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Abstract—The problem of robust distributed source coding
for three correlated sources is studied in this work. A lattice-
based scheme is proposed and the analysis of its performance is
provided in the high resolution regime. Special attention is paid
to the degenerate case where the three sources are Gaussian and
identical. In this case, our scheme is shown to achieve within an
asymptotic gap of 0.069 bits in terms of rate per description from
the information-theoretic limit of quadratic symmetric Gaussian
multiple description coding with central and individual decoders,
when the side distortion and the ratio between the central and
side distortions both approach 0.

Index Terms—Correlated sources, distributed source coding,
lattice quantization, asymptotic performance analysis, high res-
olution, multiple description coding.

I. INTRODUCTION

In distributed source coding (DSC), two or more correlated
sources are encoded separately and transmitted to a common
decoder. The fundamental information-theoretical limits are
characterized in [1] for the lossless case, and in [2] for the
lossy case assuming that all sources but one are directly
available at the decoder. The general version of the lossy
DSC problem was first treated by Berger [3] and Tung [4].
However, in spite of significant efforts over the past few
decades, the conclusive solution has been determined only for
certain particular cases [5]-[10]. An important variant of the
DSC problem is known as the CEO (short for Chief Executive
Officer) problem [11]. Oohama [12] and Prabhakaran et al.
[13] have characterized completely the rate-distortion region
for the CEO problem in the quadratic Gaussian case.

In the robust DSC (RDSC) problem, the channels con-
necting some of the encoders with the fusion center may
break down. The robust version was addressed in the CEO
scenario by Ishwar er al. [14] and Chen and Berger [15]. The
development of practical schemes for RDSC was tackled in
[16]-[18], but only locally optimal solutions were proposed.

In this work, we present a structured lattice-based coding
scheme for the RDSC problem in the case of three correlated
sources with a central decoder and three individual decoders
(Figure 1). Note that lattices have been used in the previous
works on the DSC problem [19]-[22]. A key technique em-
ployed in lossy DSC problems is quantization followed by
binning. For this, Zamir et al. [19] proposed the use of nested
lattice codes, i.e., a pair of nested lattices, where the fine
lattice is utilized for quantization and the coarse lattice for
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binning. This idea was largely adopted by the other works
as well. In addition, Krithivasan and Pradhan [21] considered
the variant of the lossy DSC problem where a linear function
of K Gaussian correlated sources is to be reconstructed at
the decoder. They use nested lattice codes with correlated
binning, i.e., where the different sources may use different fine
lattices, but the coarse lattice has to be common. Most of the
aforementioned works resort to dithered lattice quantization
and analyze the system performance as the dimension of the
lattices approaches co. One exception is the work of Servetto
[20], which addresses the design of lattice-based schemes for
the Wyner-Ziv problem' and performs the analysis as the rate
approaches oo and the correlation between sources approaches
1.

The particular case of the RDSC problem where all sources
are identical is known as the multiple description (MD)
problem [23]-[31]. Lattices have been very popular in the
design of MD schemes [32]-[41], [41]-[43]. Most of the
aforementioned schemes ( [32], [33], [35], [36], [38], [40]-
[42]), referred to as MDLVQs (short for MD lattice vector
quantizers), also rely on a pair of nested lattices and use as
the key mechanism the index assignment, which is an injective
mapping from the fine lattice to L-tuples of points from the
coarse lattice, where L is the number of desired descriptions.
More specifically, the source sequence is first quantized to
the closest lattice point A, in the fine lattice. This quantizer
is referred to as the central quantizer and the fine lattice is
called the central lattice. The output of the central quantizer
further undergoes the index assignment, generating the L-tuple
(a1(Ae), -+ ,arp(A:)) of points in the coarse lattice. For each
1 <1< L, ay()\;) represents the [th description and is used for
reconstruction at the Ith side decoder. The central decoder is
able to recover )\, and outputs it as the reconstruction. In these
works, the asymptotic performance as the rate approaches oo,
for fixed lattice dimension is analyzed.

To the best of our knowledge, the lattice-based design for
the RDSC problem was only addressed in our previous work
[44] for the case of two correlated sources. The performance
analysis of the scheme is derived for fixed lattice dimension n
in a high resolution regime. For the case where the two sources
are identical (which corresponds to the MD framework), the
analysis reveals that the proposed scheme can achieve the
information-theoretic limit of quadratic symmetric MD coding,
when the side distortion and the ratio between the central
and side distortions both go to 0, while n — oco. In [44],
a variant of the random coding scheme that Chen and Berger

The Wyner-Ziv problem refers to the lossy source coding problem with
side information available only at the decoder.
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[15] proposed for the robust CEO problem was considered for
comparison and it was proved that the sum-rate of the Chen-
Berger scheme with Gaussian codes is 0.5 bits larger than
the sum-rate of the lattice-based coding scheme in the same
asymptotic regime.

The scheme in [44] employs three nested lattices A, C
ANy € A For ¢ = 1,2, encoder ¢ quantizes the source
sequence to the closest point A.; in A., and A.; is further
quantized to the closest point A; in A;,. Next, a mapping
Bi + Ay — Ag is applied and §;()\;) is sent to the decoder.
The point f;(A;) in the coarsest lattice will be used for
reconstruction at the side decoder . Encoder ¢ also transmits
some additional information, via Slepian-Wolf codingz, to be
used at the central decoder to jointly refine the reconstructions
of the two source sequences. Part of this supplementary
information is A.; — A;, which can be interpreted as a bin
index. Thus, the lattice A;,, can be regarded as the counterpart
of the coarse lattice used for binning in the previous works
on lattice-based lossy DSC. It should be noted that in the
aforementioned works, the decoder is able to recover the finely
quantized points with high probability as the dimension n
of the lattice approaches co. Since [44] is concerned with
fixed lattice dimension, some more information is transmitted
to enhance the performance at the central decoder. A novel
idea introduced in [44] is to use the knowledge about the
closeness of the input sequences to infer at each encoder
some information about the other sequence. Specifically, each
encoder operates under the assumption that the two sequences
are within some distance rg. Then, if A.; is too close to the
boundary of the Voronoi region of the lattice A;,, encoder
1 concludes that the other sequence could be in a different
Voronoi region and sends some supplementary information
to help at the central decoder. In this way, when the input
sequences are indeed within the distance ry from each other,
the central decoder will output A. ; and A, 2 as reconstructions.
Otherwise, the reconstructions will have essentially the same
quality as at the side decoders. Thus, the probability that the
input sequences are not within the distance ry influences the
system performance.

