) = f(p(ug,ujy ) — uf);

S2) there is some k,1 <k < M — 1 —i such that f(u(ui, uipr) —ui) < f(u(uj,uj ) — uj).

Indeed, if S1 does not hold then either f(u(us,uir1) —us) < f(p(uj, uj, ;) — uj) is true, in which
case S2 holds for k = 1, or f(u(ui, uir1) —us) > f(p(wj, uj, ) — ;) is valid, in which case S2 must
hold for some k,1 < k < M — i because otherwise the inequality (18) would not be satisfied. But
k # M — i because from w; < uj and T2 it follows that pi(u;, upr) — ui > p(u), u),) — w, (recall that
upr = uhy, = W), which implies that f(pe(us, upr) —ws) > f(p(ul, w)y,) — ul).

If S1 holds, we have pi(u;, uit1) — ui = p(uj, uj, ;) — uj from the strict monotonicity of f(-). Since
u; < wj we can apply T'3, and obtain w;y1 — p(us, uiy1) < wiq — p(ug, uiy,), and further (u;q1 —
pr(uiy wigr)) + (i, tivr) —ui) < (ugq — plug, ui) + (p(ug, wiy ) —uj), hence wipy —u; < iy —uj.
Additionally, since inequalities (15) hold, it follows that (w1 —u;) + (u; —u;) < (wjyq —ug) + (uf —uj)
for all j,1 < j <. Consequently, wj+1 — u; < wu;,q —uj forall j,1 <j<i+1

Also, the inequalities u; 1 — u; < uj,; — uj and u; < wj imply that u;1 < w; ;. Thus, condition

C(i+ 1) is satisfied and conclusion L1 follows.
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If S2 holds, then the inequality f(u(w;, wir)—ui) < f(u(uj, u;, ) —u;) implies that fa(u;, uiyx) —u; <
p(ug, ug ) — g By applying T'3 (we are allowed because u; < uj), we obtain u; i — pu(u;, i) <
g — pug, U +k) These two inequalities lead to u; 1, — u; < u} 4+ — Wi Let ko denote the smallest

k > 1 which satisfies the previous inequality. Since u; < u/, it follows that w4z, < u} too. By

i+ko?
the definition of kg, for any £&',0 < k' < ko, we have u;p — u; > u;,, — uj. Corroborating with
Uik, — Ui < Wy — g, it follows that (wi g, — ui) — (wipp —wi) < (wj,, —uj) — (wj,, —u;), and
hence ik, — Uitk < u;+k0 — i forall &/,0 < k' < ko.

On the other hand, for any j, 1 < j < 4, since u; —u; < u] —u; by (15), and iy, —u; < wj,, —ug, it

10

follows that w;  p, —u; < u} ko u; Consequently, condition C(i+ ko) is satisfied with strict inequalities:
Uiy — Uj < u;+k0 — u; for all j,1 < j < i+ kg. (19)

Since the above inequalities are strict, it follows from Lemma 1 together with the strict monotonicity of
FC), that f(uipr, — p(ug, wivk,)) < fuhy g, — m(u)ui,y, ) forall j,1 < j < i+ ko. Moreover, T and
the monotonicity of f(-) imply that f(uitk, — p(uj, witk,)) < fujy g, — p(u),uiyy ) for j =0 (note
that ug = uy = V). Since @iti,; > 0, 0 < j < i+ ko, and iqp,i+h,—1 > 0, we obtain further that
vf}r)ko( ) < vf}r)ko(u’ ). Thus, L2 follows.

If ’y-(l) (u) < %(1) (u’), then inequality (17) has to be strict, hence (18) has to be strict, too. Then clearly,

7

S1 cannot hold, hence S2 has to hold, and L2 follows. [J

Proof of Theorem 1.
Assume that there are two different points u = (ug,---up—1) € Opr, and 0’ = (u),--- , 0, ;) € Op,
for which (8) (or equivalently, (10)) holds. We show that this assumption leads to a contradiction.
Since u # u’, it follows that there is some 7,1 < i < M — 1, such that u; # u; Let ¢ be the smallest
1 with this property. We assume without loss of generality that u;, < ugo. Then clearly C(ip) is satisfied.
Thus Lemma 2 can be applied. Moreover, according to 7'1 and Lemma 1, we obtain that w;, —p(u;, u;,) <
— p(uj, vz ), which further implies by (16) that f(ui, — p(uj, ui)) < f(uj — p(u},u; ), for all
J,0 < j < ip. Because the coefficients «;, ; are nonnegative it follows further that 7( )( ) < 'yi(ol)(u’ ).
We distinguish further two cases: when ¢g > 2, and when g = 1.

Case 1. ip > 2. Because V' < w;,—1 = uj _; < uj, < uj, it follows that u;, — u;,—1 < uj —uj ;.
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Lemma 1 implies further that w;, — pu(ui,—1,ui,) < uj, — p(uj, _q,u; ). Since the function f(-) is strictly

increasing, we obtain f(u;, — p(wi, 1, ui,)) < f(uj, —p(uj _y,u; ). Since ag, ;,—1 > 0 we further have

10—17 Yig
’yz-(ol)(u) < ’yi(ol)(u’ ). Applying inductively Lemma 2 (note that at each application, L2 holds) establishes

condition C'(M — 1) and

A ) <40 ). (20)

On the other side, since upr—1 < w},_4, it follows from T2 that p(upr—1, W) —upr—1 > p(uhy,_, W) —

u)y,_y. Hence f(u(unr—1, W) —unr—1) > f(u(uhy,_y, W) —u)y,_y). It follows that

A ) >4 (). @1)

Relations (20), (21) together with 'y](é)_l(u’ ) = 71(\3)_1(u’ ) and 'y](é)_l(u) = 'y](é)_l(u) lead to a contradic-
tion.
Case 2. igp = 1. Applying inductively Lemma 2 concludes that at least one of the following two
assertions holds:
Al) C(M —1) is satisfied and fy](\})_l(u) < fy](\})_l(u’).
A2) C(i) is satisfied for all 4,1 <7 < M — 1. Additionally, (i, uit1) — u; = p(uj, uj, ;) — u; for all
i 1<i<M-2.
If Al is true, then a contradiction arises as in the previous case. If the second assertion is true, then we
can apply T4 and it follows that at least one of the following statements is valid:
A2.1) p(unr—1,un) — unp—1 > p(u)y,_q,uhy,) —uhy,y (by T4.1, since up = u)y, = W);
A2.2) there is some 41,0 <1 < M — 2, such that w;, 11 — p(ui,, s, +1) < uj g — ,u(u;l,u;lﬂ) (by T4.3
and T'4.1; note that ug = uy = V).
When A2.1 holds, we have 7](\3[)_1(11) > 'y](é)_l(u’ ) because f(-) is strictly increasing and Bar—1,a > 0.
Using (10) we obtain that ’y](\}[)_l(u) > 'y](\;)_l(u’ ). On the other hand, because C'(M — 1) is satisfied it
follows that 'y](\})_l(u) < 7](\?_1(u’ ) ( by the argument used to derive (17) in the proof of Lemma 2).
Thus, we have reached a contradiction.