The mappings [3; proposed in [44] are inspired by the
concept of index assignment employed in MDLVQ. However,
the requirements that the mappings J; need to satisfy are more
difficult to meet in the scenario of non-identical sources. For
this reason and in order to facilitate the analysis of system
performance, linear mappings are used.

In this work we propose a lattice-based scheme for the
RDSC problem in the case of three correlated sources. The
proposed scheme can be regarded as an extension of the
framework of [44], but it is not a trivial one. One major
challenge when transitioning from two to three sources is
the design of mappings 3;,7 = 1,2,3. To make the relevant
analysis tractable, it is important to ensure the linearity of
these mappings. This turns out to be much more complicated
than in the case of two sources because the constraints the
mappings need to satisfy are more complex. We tackle this

2Slepian-Wolf coding refers to optimal distributed lossless compression of
correlated sources.
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design problem® by introducing an additional lattice Ay such
that A, C Ay C A;y,. Moreover, the fact that the mappings 3;
are more complex than in the case of two sources is a reason
for added complexity at the encoder and at the central decoder.
Specifically, there are more situations where the encoders need
to transmit additional information for the purpose of helping
the central decoder make the correct decision. This also leads
to more cases to be addressed at the central decoder. It is
worth emphasizing that, because of this additional complexity
some aspects in the proofs of the theoretical results have to be
handled differently than in [44]. We provide the performance
analysis of the proposed scheme under the high resolution
assumption. In the degenerate case where the three sources
are identical and Gaussian, our scheme is compared with the
MDLVQ of [35] in the asymptotic regime where both the side
distortion and the ratio between the central and side distortions
approach 0. The asymptotic analysis shows that our scheme
has only a small rate loss of 0.069 bits per description in
comparison with the MDLVQ of [35], when n — o0. In
view of the fact (pointed out in [41]) that the MDLVQ of
[35] achieves the information-theoretical limit of the quadratic
symmetric Gaussian MDC problem with individual and central
decoders (derived in [25]) in the aforementioned asymptotic
regime as n — oo, we conclude that our scheme can achieve
within an asymptotic gap of 0.069 bits* from the fundamental
limit in terms of rate per description.

Finally, we point out that [45] is a shortened conference
version of this work, which does not include the proofs of the
theoretical results.

The rest of this paper is divided into five sections. In Section
II, the notations and definitions used throughout this work
are introduced. Section III presents the main result, i.e., the
asymptotic analysis of the performance of the proposed RDSC
scheme. In Section IV, the comparison with the MDLVQ
scheme of [35] is performed when the three sources are identi-
cal and Gaussian. Section V presents in detail the operation of
the proposed scheme. Lastly, Section VI concludes the paper.

II. DEFINITIONS AND NOTATION

Consider three sources (X1, X2, X3) with joint probability
density function (pdf) fx,x,x,. They generate a jointly i.i.d.
random process (X1, X2, X3:);cn. The marginal density
function of each X; will be denoted by fx,, j = 1,2,3.
We aim to construct a robust distributed source coding system
as depicted in Figure 1. The system is comprised of three
encoders and four decoders. Encoder 7 has source X; as
its input, ¢ = 1,2,3. Side decoder % receives the message
transmitted by encoder ¢, ¢ = 1,2,3. The central decoder
receives the messages from all three encoders. The squared
error is used as the distortion measure.

The following definitions will be used throughout the
work. Let Y be a discrete random variable with values in
the alphabet ) and with probability mass function py. If
> yey Py (y)logy py (y) is finite, then the entropy of Y is
defined as H(Y) £ — > yey by (y)logy py (y). If X™ € R™

3See Remark 3 for more insights regarding our design.
4A possible explanation for this gap is provided in Remark 4.
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Fig. 1. Robust distributed source coding for three correlated sources.

is a continuous random vector with pdf fx~, and the quantity
Jan fxn(2™)logy fxn(x")dx™ is finite, then the differential
entropy of X™ is h(X™) £ — [L., fxn(a™)log, fxn (z™)dz".

We will use the notation ||| for the Euclidian norm of
the row vector 2™ € R". 0 denotes the all-zero vector in R”.
For any set A C R", any a € R, and any 2™ € R", let
"+ A2 2"+ y"|y" € A} and aA £ {ay"|y" € A}. For
any measurable set A C R”, let v(.A) denote its volume, i.e.,
v(A) £ [, da™. Further, let B, £ {z" € R"[|]2"| < r}.

An n-dimensional lattice A C R"™ is defined as follows

A2 {NeER"N=2"G,z" €Z"},

where G is a non-singular n-by-n matrix with elements in R.
Each lattice A has an associated quantizer Q4 (-) which maps
each " € R" to its closest lattice point, i.e.,

Qa(z") = argmin [l — A (1

For each A € A, the set of all points which are assigned by
Qa to X forms the Voronoi cell (or region) VA(\) of A in A.
The ties in (1) are broken in a systematic manner so that the
following holds

Va(A) = A+ VA(0), VA € A.

For any A C R™, let A be the closure of A, i.e., the union of
A and its boundary. Then one has

Va(A) = {z™ € R?|||z™ = A|| < ||lz™ = X|| for every \' € A}.

It is important to emphasize that, in view of our definition of
the Voronoi region, which agrees with [46], not every point on
the boundary of V), () belongs to V5 (A), therefore V) () #
Va(A). Two disjoint subsets of R™ are said to be adjacent if
the intersection of their closures is not empty. Additionally,
define for any z" € R",

2" mod A £ 2" — Qp(z").

A fundamental cell of the lattice A is a bounded set Cy such
that the sets A\ + Cg, for all A € A, form a partition of R™.
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We will denote by v, the volume of a fundamental cell of the
lattice A. Notice that vy = v(VA(0)).

An important notion related to quantization is the normal-
ized second moment of a measurable set 4 C R™, which is

defined as )
G(.A) L fA ||:L-7L|| dz"
nu(A)at1

It is obvious that the normalized second moment is not
changed under the scaling operation. We will use the notation
G for the normalized second moment of the lattice A, which
is defined as

G = G(VA(0)).

For any set A C R™, denote 7(A) £ supgnc 4 ||2"||. The value
7a = 7(VA(0)) is called the covering radius of the lattice A.
The inscribed radius of the lattice A, denoted by rj, is the
radius of the largest open ball centered in O and included in
VA (0).

Lattices (A1, A) are called nested if Ay C A1, which means
that Ao is a sublattice of Ay. The term fine lattice is used for
A1, while A, is referred to as the coarse lattice. The index of
Ao with respect to Ay is N(Ag: Ay) = ZIA\—Q

For any Ay € Aj, the set \; + Ao is said to be a coset
of Ay relative to A1. A set F C A; is called a set of coset
representatives of Ao relative to A, if the following equalities
are satisfied

A= Ux,eF ()\1 —Q—Ag)7 ()\1 +A2)ﬁ ()\/1 +A2) =0
for all \; # \| € F.

From the above relations it follows that every point A € A;
can be expressed in a unique manner as A = A\; + Ay where
A1 € F and Ay € As. As proved in [46], if Cy is a fundamental
cell of A, then CoNA; is a set of coset representatives of Ao
relative to A;. Furthermore, we denote Vj,.A, = Vi, (0) N Ay
and Cp,:n, 2 Ux,evi,a, Va, (A1)

Given a quantizer () on R" and a random vector X" € R",
let D(Q, X™) denote the expected distortion per sample, i.e.,
D(Q,X") £ LE[|| Q(X™) — X" ||].

III. MAIN RESULTS

As we have already mentioned, the main contribution of
this work is the design of a lattice-based RDSC scheme for the
case of three correlated sources. This section presents the main
results regarding the performance analysis of the proposed
scheme, while the detailed description of the scheme will be
treated in Section V.

In the sequel, we assume that each of the three sources
has a continuous and bounded pdf with finite variance and
differential entropy. Without loss of generality we also assume
that each marginal pdf has mean 0.

A lattice robust distributed source code (LRDSC) of di-
mension n is specified by a positive value ry and four n-
dimensional nested lattices A, C Ay C Ay, C Ao C R™. We
will denote the LRDSC as L") = (Ag, Ay, Aip, Ac). The
central lattice A, will be used at the central decoder for the
reconstruction of each source, while the side lattice Ay is used
to reconstruct the sources at the side decoders. The lattices
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Ay, and Aj are auxiliary lattices used in the operation of the
scheme. The intermediate lattice A;,, is constructed such that
the following condition

ro + 2770 < Tin (2)
is satisfied, where r;,, is the inscribed radius of A;,, and 7, is
the covering radius of A.. The lattice Ay is defined as Ay =
colin, while A, = 3coAy, where cg is a positive integer. It
follows that Ay = 3c3A;,. The lattice Ay/3 = LA, is called
the fractional lattice. It is utilized during the operation of the
proposed scheme. Notice that A, C A3 C Ay,

For i« = 1,2,3, encoder + maps the source sequence
x7 to the nearest point \.; in the central lattice, which is
further mapped to the nearest point A; in A;,. A mapping
Bi + Nin — Ag is next applied and §;();) is transmitted.
Bi(A;) will be used as reconstruction at the side decoder 7. In
addition, encoder ¢ transmits some supplementary information
to be used at the central decoder to refine the reconstruction.
The LRDSC scheme is designed such that, when the input
sequences 7, x4, =3 are at distance at most ry from each
other, the central decoder is able to output the central lattice
points Ac 1, Ac2, Ac,3 as reconstructions of the three sources,
respectively. If the aforementioned condition is violated, i.e., at
least two of the input sequences are at a distance larger than
r9, the quality of the reconstruction achieved at the central
decoder is essentially the same as at the corresponding side
decoder. Therefore, the following quantity plays an important
role in the analysis of the performance of the proposed scheme

Px,x:X5 (TO) £ ]P)[X{L - X3 §é BTO or

Xy — X ¢ B, or X7 — X} ¢B,]. 3)
As it will be apparent shortly, the value ry controls the trade-
off between the rate at the encoders and the fidelity of the
reconstruction obtained at the central decoder.

In order to assess the performance of the LRDSC E("”’O),
we assume that m sequences z}' are input into each encoder
i, one at a time. The corresponding m outputs will be further
compressed losslessly. The rates and distortions of the LRDSC
L("70) are defined in the limit of m going to oc. The rate of
encoder i, i = 1,2,3, is denoted by Ri(ﬁ("*m)). For each
i = 1,2, 3, the reconstruction distortion of source X, at the
side decoder i, referred to as side distortion, is denoted by
ds (L)), while the reconstruction distortion at the central
decoder is d..;(L£™70)) and is referred to as central distortion.
Finally, we denote d4(L£(™0)) £ w

For simplifying the lattice-related notation, we will utilize
in the rest of the manuscript only the subscripts ¢, in, f, s/3,
s, instead of A¢, Ain, Ay, Ag/3, A, respectively. For instance,
we will use v, instead of v5_. Let K £ N(Ay, : A.) = ‘;—"
and M 2 N(A, : Ayy,) = 2. Since A, = 3¢t Ay, it follows
that M = 3"c2".