Now we treat the case when A2.2 holds. Note first that since C'(i; + 1) is satisfied, by (16) we have

Fuier = pug, wi, 1)) < f (g, 10 — p(uf, ug, ) forall 5,0 < j < +1, (22)
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as shown in the proof of Lemma 2. Moreover, the inequality (22) corresponding to j = 4 is strict due to
the condition in A2.2 and the strict monotonicity of f(-). Further, because all a;,41; are non-negative
and aj, 414, > 0, it follows that fyz-(lljrl(u) < ’yi(ll}rl(u’ ). The same argument as in Case 1 leads to a
contradiction as well. [J

We say that an IA is optimal if there is a globally optimal convex K-DSQ (globally optimal with

respect to the set of convex K-DSQs), which has that IA. The following result is a direct consequence

of Theorem 1.

Corollary 1. If Conditions A, and B hold, Q is a locally optimal convex K-DSQ, its TA is optimal,
and the conditions in Theorem 1 are satisfied (e.g., if p(z) is log-concave and the error function is the

squared difference [24, Theorem 4]), then Q is a globally optimal convex K-DSQ.

Consequently, when the sufficient conditions of Theorem 1 are met, the design of optimal convex K-
DSQ can be performed by first finding an optimal IA, then applying a generalized Lloyd-type algorithm
to optimize the K-DSQ, given that assignment.

Finding the optimal IA is a difficult problem in general. Fortunately, for convex MDSQ’s there are
several important cases when this problem is easier to handle, such as MRSQ and symmetric MDSQ. In

the next two sections we address the problem of IA for these two cases.

V. OPTIMAL INDEX ASSIGNMENT FOR CONVEX MRSQ

This section is devoted to the discussion of optimal IA for convex MRSQ. Recall that a convex MRSQ
with K refinement stages is a convex K-DSQ whose active components are Q1, Q(12}," "+, Q1. i}, » Qs
where Q... ;3 denotes the component quantizer corresponding to the first ¢ descriptions, hence its
partition is the intersection of the partitions of side quantizers Q)1,Q2,--- ,();. In our definition of
convex K-DSQ we have imposed only to active components to have convex cells. Therefore, in a convex
MRSQ only quantizers Q1, @12}y, ,Qq1,.. i}, - » Qk are required to satisfy this constraint, while
the side quantizers )2, Qs3, - - - , Qx may have nonconvex cells.

Interestingly, as the following theorem shows, in the case of convex MRSQ, only the number of cells

in the central partition is relevant at optimality, and not the IA. The intuitive reason for the theorem
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to hold is that if the central partition has maximal number of cells, then it determines all active side
quantizers.

Theorem 2. Assuming that Conditions A and B hold, a globally optimal convex MRSQ of K refinement
stages must have M = M; M, - - - M cells in the central partition, where M; denotes the number of cells
in side quantizer );, for all 1 < ¢ < K. As long as the latter condition is satisfied any index assignment
is optimal.

Proof. In order to prove this theorem it is useful to note that the active components of the convex MRSQ
Q1,Qq12), s Qpu2,i-1,4), > Qk forms a sequence of embedded convex quantizers, i.e., any cell
of Q1,2,... i—1} is the union of some cells of Qg o.... ;1 ), more specifically, of at most M; such cells.
Another way of saying this is that the partition of Q12 ... ; 1 is obtained by splitting each cell of
Q{1,2,-i—1} into at most M; nonempty subintervals. To see this, let C' be a cell of Q... ;1) and let
C’{i), Céi), cee 01(\2, be the cells of the side quantizer ();. Then the sets C'N C’fi), cn C’éi), 0N C](\Z)

(actually those which are nonempty) are cells of Qq5... ;1) and
c=cncuencyu---uecncl)).

Further we argue that at optimality all the sets C' N Cfi), cn Céi), 0N C’](\? have to be non-empty.
In order to prove this point it is enough to show that if one of these sets is empty then a convex
MRSQ of strictly smaller expected distortion can be constructed. For this, assume that C' N C’fi) =0
and C' N Céi) = (a,b] # (0. Pick some point ¢ inside the open interval (a,b) and define two new sets
Agi) = Cfi) U (a,t] and Ag) = Céi) — (a,t]. The new MRSQ is constructed by replacing the cells
C’fi), éi) of side quantizer @); by the sets Agi), Ag), respectively, and optimizing the MRSQ decoder.
We assume that the decoder of the old MRSQ was optimized as well. Let us analyze now the effect
of this change on the active components of the MRSQ. Clearly, quantizers Q1,Q(12}," > Q1,2, i—1}
are not affected. The only effect on the partition of Q1 5... ;_1 ) is that the old cell (a,b] is replaced
by two new non-empty cells (a,t] = C' N Agi) and (t,b] = C'N Ag). For j,i +1 < j < K, only the
portion of the partition of ;5 ... ;3 covering the interval (a,b] is affected. Note that in the old MRSQ

this portion of the partition consists of all non-empty intersections (a,b] N C’, where C’ ranges over all

non-empty intersections of cells of side quantizers Q;y1,--- ,Q;. In the new MRSQ this portion of the
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partition is composed of all non-empty intersections (a,t] N C" and (t,b] N C’ with all possible C” as
above. Let (a,b]NC" = (¢, d]. Then exactly one of the following three cases is possible: 1) (a,t]NC" =0
and (t,b] N C" = (¢,d] when t < ¢; 2) (a,t] N C" = (¢, t] and (¢,b] N C" = (t,d] when ¢ < t < d; 3)
(a,t]NC" = (¢,d] and (¢t,b]NC" = () when ¢t > d. Consequently, the interval (c, d] from the old partition
either remains unchanged in the new partition or is split into two non-empty intervals (c,t] and (¢, d).
Because there is only one cell (¢, d] which can contain ¢ in its interior, it follows that at most one of
the old cells is split. The above analysis reveals that the new MRSQ is still convex. Moreover, each of
its active component quantizers is either identical to the old one, or is obtained from the old one by
splitting one cell into two non-empty intervals, and at least one of the active components is in the second
category, i.e., Q12.... - Since the pdf p(x) is strictly positive, by splitting a cell of a convex quantizer
into two non-empty intervals a convex quantizer of strictly smaller distortion is obtained. It follows that
the new MRSQ has a strictly smaller distortion than the old one.