The performance of the proposed lattice-based scheme is

evaluated for fixed dimension n and fixed K, as v, v, and
vs approach 0, while M — oo and v My, — 0. Thus, we
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will consider some fixed lattices A. o and A;;, o and the scale
factors 6 and cg such that

Ac = 9Ac,07
Ay = 3639Ain,07

Ain = oAin,O,
Af = CoaAimQ.

“4)
(&)

The asymptotic regime we consider in this work is defined by
the following relations

0—0, cog— o0, cof— 0.

(6)

The following theorem, whose proof is deferred to Appendix
B, evaluates the distortions and rates for the proposed scheme,
in the limit of (6).

Theorem 1. Let (X1, Xo, X3) be a fixed triple of correlated
sources such that each pdf fx,, i = 1,2,3, is continuous
and bounded with finite variance and differential entropy.
Additionally, consider a fixed integer n > 0 and a family
of LRDSCs L"70) = (Ag, Ag, Ain, A.) satisfying (4), (5) and
(6). For i = 1,2,3, let U; £ Q.(X[*) mod A;,. Then in the
asymptotic regime specified by (6),

4 1 2
ds(£(7z,7“o)) = §G3M5ys" (14 0(1)), (7)

2 1 2
G (14 0(1)) < de(£07)) £ 2P, x5, (ro)EM F v

F G (1+0(1), i=1,2,3, @®)
1 1
Ri(Lm70)) = h(X;) — - logy(vs) + 37LH(U1’ U, Us)
+o(1), i=1,2,3, &)

where k1 is a positive constant. Additionally, in each of
relations (7)-(9), the term hidden in the little-o notation can
be upperbounded by a function which approaches 0 under (6)
and does not depend on the joint pdf fx,x,x,-

Remark 1. We would like to point out that the condition that
the marginal pdfs be bounded is needed only for the proof of
relations (9). It is also important to note that this condition
is only mildly restrictive since the pdfs which are relevant in
practice are likely to fulfill it. For instance, any continuous pdf
[x satisfying lim |y o fx () = 0 is necessarily bounded.

Clearly, Theorem 1 implies that when Px, x,x, (7o) is
2
sufficiently small, the central distortion is dominated by G.v¢".

This result is stated next.

Corollary 1. Let fx be a continuous and bounded pdf with
finite variance and differential entropy. Additionally, consider
a fixed integer n > 0, and a family of LRDSCs L("70) =
(As, Ay, Nip, Ac) satisfying (4), (5) and (6). Each LRDSC is
applied to a triple of correlated sources (X1, Xo, X3) with
marginal pdfs equal to fx, satisfying the inequality

€
Px,x.x5(10) < SYER

where l(igr)le = 0. It follows that, in the limit of (6),

doi(L00)) = Gl (14 0(1)), i =1,2,3,

where the term hidden in the little-o notation can be upper-
bounded by a function which approaches 0 under (6) and
depends on the joint pdf fx, x,x, only through Px, x,x, (7o)
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IV. COMPARISON WITH MDLVQ

In this section we consider the case when all three sources
are identical and Gaussian, which corresponds to the multiple
description scenario. We compare the performance of the
proposed coding scheme at high resolution with that of the
MDLVQ of [35]. We will use the performance analysis of
the MDLVQ of [35] derived in [41]. Note that the authors
of [41] also proved that the MDLVQ of [35] approaches
the fundamental limit of the quadratic symmetric Gaussian
multiple description problem when only the reconstructions
based on individual descriptions and all descriptions are of
interest (derived in [25]) at high resolution, as the vector
dimension approaches infinity.

Note that the limits (6) are equivalent to d; — 0 and % —

dsa+dsa+ds;
0, where d. = de1 = dep = de3 and ds = %
Clearly, Uy = Uy = Us since we assume all three sources are

identical. Then relations (9) become

lim
ds—0,4%—0

1 1
(Ri —h(X;) + - logy vs — 3nH(Ui)> =0, (10)

where we use R; instead of R;(L£(™70)).
It can be shown as in [44] that l(igl H(U;) = log, K, for

1 =1,2,3. Plugging in (10), we obtain that

lim
ds—0,9=—0

1 1
(Ri — h(X;)+ - log, vs — an log, K> =0, (11)

for + = 1,2,3. Consider now an n-dimensional MDLVQ as
in [35]. Let Ry;p denote the rate of each description and
let ds a7 p denote the side distortion. For comparison we will
assume that the central lattice used in the MDLVQ is the same
lattice A. as in our scheme. This implies that d. prp = de.
Additionally, we also assume that d, y;p = d. Let S,, denote
the n-dimensional ball of radius 1, let v, be the volume of the
Voronoi region of the side lattice used in the MDLVQ, and let
K = Z;C According to [41], when dy — 0 and g—z — 0, one
has

2 ~: 2
ds,MD = gK%G(SQn)VC" (1+0(1))? (12)

lim
ds—>0,i—i—>0

1
(RMD —h(X1) + -~ log, ﬁs) =0. (13)

Using the latter relation, together with K = "V—C, (11) and
(13), one obtains
. 1 . Vs ° Ve
lim (Ruyp — Ri) = — lim  log, — .
dsao,j—:‘ao 3n dsao,g—gao Vs Vin
} i (14)
Using (7), (12), M = = and K = 7= leads to

d, 26, ( Vs >3
ds D V3G (S2n) \ \ Vs

Letting ds prp = d further yields

1

3 n
( > > .
g Vin

ve \ ' 14 o(1)
Vin 1+o(1)

\/EG(SZn)

i
im 3G,

ds—0,9¢—0
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The above relation, combined with (14), implies that

(RMD — Ri) = 110g2 <\/§)G(52n)> . (15)

ds—0,95—0 3

2G,

It was shown in [47] that there is a sequence of lattices A,
such that lim, oo G(An) = 50 = lim,—,0c G(S2,). Based
on this result and (15), it follows that, for ¢ = 1,2, 3,

1 3
lim lim (Rup—Ri) == %:

n—0o0 4.0, g—; =0 3

log, ~ —0.0692.