The above argument implies that in the optimal convex MRSQ, the partition of Q ;5 ... ;1) is obtained
by splitting each cell of Q)¢ o ... ;_1y into exactly M; nonempty subintervals. This implies that it must have
exactly M = MM, --- Mg cells in the central partition. Now let us consider a convex MRSQ which
has M = MM, --- Mg cells in the central partition and let us examine the relevance of the IA. Note
that, since the number of cells in the central partition is maximal, then the central partition determines
the partitions of the active components, irrespective of the IA. Precisely, for each 7,1 < i < K — 1,

each cell of quantizer Q... ;_1,;, must be the union of M; = TII<, .,

M; consecutive intervals of
the central partition. Therefore, if wg, w1, w2, - - ups are the thresholds of the central partition, then the
thresholds of the quantizer Q1 o.... ;1 ;) are necessarily uo, Unr/, Uaniy, * 5 (M, My M, —1)M! > UM - There
is a multitude of IA’s which yield the above partitions, but they affect only the distortions of non-active
components and therefore they do not have an impact on the expected distortion of the MRSQ. We
conclude that when the number of cells in the central partition is maximal,i.e., equals M;Ms - -- Mg,
any index assignment is optimal. This observation concludes the proof. [

The next corollary is an immediate consequence of Theorem 2 and Corollary 1 from the previous

section.

Corollary 2. If Conditions A and B are satisfied, then any locally optimal convex MRSQ with M; Ms - - - My

DRAFT



21

number of cells in the central partition is globally optimal, too, if the conditions in Theorem 1 are satisfied.
The generalized Lloyd-type algorithm for MRSQ design proposed by [4] constructs a locally optimal
(fixed-rate convex) MRSQ with the maximal number of cells in the central quantizer. According to the

above corollary, if the conditions in Theorem 1 are satisfied, then the MRSQ obtained is globally optimal.

VI. OPTIMAL INDEX ASSIGNMENT FOR SYMMETRIC CONVEX K-DSQ.

In this section we settle the problem of optimal IA for symmetric convex K-DSQ.

Recall that in a symmetric convex K-DSQ all side quantizers have the same rate, i.e., the same number
of cells, hence M7 = My = --- = Mg . Moreover, the weight w7 is only a function of the cardinality of
the set Z, in other words we have wy = wz if |Z| = |Z'|. We also require that w; > 0. Hence all side
quantizers are active components, and according to our definition of convex K-DSQ they have convex
cells. This implies that all component quantizers, active or not, are convex too.

Each side partition is specified by M; — 1 thresholds. Let v? =V, vZMl = W and let vf ,0< 3 < My
satisfying

V:v?<vl-1<-~vg<vf+l<-~<v- =W,

be the thresholds of side quantizer Q;, 1 <i < K.

The set of thresholds of the central quantizer is the union of the sets of threshold of all side quantizers.
Therefore, the maximal number of cells in the central partition is K (M; — 1) + 1, and it is achieved if
and only if the thresholds of different side partitions are different. Clearly, specifying an IA is equivalent
to specifying the order of thresholds vf in the central partition, and specifying the equalities between
these thresholds, if any.

In this section we will consider only convex K-DSQ’s with optimized decoders. Hence the represen-
tation point of any cell (a, b] will be its generalized centroid 1 (a, b). We define the distortion of the cell,

denoted by D(a,b), according to

b
D(a.b) = [ f(o = n(aB)pla)d.

Thus, the distortion of a quantizer becomes the sum of distortions of its cells. As previously, the error
function f(-) is assumed to be convex, continuous and strictly increasing. We will also prove some results

for the case when f(-) satisfies additional requirements, and then these requirements will be specified.
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Some progress toward finding the optimal IA for symmetric convex 2-DSQ was achieved in [7].
Precisely, it was proved that there exists an optimal symmetric convex 2-DSQ which satisfies the following
inequalities

+1

vl <vh <P <] <o <ot < <L (23)

While this result sheds considerable light on the structure of the optimal IA in the case of two symmetric
descriptions, it does not solve the problem completely. In order to uniquely identify an IA each inequality
”<”” above must be replaced by "< or by ”=". Therefore, the series of relations (23) characterize a class
of at least 2M1~1 distinct IA’s. This count was obtained by considering all possibilities when every second
inequality in (23) is strict and any other inequality is replaced by ”<” or by ”=". Consequently, in order
to find the optimal IA, a search must be conducted among at least 21~1 possibilities. Nevertheless,
the structure highlighted by relations 23) was exploited in [7] to accelerate the combinatorial design
algorithm. The case of K > 2 was not treated in [7] and the proof given there for K = 2 does not extend
in a straightforward manner to more than two descriptions.

In this section we settle the problem of optimal IA for symmetric convex K-DSQ, for general K.
Specifically, we prove that there is an optimal IA for which a series of relations similar to (23) hold, but
with strict inequalities. Consequently, these relations uniquely specify an IA. Furthermore, we prove that
when the error function f(-) is additionally continuously differentiable, any optimal index assignment
must satisfy these relations, up to a permutation of the side quantizers. The first step toward our main
result is the next theorem which clarifies that an optimal convex K-DSQ whose all side quantizers are
active components (and hence convex), must have the maximal possible number of cells in the central
partition, as allowed by the side quantizers rates. Note that the result established by this proposition is
not restricted to symmetric K-DSQ’s, in other words, the side quantizers may have different rates and
different weights.

Theorem 3. Assume that Conditions A and B hold. Consider the class of convex K-DSQ’s whose all
side quantizers are active components, and each side quantizer ); has M; cells, 1 < ¢ < K. Then there is
an optimal K -DSQ within this class and it necessarily contains My + Mo+ - -+ Mg — K+ 1 (non-empty)

cells in the central partition.