(16)

Remark 2. A possible reason for the gap in (16) is discussed
in Remark 4 in the following section. Interestingly, the value
achieved in (15) for n = 1 is —0.0914, which is already
very close to the asymptotical value reached when n — oo.
However, the absolute value of the quantity in (15) is not a
decreasing function of n as can be seen from Table I.

TABLE I
THE GAP IN (15) FOR SEVERAL VALUES OF n. FOR EACH n, THE LATTICE
A5 1S THE OPTIMAL n-DIMENSIONAL LATTICE FOR QUANTIZATION
REPORTED IN [48].

Dlog, (P5)
—0.0914
—0.1012
—0.1090
—0.1094
—0.1126
—0.1110
—0.1095
—0.1048

—0.1074

—0.1030

—0.0944

DO =]
NI RS SRR I

IaRIRY

V. DESCRIPTION OF THE PROPOSED LRDSC SCHEME

In this section, we provide a detailed description of the
LRDSC scheme.

A. Preliminaries

The following lemma, made possible by condition (2), is
crucial for the subsequent development. Its proof is similar to
the proof of Lemma 1 in [44] and therefore it is omitted.

Lemma 1. For i,j € {1,2,3}, if ! — 2} € By, then

1Qc(@}) = Qe(@)[| < Tin,

Further, we will define three labeling functions 3; : A, —
A, for i = 1,2, 3. Specifically, for any A € A;,, define

Bi(A) £

1 colf + A, Ba(N) 2 3y + s,
Bs(\) =

3
37 — 3coAf — 3cif + A, (17
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.......‘T.......

(b)

Fig. 2. a) Illustration of the lattices As, A, /3, Ay and Ain. The value of cg is 3. The small dots, the medium dots and the big dots are points in Agyn, Ay,
and As, respectively. The crosses are points in Ag/3\ As. The point A, marked with a plus sign, is in A;p,. The points Ay, A, /3 and A satisfy Ay = Qr(N),
As/3 = Qgy3(Af) and As = Qs(Ay/3). The small hexagon is the boundary of V¢ (Ay). The big hexagon is the boundary of Vi(As). The middle-sized
hexagon is the boundary of V /3()\s/3). b) Magnified portion illustrating the vectors 4y = A — Ay, S\f =X —Agzand 7= Ag/3 — A

where
u} £ A mod Af = )\—Qf()‘)v
Ar 2 Qr(\) mod Ayjz = Qr(N\) — Quy3(Qr(N),

72 Qy3(Qr(N) mod Ay = Qy/3(Qr (V) — Qs(Qs3(Qr (M),

Figures 2(a) and 2(b) illustrate a point A along with Q()),
QS/3(Qf()‘))’ Qs(Qs/?,(Qf()\))), fo, /\f Elnd T.

Note that the above definitions of wy, Af,7 and As imply
that ﬂf S VAf:A )\f c VAs/siAf’ T E VAs:As/s’ As € A, and

in?

A=y + A +7+ s (18)

In the sequel we will consider the following simplified nota-
tion: 7 £ Var, s L £ Vi, g:n; and F 2 Vy ., . Then
|T‘ = N(Ag . As/3) = 3", £| = N(Ab/g . Af) = Cg and

|F| = N(Ay : Ajy) = ¢ Further, denote
U= {T+5\f+ﬂf|7' €T, a5 € ]:,;\f e L}

19)

Then U is a set of coset representatives of Ay relative to Ay,.
It follows that [U| = N (A, : Ay) = M and
Ain={J (A +A).
xeu

The definition of the mappings 3; implies that they obey the

shift-invariance property, i.e.,

BiA+ Xs) = Bi(N\) + A, YA€ Aj, YA €Ay, i =1,2,3.
(20)

Based on the shift-invariance property the following equalities

are obtained, for ¢ = 1,2, 3, [44, Eq. (40), (41)],

B s) = B H0) + A, VA € A,

K2

B7H0) = {A = BN e Ut

21
(22)

Fig. 3. The set W(Ay) is the region between the two hexagons in the figure.

Remark 3. The design of the mappings (3;,i = 1,2,3, was
partly inspired by the index assignment used in the MDLVQ
literature. More specifically, we borrowed from the work on
MDLVQ the requirement that the mappings be shift-invariant,
which boils down to defining B;(\) as the sum of \s and a
Sfunction of X\ — As. The second aspect inspired from the prior
work on MDLVQ is the condition

Bi(A) + B2(N) + B3(A) = Qq/3(Qr (M),

which is adapted from the requirement imposed in [35] that
ar1(A) +az(A) +az(A) = Qs/3(N). On the other hand, unlike
the MDLVQ literature, we also impose the linearity condition
for the following reasons: 1) to make it easier to verify that
the finest lattice points A1, ¢ 2, Ac,3 can be recovered at the
central decoder; 2) to simplify the performance analysis. A
pleasant byproduct of the linearity is that structured decoding
rules can be used, as we will see in the next subsection.
Note that linear mappings were also used in [44] for the
case of two sources, but it was not straightforward to extend
the construction of [44] to three sources, while ensuring that
the central decoder recovers the finest lattice points when the
input sequences are within the distance ry from one another.

(23)
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We decided to introduce the additional lattice Ay, which
enables the decomposition (18). Having this decomposition,

our choices for 81 and o seemed natural, while 3 was
determined based on (23).