Proof. Clearly, to find an optimal K-DSQ we only need to look at decoder optimized K-DSQ’s. Consider
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first the decoder optimized K-DSQ’s within the class specified in the hypothesis of the theorem, which
have M cells in the central partition, for some M such that maxi<j<xg M; < M < My + Mo +--- +
Mg — K + 1, and some IA denoted by hjys. Let O be the set of (M — 1)-dimensional real vectors
u = (up,ug, - ,up—1) satisfying V < u; < ug < --- <wup—1 < W. Define the function Fj,,, (u) on
the set O, as follows

By, (u) = oy / " B = g ) p(@)de, 4)

ICIC Jwz#0 k=1"Yiz,k—1

with the notations introduced in Section III. Then F},,, (u) represents the expected distortion of the convex
K-DSQ with vector of thresholds u and with hjy; as IA. Next, denote by R. the extended real line and
let Oy be the set of all (u1,uz, -+ ,up—1) € RV satisfying V < uy < ug < -+ < up—q < WL
Consider on the set Oy, the topology inherited from the product topology on RY ™. Now extend the
function Fj,, (u) on the set Oy by replacing LZJII::I f(z = pujy, ., uj,)|)p(z)de in (24) by 0,
whenever u;, , , = uj, ,. By similar arguments to those used by Kieffer in [18, Lemma 3] and [19,
Lemma 2], the function F},,,(-) is continuous on RY . Since RM s a compact set it follows that
the function Fj,,, (-) achieves its minimum on RY 7 Let 1y, € Oy denote such a minimum point, i.e.

FhM (ﬁhM) = min FhM (u) Next, let My and h]w(J be such that Fhl\/lo (ftho) = minM,hM FhM (ﬁhM),

ueOy
where the minimum is taken over all possible numbers M of cells in the central partition and IA’s
has corresponding to the class of convex K-DSQ’s whose all side quantizers are active components,
and each side quantizer ); has M, cells. Clearly, the minimum exists since the set of all possible
such IA’s is finite. Moreover, F},, (Q,, ) is smaller or equal than the distortion of any convex K-
DSQ in the class specified above. Therefore, in order to complete the proof it is enough to show that
My = My + My + -+ Mg — K + 1 and that 4, € Op,.

Note that uy,, can be interpreted as the vector of thresholds of a convex K-DSQ Q with all side
quantizers being active components, where the number of cells in (); is at most M; and such that
D(Q) = Fh,y, (Qpy,, ). If for some i’s, 1 < i < K, the number of cells of @; were less than M;, then
by refining the encoder partition of each such @); to have exactly M; non-empty cells we would obtain

a new K-DSQ (with optimized decoder) of expected distortion strictly lower (because all w; > 0 and

the pdf p(x) is strictly positive), fact which leads to a contradiction. It follows that each (); must have
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exactly M; cells. In order to complete the proof is then enough to show that no two side quantizers have
thresholds in common.

We will present a proof by contradiction for the above claim. Note that all since all side quantizers
are active components, it follows that they are all convex, hence all component quantizers, active or
not, are convex too. Assume without restricting the generality that the first £ side quantizers, for some
k > 2, have a threshold in common. Then there are ji,--- ,jr with 1 < j; < M; — 1, and v such that
fu{l == v,{:"‘ = v and vg # v for any 7 > k and any j. We will construct a new convex K-DSQ Q'
starting from Q, such that D(Q’) < D(Q). The construction is based on a properly chosen perturbation
of the threshold v in Q. For this we need to introduce first some notations. For each Z C K, such that
{1,2,--- k}NT # 0, let le, respectively v7, denote the threshold preceding, respectively following,
v in the encoder partition of ()7 (note that superscript [ stands for left and superscript r stands for
right). Further, let le denote the reconstruction value (hence generalized centroid) of cell (le, v], and v}
denote the reconstruction value of cell (v,v%]. Recall that the generalized centroid is contained in the
interior of the cell. Also denote by S; the set of all non-empty subsets Z of K such that £ € 7 and
{1,2,--- Jk—1}NZ = (. Also, let Sy denote the set of all non-empty subsets Z of K such that k € Z
and {1,2,--- ,k — 1} NZ # (. Next we need to distinguish between two cases. The first case is when
the following inequality holds

> wr(f(lv = yzl) = f(lv = vEl) > 0. (25)

WASEH

Let yo = minyes, y';. Clearly, we have v < yo. Further, let y = WTyO Hence v < y < yg. These relations
together with the definition of yo and the fact that f(-) is strictly increasing, imply that f(|v —y'7[) >
f(Jlv—y|) for any J € S,. Using (25) and the fact that there is some 7 € Ss such that w; > 0 (precisely,
J = {k}), we conclude that the following inequality holds

Yo wr(flo=yil) = fllo = zD) + Y wa(flv =y51) = f(lv —y]) > 0. (26)

WA JES,

Consider now the function g(z) defined for x € [v,y] as follows

gl@) =Y wr(fle —yz) = flle = yzD) + D wa(Flz —y7) = flz —yl)).

ZeS: JES,
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Equation (26) implies that g(v) > 0, and since ¢ is continuous, it follows that there is some § > 0 with
v+ 9 <y, such that g(x) > 0 for all x € [v, v+ ¢]. Finally, let u denote the threshold following v in the
central partition of Q, and define v" = min(v + 4, %), hence v" < u. Now we are ready to construct
the new convex K-DSQ Q' starting from Q. For this we replace the threshold vi’“ in side quantizer Qg
by v’ and keep all other thresholds fixed. Note that this change does not affect the quantizers Q7 for
subsets Z which do not contain k. For Z € S; only two cells are affected. Precisely, cells (v%,v], (v, Y]
are changed into (le,fu/ ], (W, vﬂ, respectively. Moreover, the effect on quantizers ()7 with J € Sy is
that one cell is split into two. Specifically, cell (v,v"] is split into (v,v'] and (v/,v"].

Now in order to completely characterize the new K-DSQ Q' we have to specify its reconstruction
values as well. For all cells which have not been changed, we keep the same reconstruction values as
in Q. Further, for quantizers Q7 with Z € S;, we let le, respectively 37, be the reconstruction values
of cells (vk,v'], (v',v%], respectively. Finally, for quantizers Q 7 with J € Sy we let y, respectively Y
be the reproduction value of cell (v, v'], respectively (v',v;]. Now it is clear that the change from Q to
Q' incurs a change in the mapping of source samples to reproduction values only for the samples z in

(v,v'] and only for subsets Z of descriptions with Z € S; U Sy. Thus we obtain the following equality

’

D(Q)-D(Q) = /v (> wr(f(z—yrl) = f(z—yzD) + D wa (f(lx =)~ f(lz—yD))p(x)dz.

ZeS, JES:
It follows that

v’

D(Q) - D(Q) = / o(2)p(a)dz.

v

The definition of v implies that g(x) > 0 for all z € (v,v"). Moreover, since p(z) > 0 for z € (v,v’),
too, we obtain that g(z)p(xz) > 0 for all z € (v,v’), and further that f;ﬂ g(x)p(x)dx > 0. This leads to
the conclusion that D(Q’) < D(Q), which contradicts the optimality of Q. Thus, the proof of this case
is completed. The case when relation (25) does not hold can be treated symmetrically by appropriately

choosing a value v' < v and constructing Q' by replacing vik by v'. O

Remark 1. As an immediate corollary to the above proposition, it follows that all inequalities in (23)
are strict, and hence they define an optimal IA for symmetric 2-DSQ.

The next results establishes an optimal IA for symmetric convex K-DSQ, for general K.
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Theorem 4. Assume that Conditions A and B hold. Then there is an optimal symmetric convex K-DSQ
such that

vl <vh <<l <l <<l <ot < <o (27)

in other words, where Ug < ng holds forall 1 <i < K—-1and1<j < M;—1, and v%‘( < U{H holds
for all 1 < j < M; — 2. Moreover, if f(-) is additionally continuously differentiable, then any optimal
symmetric convex K-DSQ must satisfy the relations (27) possibly after a permutation of subscripts of
the side quantizers.

Proof. Note that by Theorem 3, an optimal symmetric convex K-DSQ with M; cells in each side
quantizer must exist. Further, the idea of the proof is to show that by exchanging thresholds between
side quantizers such that (27) to be satisfied, the expected distortion of the K-DSQ does not increase. It
will be understood that after performing such an operation the decoder will be optimized, and we will
not explicitly state this.

First we permute the entire partitions among side quantizers (or equivalently, apply a permutation of
the side quantizers subscripts) such that v; < vy < .-+ < v}, in other words such that the first K — 1
inequalities in (27) to be satisfied. This permutation results in a convex K-DSQ with the same expected
distortion. Further, let us order of thresholds Uf ,1<i < K, 1 <5< M;—1, in increasing order. Note
that according to Theorem 3, the elements of this sequence are pairwise distinct. Denote by ¢; the [-th
element in the ordered sequence, for 1 <! < K(Mj —1). Further, let < denote the lexicographical order
(l.o., for short) of pairs of integers (j,). Precisely, (j,i) < (j',¢') if and only if either 1) j < j' or 2)
j=7j and i <. 1If (4,4) < (j',i) we say that the pair (j,4) is smaller than the pair (j’,4") in Lo.. Note
that the ordering of thresholds vg in (27) corresponds to the lexicographical order of the pairs (j,7). Now
let us order the pairs (j,i), 1 <i < K,1 < j < M; — 1, in Lo., and denote by o(j,7) the position of
pair (j,) in this sequence. Then o(j,i) = (j — 1)K +iforall 1 <i < K,1 < j < M; — 1. Clearly, the
inequalities (27) are satisfied if

vl =t @8)
forall 1 <:< K, 1<j3< M — 1.
To make the explanation more intuitive we say that the threshold vf is correctly placed if the above

equality is satisfied, and we say that it is misplaced, otherwise. Notice that, due to the permutation of

DRAFT



27

quantizer subscripts applied earlier, the first K thresholds in sequence are correctly placed. We will
exchange thresholds between side quantizers in a series of steps such that after each step the number of
correct placements in the sequence of thresholds up to the first misplacement strictly increases, while the
expected distortion does not decrease. Assume that we are at the beginning of some step s,s > 1, and
that the first misplacement occurs in the /-th position, for some ¢ > K. In other words, equality (28)
holds for all pairs (7, ¢) such that o(j,7) < ¢ and does not hold for the pair (j1,41) satisfying o(j1,i1) = ¢.

Let (jo2,i2) be the pair for which ¢, = vf;" Then clearly, j; > 1 and the following relations are valid

(J1,11) < (J2,42) (29)
and
vfj < vfll
Since vf;_l < vff, it follows that vfj_l =ty for some ¢’ < ¢, hence v{j_l is correctly placed. This implies

that o(jo—1,49) = ¢ < {—1. Moreover, v Lis also correctly placed because o(j1—1,41) < o(j1,41) = .

i
Inequality (29) implies that o(j; — 1,41) < o(j2 — 1,i2) (note that necessarily jo > 1 since j; > 1).

Jji—1
1

Furthermore, since both v and vgj_l are correctly placed, we obtain that

jiol e

UZl 12

Summarizing, we have established the following sequence of inequalities, which is crucial to our devel-
opment

i Tt <l < vfj < vfll 30)

11 12

In order to describe the interchanges that we will make, let k£ be the smallest nonnegative integer such
that £ < M; — jo and vflﬁk < vngrk. Such an integer always exists and is strictly positive because the
previous inequality is satisfied for k£ = M; — j2 (since Uf\jl = W) and is not satisfied for £ = 0 by (30).
Then the following sequence of inequalities holds:

itk—1 i+k—1 itk
vt <t < vffr

12 1

< vtk (31)

J1+k _ Uj2+k

Notice that we have v} i only if j1+k = jo+k = My (by Theorem 3), otherwise the inequality

qu"rk‘—].

s Yig

U?1+k’—1

is strict. Now interchange the thresholds UZQ, e , with v?', -+ | , respectively, between
2 11 11

the side partitions ();, and @);,. This interchange is illustrated in Figure 3. Note that the number of cells
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in the two side quantizers is not affected by this operation. Moreover, this interchange does not affect the
first £ — 1 = o(j1,41) — 1 thresholds in the sequence, and causes the threshold on position ¢ to become
correctly placed, too. Thus, the number of correctly placed thresholds up to the first misplacement strictly
increases. It remains to show that the expected distortion of the K-DSQ does not increase. For this we
will consider pairs of component quantizers and analyze how their contribution to the expected distortion
is affected.