Remark 4. The proof of relation (7) reveals that while d 1
and ds o are roughly equal, ds 3 is about twice larger. If ds 3
could be brought down to the value of d 1, then the constant
%Gs in equation (7) would be replaced by %Gs, which would
lead to the disappearance of the gap in (16). The reason why
ds 3 is twice larger than d, is that the variables S\f and
Uy used to define the mappings (3; are independent, thus the
magnitude of 300)\} + 3cuy essentially equals the sum of
the magnitudes of the two terms, which implies that ||81(\) +
Ba M| = IBL(M + |1B2(M)l, for A € U. Thus, to avoid
the gap in (16), while maintaining the condition (23), 1(\)
and P2(N) have to be defined such that ||51(\) + B2(N)] =~
181 (M) =~ ||52( )|, for A € U. One possible solution is to
let B2(X) — As/3 be a fixed suitable transformation of 1 () —

As/3, Where Ngj3 = Q4/3(Qf(N)). However, it remains to be
established if such a definition can guarantee the recovery at
the central decoder of the finest lattice points .1, Ac2, A3
when the input sequences are within the distance ry from one
another. This line of inquiry will be pursued in future work.

B. LRDSC Operation

The following discussion highlights the rationale underlying
the proposed scheme. Let us denote A\; = Q;n(Q.(2F)), for
1 =1,2,3. The proposed scheme is developed in such a way
that side decoder 1 is able to reconstruct 3;(\;), and the central
decoder reconstructs A.; = Q.(z}), for i = 1,2,3, when the
source sequences are close enough in Euclidian distance, i.e.,
z} — i € By, forall 4,5 € {1,2,3}. Nevertheless, for the
central decoder to reach this objective some supplementary
information has to be conveyed in addition to 31 (A1), B2(A2)
and f3(A3). The amount of this supplementary information
is decreased when A1, Ao and A3 are all in the same Voronoi
region of Ay. Encoder ¢ cannot identify all the situations when
this happens since it only knows the sequence z}', but not the
other two source sequences. However, in view of Lemma 1,
if A\; € Vy()\s) and the distance from A; to the boundary of
V(M) is not smaller than 37;,, then encoder i concludes that
the other sequences are also in Vy(Ay) when 27 — a7 € B,
for all 4,5 € {1,2,3}. Thus, we define the set

wa UAfEAfW(Af)7 where
W(Ap) £ Vi(Ap)\ (Ar +1V5(0)),

forn&1— ?’:—f" as shown in Figure 3. According to Lemma
L if A; ¢ W, then A;,j € {1,2,3}\ {i} belongs to the same
Voronoi region of Ay as \;, ie., Qf(X;) = Qf(\;), when
zi — a7 € By,

On the other hand, when Q;()\;) # @ f( ), it is important
to determine if Qf(\;) and Qf()\;) are in the same Voronoi
cell of A, 3 or not. Let us define, for As/3 € Ng/3,

(24)

Visa(Ass3) 2 U ev, s nmna, Vi) (25)

The above definition implies that a point A € Aj, has
Qs/3(Qf(N)) = Ay if and only if X € V,/3(\y3). If
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Ai € V. /3(Xs/3) and the distance from )A; to the boundary of
Vs/3(As/3) is not smaller than 37, then encoder 7 determines
that, for any other j, \; also belongs to V; /3(>\~S /3). Therefore,
we define S(As/3) as the set of points in Vi 3(As/3) such
that the distance to the boundary of Vi/3(Ns/3) is smaller
than 37;,. Further, let & = Uy .en,,,S(Ns/3). Note that
S C W. According to Lemma 1, if \; ¢ S, then for any
Mg € {1,231\ {i} Qu/a(Qr (M) = Qu/s(Q5(A;)), when
z —a € By,. Next we describe in details how the encoder
and decoder proceed. The encoder operation is illustrated in
Figure 4.

Encoder. For ¢ = 1,2,3, encoder ¢ proceeds as follows.
The source sequence zj is ﬁrst mapped to the nearest
point in the central lattice, \.; = Qc( ) Further, A.; is
quantized to the nearest point in A, A; £ Qin(\cs). Let
u; £ Ae;mod Ay, and \s; = B;(\;). Then the encoder
outputs As;, u;, a;, where a; = 1if A; € Wand a; = 0
otherwise. In addition, if a; = 1, the encoder also outputs
S\fﬂ- £ Qs(Xi) mod Ag/3 and b;, where b; = 1if \; € S
and b; = 0 otherwise. Moreover, if b; = 1, the encoder
also transmits 7; = Qs/3(Qf(As)) mod A,. The first output,
As,i» Will be utilized at the side decoder 7. For this reason,
it is compressed with an entropy encoder before being
transmitted. Differently, uy, us and us are employed at the
central decoder only. Consequently, they can be compressed
with a Slepian-Wolf encoder. Lastly, a;, b;, S\M and 7; are
needed only at the central decoder. Therefore, they also can
be compressed with a Slepian-Wolf encoder. Nevertheless,
we prefer to use entropy encoding for a;, b; and fixed length
codes for 7; and S\f’i to simplify the analysis, since, as we
will see shortly, the rate overhead is negligible asymptotically.

Decoder. Side decoder 7, for ¢« = 1, 2,3, outputs the recon-
struction &'y ; £ \,.i- The central decoder restores all three val-
ues Ag 1, As2 and Ag 3, and additionally, w1, ug,us, a1, az, as
and by, bo, b3, if applicable. The decoder first verifies whether

the following inequality is satisfied

H)‘s,i - /\s,jH < 2(5 4+ 2¢0)Ts + 3Fin, (26)

for all 4,5 € {1,2,3}. If condition (26) is violated for at
least one pair (4,j) then the central decoder concludes that
z} — ¢ B.,, and reconstructs source i using As;, i.e.,
I & N, fori =1,2,3.