Let us first consider the side quantizers @);, and @);,. The partition of @);, is modified only between

thresholds v,{;_ and UJZHC The new cells are:
A N A A A T A N O |
The partition of );, is modified only between fuill and v71+k the new cells being
(ol el T, T
Note that the cells (v?,v>™"], -, (v2"*72 o2 F*71) tand (o), o™, (07572, 07571 have

simply been exchanged, respectively, between side quantizers (J;, and (;,. Since the distortions of
Qi, and Q;, are weighted equally in the expected distortion of the K-DSQ, and since the distortion of
each quantizer is the sum of distortions of its cells, it follows that the exchange of cells does not affect
the overall contribution of the two side quantizers to the expected distortion. Thus, any change in the

expected distortion is due only to the modification of the old cells (v, v?2], (v2™ 1 v2%¥] of Q,,

12 ’ ’Lz ’Lz ’ 7,2
: =1 jitk—1j : -1 -1
into (v)>™",v]'], (vf.lﬁk ,Uffk] respectively, and of the old cells (v;! ,vlj-ll], (vlj-fk ,vfllJrk] of Q;,

1nt0( i1 ,sz] ( 322+k 1’ Z]1+k

;v ], | respectively.

Let A denote the difference in the expected distortion due to the changes in @);, and Q;,. Then

A =D o) + D o) = Do o) = Dol ) +

12 ’12 12 ’12 7«1 ’11
+k—1 +k +k—1 +k +k—1 +k +k—1 +k
+D (o] L) £ DLl = DL ) - DL 32)

At this point we apply Lemma 3, which is stated and proved in Appendix. Thus, from (30) we obtain:

D™ vl) + D@ uf?) — D@ uf?) - Dol <. (33)

12 ’ 11 ) Vig Zz ? Vg 11 P/ —
Further, from (31), by applying Lemma 3 we obtain:

D( J1+k—1 Jz+k)_|_D( J2+k—1 J1+k) D( Jja+k—1 J2+k) D( Ji+k—1 Jl+k) <0. (34)

11 ’ 12 ’ 11 12 ’ 12 11 ) ll —
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Fig. 3. Interchange of thresholds between side partitions @i, and Q;,.

Relations (33) and (34) together with w; > 0, imply that A < 0. Moreover, according to Lemma 3, when
the error function f(-) is additionally continuously differentiable, the inequality (34) is strict, which
implies that A < 0.

Let us analyze now the modification incurred by the threshold interchange, on the other component
quantizers. Clearly, any Q7 such that iy ¢ Z, and ip ¢ Z, is not affected. Also, the partition of Q;, ;,}
remains unchanged. Thus, the partition of any component quantizer ()7 such that i1,i0 € Z does not
change either. Consider now an arbitrary Z C K, Z # (), which does not contain either i, or i5. We will
analyze the changes incurred in ()4, 0z and Qy;,yuz- Consider the set V' of thresholds ¢ of quantizer Q7
such that ¢ > vgz_l and t < vf R Assume first that V is non-empty and let v = min ) and v" = max V.

Jit+k—1

Case 1. v < v” and v;] < v'. This case is illustrated in Figure 4. The only effect in this case is that

all cells between v and v’ are exchanged between quantizers Qiyyuz and Qg yuz- Since the distortions
of Qi,yur and Q4 uz are equally weighted in the total expected distortion, this exchange does not

affect the expected distortion of the K-DSQ.

]1+k 1

Case 2. v < v and vj] < v'. Figure 5 illustrates this case. Let v, denote the largest threshold of

Jj2—1

Q{zl}UI’ which is smaller than v;; . Consequently, vfll_l < < vfj . Also let vy = min{v, v } (in
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Fig. 4. The effect of thresholds’ interchange on partitions Q¢;,3uz and Qy;,3uz in Case 1.

Figure 5, va = v). As an effect of the threshold interchange, the old cells of Q) situated between

vi{j and v’ are exchanged with the old cells of Q{i,yur situated between v and v’. This exchange does

J2—1

not affect the expected distortion. Additionally, the old cell ( vh] of Q;,)uz, is transformed into

(v27! vy), and the old cell (vy,vs] of Q(i,yuz» is transformed into (vy,v] ] No other modifications

12

occur. Let A denote the change in expected distortion due to the modifications in Qy;,yu7 and Q;,yuz-

Then

A =wiur[DEET ve) + D(vi,vl?) — D(v}* !, vf?) — D(vr, va)]. (35)

2 ’52 7 g

Because v; < vfjfl < vfj < vg, by applying Lemma 3 and using the fact that wy; yuz > 0, it follows

that A < 0.

Gi+k—1 G1+k—1

Case 3 (v < v]2 and v}’ > ¢’), Case 4 (v > v” and v}’ > v’) and the case when V is empty

1
Ji+k=1 _ 4/ can never hold due

can be treated by similar arguments. Note that equalities v = v” and v’
to Theorem 3.
In conclusion the threshold interchange does not increase the expected distortion of the K-DSQ.

Moreover, if the error function f(-) is additionally continuously differentiable, the expected distortion

strictly decreases. With these, the proof is completed. [J
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Fig. 5. The effect of thresholds’ interchange on partitions Qy;,3uz and Qy;,3uz in Case 2.

Relations (27) define the following TA: h: {1,2,--- , K(M; — 1) + 1} — {1,2,--- , M1 }¥ with

h(l):<jl+17"'7jl+17jl7"'7jl) (36)
—_———
1 K*Zl
where j; = | (I=1)/K |+1and i = -1 (ji—1)K, forall |, 1 < | < K(M;—1), and h(K (M;—1)+1) =

(My, My, - -+, My). According to Theorem 4 this IA is optimal for symmetric convex K-DSQ. Moreover,
when the error function f(-) is additionally continuously differentiable, this IA is the unique optimal TA

up to a permutation of subscripts of side quantizers. [J

VII. CELL CONVEXITY

It has long been known that fixed-rate single description scalar quantizers can be made optimal with
convex cells [13]. However, it was recently shown by Gyorgy and Linder [15] that there exist discrete
distributions and an interval of rates, for which the optimal entropy-constrained scalar quantizer cannot
have convex cells. On the other hand, the same work proves that such an example cannot be found when
the source distribution is continuous, the number of quantizer cells is finite and the error function f(-)
is non-decreasing and convex. It is also pointed out in [15] that even for discrete distributions, all the

points on the operational R-D curve, which are on its convex hull can be achieved by a convex quantizer.
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The non-optimality of convex quantizers is not quite as pathological for K-DSQ as for the single
description counterpart. Effros and Muresan [10] proved that for both fixed-rate and entropy-constrained
situations there are discrete distributions and weights w7 such that the optimal K-DSQ cannot be convex.
Such examples can be constructed without too much effort even for continuous distributions. For instance,
for the uniform distribution over the interval [0, 1] and squared error distortion, the optimal fixed-rate
symmetric 2-DSQ whose side quantizers have 2 cells each, cannot be convex if wy /LU{LQ} < 7/81.
Indeed, let Q be a convex 2-DSQ with 2 cells in each side quantizer. This 2-DSQ has at most 3 cells
in the central partition. By bounding from below the distortion of each component quantizer by the
lowest distortion achievable at the corresponding rate, we obtain that D(Q) > 21—4w1 + 1—(1)8w{172}. Let
now Q' be the non-convex 2-DSQ whose side partitions are Q}: [0,1/2],(1/2,1], and Q%: [0,1/4] U
(1/2,3/4],(1/4,1/2]U(3/4,1]. Assume that Q' has optimal decoder. Then D(Q’) = {Lw1 + fh5w(1 2)-
Clearly, when w; /w9y < 7/81, we have D(Q) > D(Q).

However, the above results do not rule out the possibility that for many practically important distri-
butions, weights w7 and rate constraints, the optimal K-DSQ may have convex cells. A very simple
example is the case of fixed-rate MRSQ for a uniform source. Also, it was shown by Vaishampayan [26]
(for fixed-rate symmetric 2-DSQ) and by Effros and Muresan [10] (for general case of K-DSQ) that for
the squared distance distortion measure, convexity of cells in the central partition does not prevent the
K-DSQ from being optimal.

Intuitively, the optimal K-DSQ should be convex when the emphasis in the optimization is on mini-
mizing the side distortions rather than the distortions of other components. This may happen when the

@i for |Z| > 2 are large enough. We conjecture that for any continuous probability distribution

T

ratios
p(zx), and any K-tuple of positive integers M, --- , Mg (M is the number of cells of side quantizer

k), there are finite values A; 7 such that the convexity of the optimal fixed-rate K-DSQ is necessary

when :J"—I > Az for all ¢ and Z, with w;,wr # 0. A proof of this statement was given in [6] for

fixed-rate symmetric 2-DSQ under the high-resolution assumption (R — oo) and r-th power distortion
measure (d(x,y) =| x — y |"), when the pdf has a compact support. Precisely, it was shown that under
the above conditions, when ﬁ > 1/ 2"+1  there is an optimal 2-DSQ with all cells convex. This

result was obtained by comparison with the high resolution performance of a class of non-convex 2-
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DSQ’s provided in [28]. As a consequence, in the case when the 2-DSQ is designed for communication
over two independent channels, the convex-cell condition does not preclude optimality when the channel
probability of success ¢ is at most 2,.24:7111, asymptotically in R. Table 1 lists the value of this maximum
bound for several values of . For » = 2 the cell convexity will not preclude optimality if the channel

has a failure rate of 12% or higher. The larger the value of r, the more relaxed the condition for the side

quantizers of optimal 2-DSQ to be convex.

w1

r | min S max q
1 0.25 0.800
2 0.125 0.888
3 0.0625 0.941
4 0.03125 0.969

TABLE 1

MINIMUM VALUE OF THE RATIO OF WEIGHTS W{uilz} AND MAXIMUM VALUE OF CHANNEL PROBABILITY OF SUCCESS FOR

WHICH THE OPTIMAL FIXED-RATE SYMMETRIC 2-DSQ MUST BE CONVEX, IN THE CASE OF CONTINUOUS DISTRIBUTION

AND r-TH POWER DISTORTION MEASURE.

For the case of fixed-rate MRSQ, a simple argument shows that at high rates cells convexity does
not preclude optimality for any values of the weights wz, for the r*" power distortion. The argument is
based on the analysis of optimal quantization at high rates using the companding approach [2], [1], [3],
[20], [14]. As Bennett [2] pointed out, any convex scalar quantizer can be implemented as a compandor.
Consider now the optimal companding function (which minimizes the distortion as the rate goes to
00). Based on this companding function construct K fixed-rate convex quantizers of rates R;, R; +
Ry,--- ,R1 + Re + - - - + Rk, respectively, where R; = logy M;, for 1 < ¢ < K. These quantizers are
embedded, hence they are the active components of a fixed-rate convex MRSQ of K refinement stages.
When R +---+ R; — oo for all 7,1 < ¢ < K, the distortion at each stage will become arbitrarily close
to the optimal distortion at the corresponding rate. Consequently, the overall expected distortion of the
MRSQ will approach the minimal expected distortion, for any values of the weights wz.

Theorem 5 states formally the above result. In order to proceed to the statement of the theorem we

introduce first some notations. Let ),y (R) denote the optimal fixed-rate quantizer of rate R, for any
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R > 0. Moreover, denote

7 1 (/W 1/(r+1)(x)d$)r+1
BEACES N '

Then, by [14, Theorem 6.2] we have

lim 2"2D(Qop(R)) = J. (37)

R—o0
Theorem 5. Assume that the pdf p(x) is continuous and positive on [V, W] N R, and that p(z) = 0
outside [V, W]. Consider the r-th power distortion function, i.e. d(z,y) = |x — y|". Moreover, assume
that the inequality f;v |z|"p(x)dx < oo holds for some € > 0 and that there is some 7 > 0 such that

p(z)sgn(x) is non-increasing in x on each of the intervals (—oo, —7] and |7, c0). Consider an arbitrary

sequence of K -tuples of rates (i.e. positive values) (Rgn), Rgn), e ,R%))nzl such that
lim (B™ + R + ..+ R™) = 0o forall 1 < i < K. (38)
n—oo

()4 pn) . ) .
Also assume that 270" TF"+ /" s an integer for any 1 < i < K, n > 1. Let Q(°P%™ denote the

optimal fixed-rate MRSQ achieving the rates Rg"), e ,Rg?), i.e., such that each side quantizer ¢ has rate

R™ for 1 <i< K, n>1. Then the following equalities hold

lim 27"+ QU y iy 9 (YR D (R 1 - 4 R)) = 7,

)
n—oo {17"‘7 } n—oo

where Qfﬁp tnl)} denotes the active component of Q(°P:™) obtained by intersecting the first 7 side quantizers.