If inequality (26) holds for all pairs (7, ), then the central
decoder assumes that 27 — 7' € B,,, for all pairs (4, j). For
each 1 = 1,2,3, it computes an est1mate of )\;, denoted by
)\l, and outputs the reconstruction £, = )\ + u;. For this the
following are calculated first

£ Qin(u1 —uz), Ae = Qinluz —us).

27
Next the decoder proceeds to compute \; based on the values
of ay, az and as, and of )\f71, )\ﬁg, /\f73, bl, bQ, b3, T1, T2 and
73 (Where applicable), in accordance with the following cases.

)\a = an(ul _u2)7 )\b
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Output: 4 ;,u;

Output: 4,
if i Qf (ﬂ,l) mod As/3
7; = Q,5(Q¢ (4)) mod A

u;,a;,b and

Output: 4 ;,u;,a;,b, and

= Qf (ﬂf.) mod As/3

Fig. 4. Diagram illustrating the operation of encoder %, for ¢ = 1,2, 3. Iy, and Is denote the indicator functions of the sets V¥V and S, respectively.

1) If a; =0 or ay = 0 or ag = 0 the decoder evaluates

~ 1 ~

Asj3 2 g(/\s,l + As2 + A3 + 3N, (28)

= 5\3/3 mod As; 5\3 £ Qs(j\s/lS)v (29

R 1 A

A2 — (N1 — As), 30
f 300( 1= As) (30)

. 1 <

Uf2 %(Ae,z As)a (31

Ao 2N+ 7+ A+ iy, (32)

M2 = s A3+ A (33)

2) Ifa; =as =az=1and \;; = A2 = Ay 3 the decoder
operates as in case 1.

3) If a; = as = a3 = 1, S\fyl,j\f’%;\f’g are not all equal
and b; = 0 for at least one i € {1,2, 3}, then the decoder
computes

o 1 ~
)\3/3 = g ()\s,l + )\5,2 + )\5,3 + 300(1 - CO))\faS

+32(As2 + Ac) —scoﬂf,l), (34)
As 2 Qs(Nsy3), 72 Xyy3 mod A, (35)
dps = Sig(A + 37 = 3coAf3 — As3)s (36)
3 2 N + 7+ Ap + A, 37)
DD VD DTS P (38)

4) If a1 = a3 = ap = 1 and by = by = b3 = 1, then the
decoder computes

5\51 é ASJ — 3605\j',1, 5\32 é 5\51 — QS(TQ — ’7'1), (39)
) 1 <

Ur2 = 3202 = As), (40)
a2 A, + 7o+ Ao +iiga, (41)
VIS VRN U VIS5 VT Wl (42)

Remark 5. It is worth pointing out that the proposed RDSC
scheme has significant differences versus the scheme of [44].
The main difference stems from the use of the additional lattice

Ay in the proposed design for three sources. As a consequence,
more cases have to be considered at each encoder. More
specifically, in [44] there are only two cases at each encoder
(distinguished by one binary variable), while in the proposed
work there are three cases at each encoder (distinguished by
two binary variables). This also leads to the increase of the
number of cases to be handled at the decoder from three in
[44] to four in the proposed scheme.

The following result essentially states that, if the three input
sequences are at a distance of at most ry of one another, then
the central decoder is able to refine the reconstructions to their
most finely quantized representations, i.e., using the central
lattice. The proof of the result can be found in Appendix A.

Proposmon 1. Let 2 € R" £Qc(a), Mi £ Qin(Aeyi)
u; = /\c,z mod Nip, As; = ﬁl( Z-), Uf, = )\ mod Ay, Ay; =
Qr(Ni) mod Agjz, 7 £ Qq/3(Q(N;)) mod Ay, and Ay, =
Qs(Qs/3(Qr(N)) for i = 1,2,3. Then when x7 — ! € By,
for i,j € {1,2,3}, Slepian-Wolf decoding of u1, us and us
is successful, and co is sufficiently large, we have T ; = A,
fori=1,23.

VI. CONCLUSION

This work proposes a lattice-based coding scheme for robust
distributed source coding for three correlated sources. We
derive the expressions of the rates and distortions, for fixed
lattice dimension, when the distortions at the individual de-
coders and the ratio between the distortions at the central and
individual decoders approach 0. It is additionally shown that,
when the sources are identical and Gaussian, the asymptotic
performance of our scheme is very close to the theoretical
bound of the quadratic symmetric Gaussian multiple descrip-
tion problem with central and individual decoders, with a gap
of 0.069 bits in terms of rate per description. The proposed
scheme can be extended in a straightforward manner to the
case where the number of sources is greater than three.

APPENDIX A
PROOF OF PROPOSITION 1

We first need the following lemma.
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Lemma 2. The following relation holds for + = 1,2, 3,

7(B;1(0)) < (54 2co)7s. (43)
Proof: Notice that equation (22) implies that
(8;1(0)) < 7(U) +7(B:(U)).- (44)

From (19) one obtains that #(U) < 7#(T)+7(L)+7(F). Since
T C Vi(0), £L C V;/3(0) and F C V;(0), it further follows
that 7(U) < 75 + 753 + Ty < 27,. In addition, the definition
of B; implies that 7#(83;(U)) < 37(T) + 3coF (L) + 33F(F) <
375 + 3coTsy3 + 3c7¢. Combining the above discussion with
(44), 753 = 75, and 7y = ﬁfs leads to (43). [

Proof of Proposition 1: Let us assume that =7 — z}' €
B,,, for all i,j € {1,2,3}. Let us also assume that the
Slepian-Wolf decoder used at the central decoder recovers u1,
ug and ug correctly. We will first prove that condition (26)
is fulfilled. Let us fix arbitrary i # j,4,j € {1,2,3}. Notice
that the shift invariant property (20) of [, combined with
equality (22), implies that ||A — Bx(\)|| < 7(8;, " (0)) for all
k € {1,2,3} and A € A;,. This observation, together with
the triangle inequality and Lemma 1, leads to || As; — As ;|| <
s = Aall 4 I = AL+ 14 = Awsll < 27(871(0)) + 374,
which together with (43) gives (26).