Furthermore, there are convex fixed-rate MRSQ’s Q") achieving the rates Rgn), R;n), S ,R&?), for all

n > 1, such that

i, 2 )~y

n—oo

Proof. Note first that since the rate of component quantizer Qﬁp tnz)} is Rﬁ”) +- R(n), it follows that

i

lim 277+t R pQUEPET) ) > lim 27 R D(Quy (RY 4+ R()),(39)

n—oo
for all 1 < i < K. To complete the proof we will construct the fixed-rate convex MRSQ Q™) using the
A pl/(TJrl)(x)

companding approach. For this, consider the function g : R — [0, 1] defined as g(z) =

= T e (@

all x € R. Clearly, g is continuous and positive on [V, W] N R. Moreover, g(x)sgn(z) is non-increasing

in x on each of the intervals (—oo, —7] and [7, c0). Define now the function G : [V, W]NR — [0, 1]
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as G(z fv g(t)dt for all x € [V,W] N R. Obviously, G is continuous and differentiable and its
derivative G’ satisfies G'(x) = g(z) for all € [V, W] N R. Consequently, G is strictly increasing and
invertible. Moreover, lim,\ v G(z) = 0 and lim, -y G(x) = 1. Let h : D}, — [V,WW] N R be the
inverse of G (h = G~1), where D}, denotes the domain of definition of A and it satisfies the relations
(0,1) € Dy, C [0, 1]. Then, for any R > 0 such that 27 is an integer, the function G defines a fixed-rate
convex quantizer Q(R) with N = 2 cells, via the companding approach, as follows. The partition
thresholds of Q(R) are V =ty < t1 < to < -+ < ty_1 < ty = W, where t; = h(i/N) for all

1 <4 < N — 1. The reproduction value for each cell (t;—1,%;] is y; = h(%}l), 1 < i < N. By [20,

Theorem 1] we have!

1 W p(x)
lim 2"%D(Q(R)) = , 4
Rovoc (Q(R)) 27"(7'—1—1)/‘/ (x)dx J “0)
Finally, note that the quantizers Q(Rg")), Q(Rgn) —|—R§ ), (R ") +R2 Wi Rl )) are embedded,

hence they are respectively, the active components an ,Q {71‘72}’ e Q ,g , of a fixed-rate convex MRSQ
Q("), whose side quantizer ¢ has rate Rgn), for each 1 <7 < K, n > 1. Then (37), (38) and (40) imply
that

lim "R QN ) = lim 2B D(Qu (BT + - R = 7,

n—oo n—oo
for all 1 < i < K. The above equality together with the optimality of MRSQ Q(Pt") and the fact
that the weights of its active components are positive imply that relation (39) holds with equality. This

observation completes the proof. [J

Remark 2. Note that a sufficient condition for (38) to hold is that lim,, Rz(n) =ocforalll <i< K.
However, this is not a necessary condition. For instance, (38) is still valid if lim, o Rgn) = oo while

limy, oo B™ = ¢; with ¢; € RU {00}, for 2 < i < K.

Remark 3. As an immediate consequence of the above theorem we obtain the following approximation for
the expected distortion of the optimal fixed-rate MRSQ Qopt(R1, R, - - , Ri) of rates Ry, Ro, - - - , R,

as Ry +---+4+ R; — oo for all 7, when the conditions of Theorem 5 are satisfied,
K

D(Qopt(R17R27 - 7RK)) ~ J x (Zw{l’zym71.}2*T(R1+R2+-.-+Rz‘)).
i=1

'Tt can be easily checked that all conditions in the hypothesis of Theorem 1 of [20] are satisfied.
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Moreover this approximation is achieved by a convex fixed-rate MRSQ.

VIII. CONCLUSION

Sufficient conditions are proven for global optimality of a locally optimal fixed-rate multiple description
scalar quantizer (MDSQ) of convex cells, which are the same as those given by Trushkin [24] for fixed-
rate single description scalar quantizer counterpart. This work supports the use of generalized Lloyd-
algorithm-type methods for scalar multiple description and multiresolution quantizer (MRSQ) design for
log-concave probability density functions, such as generalized Gaussian distributions with shape parameter
B> 1

Moreover we address the problem of optimal index assignment for fixed-rate convex MRSQ and
symmetric MDSQ, when cell convexity is assumed. In both cases we prove that at optimality the number
of cells in the central partition has to be maximal, as allowed by the side quantizer rates. As long as
this condition is fullfilled, any index assignment is optimal for MRSQ, while for symmetric MDSQ, an
optimal index assignment is proposed.

The assumption of convex cells is also discussed. Notably, it is proved that cell convexity is asymp-

totically optimal for MRSQ at high resolution, for the r*" power distortion measure.
Appendix

Here we state and prove Lemma 3 which is used in Section 6.

We mention that the first part of the following lemma was proved in [29]. However, we need to repeat
its proof in order to make clear the proof of the second part.
Lemma 3. Assume that Conditions A and B hold. Then, for V <z < 2’ <y <3’ < W the following
inequality holds:

D(z,y) + D(2',y') < D(2',y) + D(z,y'). (41)

Moreover, if f is additionally continuously differentiable and = < 2/, y < ¢/, then the inequality (41) is
strict.

Proof. When x = 2z’ or y = ¢/, relation (41) trivially holds with equality. Assume now that x < z’ and
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y <y Let iy = p(z',y) and po = p(x,y’). Then

D', y) + D, /) /‘fum (ﬁ+/ St — pal)p(t)dt “2)

Assume first that g < po. We will prove now that

/(fu—ul dry/ £(lt = sl dt</°fu—u1 dvy/ F(lt = pshp(B)dt. (43)

The above relation is equivalent to

/'fu—ul (ﬁ</ £t — uslyp(t)dt (44)

Because ' < 3 < pg we have [t —puq| < [t — po| for all ¢ € (z,2'), and further f(|t—pu1|) < f(|t—p2l|)
since f is strictly increasing. Because p(t) > 0 for any ¢, (44) follows. Clearly, the following inequality

also holds
D(z,y) + D(y) L/fuul w+/‘fumw<> 45)

Relations (42), (43) and (45) imply inequality (41).
Using the notation D, (&) = f; f(|t = &|)p(t)dt introduced in Section 3, relation (45) can be written

as

Dx,y(ﬂ(xv y)) + Dx’,y/ (N(xla y/)) < D:c,y(ul) + D:(:/7y’ (/J/Q)‘ (46)

Because y(x,y) is the unique value satisfying Dy, (11(7,y)) = mingejy,w) Dzy(§), it follows that, when
w(x,y) # w1, we have

Dy y(1(2,y)) < Dy y(pi1),

and consequently inequality (46) is strict, which further implies that (41) is strict, too.

For the case when f is additionally continuously differentiable, it was proved in [19] (in the Proof of
Lemma 1) that the function p(-,-), defined on [V, W] x [V, W], is strictly increasing in each argument.
Thus, since z < «/, it follows that u(x,y) < w1, which, together with the abobe considerations, leads to
the strictness of inequality (41).

The case 111 > p2 can be treated by similar arguments. [
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