Using Lemma 1 and the fact that A, ;, = A\p+ug, bk =1,2,3,
we obtain that r;, > ||Aci — Acjl| = [Jus — w; — (A; — X))l
which, together with the fact that A\; — A\; € A;j,, implies that
Ui — Uj € ‘/zn(/\] — )\i)’ ie., )\j -\ = an(uz — Uj). This
further implies that Aas Ao Ac computed in (27) satisfy the
equalities

Xe =2 — A1, Ao =A3— A1, Ao = A3 — Ao (45)
According to (18), we have
Ni=Xs, 7+ Api F g, i=1,2,3. (46)

Moreover, since A ; = B;(A;), for i = 1, 2,3, one obtains that

Asi = 3coAf1 + Asys 47)
)\572 = 36(2)’(]f,2 + /\52, (48)
Ne3 = 373 — 3coAf3 — 3cRif3 + Asy- (49)

Adding the three equations above, side by side, leads to

)\s,l + AS,Q + A5,3 = )\sl + )\32 + )\83 + 37—3

+3co(Ap1 — Ap3) +3c(ipo —dgs).  (50)

Recall that @f; = \; — Qf():i), for all 4, which together with
(45) yields tg o — U3 = —Ac + Q¢(A3) — Qf(A2). Suppose
now that case 1 holds. Based on Lemma 1, it follows that
Qr(M) = Qr(A2) = Qf(A3). This further implies that @y o —
ﬁf’;g = —S\C, S\f’l = S\f’Q = 5\f$3, T1 = T9 = T3 and )\Sl =
As; = Asy. Then relation (50) leads to Ag 1 + As2 + As3 =
3(As, +711) — 36(2)5\(;. The above equality, together with (28),
implies that As /3 = As, +71. Combining this with (29) leads to
T =7 =19 =73 and 5\5 = As; = Ag, = Ag,. Now invoking
(30), (31), (47) and (48), one further obtains 5\f = 5\}51 =
Af2 = Ag3 and dfo = diyo. Employing further equations
(32) and (46) leads to 5\2 = Ao, which together with (33) and
(45) implies that \; = \;, for i = 1,2, 3.
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Assume now that a; = as = ag = 1. Consider arbitrary
i # j, i,5 € {1,2,3}. Recall that, according to Lemma 1,
[IAi = Ajl| < rin. Since Ay = coAyy, for ¢ sufficiently large,
Tin 1s smaller than the smallest distance between non-adjacent
Voronoi regions of Ay. This implies that A; and A; are either
in the same or in adjacent Voronoi regions of A . Notice that
Qr(Mg) = Ap g + Tk + As,, for any k € {1,2,3}. Then, if
Afi = Apj, it follows that Qr(\;) — Qf(\;) = 73 + s, —
Tj—As; € Ag/3 = coAy. This implies that Qf();) and Q¢ ()\;)
cannot be adjacent points of A¢. Therefore, it only remains the
possibility that they are equal. This leads to 7;+ s, = 7+ A,
and further to 7, = 7; and A, = /\Sj. Thus, the proof of case
2 carries on as in case 1.

Suppose now that case 3 holds. The fact that b; = 0
and Lemma 1 imply that Q,/5(Q7(A1)) = Qy/a(Qs(A2)) =
Qs/3(Qf(A3)), leading to A\g, = A, = Ag; and 71 = 75 =
73. Combining this with (46) and (45), one further obtains
o —1if3 = —Ac — As2 + Ay,3. Plugging this in (50) yields
%\&1 + )\,5,2 + )\373 = 3(/\33 —|—7'3) —|—3Co()\f71 — )‘f,3) — 36(2)(/\0 +
A f2 = A fs) The above equation, together with (34), leads
to Ag/3 = Ay + 73. Combining this with (35) gives that
7 =13 and 5\5 = As3. Equations (36) and (49) further lead to
fs = Ug,. This in conjunction with (37) and (46) implies
3 = Az. Now one can readily invoke (45) to show that
i = /\z for ¢ = 1,2,3.

In order to address case 4, we need the following result.
Assertion 1: If \,/3 € A,/3 and V,/3(\,/3) is adjacent to
V5/3(0)7 then >‘s/3 € VG(O)

Proof: Let A3 € Agys, then 3); /5 € A,. Since V;/3()\,/3)

and V/3(0) are adjacent, it follows that V;(3),/3) and V;(0)

are adjacent. Then ?’AT/S’ is on the boundary of V,(0). The

point A, 3 is in the interior of the segment connecting O

and 2222 Therefore, A, /3 is in the interior of V,(0). This
concludes the proof of Assertion 1.

Now assume that case 4 holds. It can be easily verified that
Qs/3(Qf(Ni)) = i + As,, for any i = 1,2,3. Then, based
on definition (25), it follows that \; € ‘75/3(73 + As;), for
i=1,2,3. Since A3 = c2Ain, for ¢ sufficiently large, 7,
is smaller than the smallest distance between non-adjacent sets
‘73/3()\8/3). According to Lemma 1, one has ||A; — Az|| < 7in,
therefore V, /3(T1+As, ) and v, /3(T2+ s, ) are either identical
or adjacent. This implies that V; ;3(As, +71) and V; /5( s, +72)
are either identical or adjacent, and further that V;,3(As, +
T2) — (As; +71)) and V;/3(0) are either identical or adjacent.
Using Assertion 1 one obtains that Ag, + 70 — (As; +71) €
V5(0), leading to 0 = Qs(As, — As; + T2 —71) = As, — As, +
Qs(ma — 1), i, Qs(ma — 1) = A5, — As,. Combining the
above with (39) and (47) implies that 5\31 = As, and 5\52 =
As,. Using further (40) and (48) leads to iy, = iy,. Based on
(41) and (46), the equality A2 = Ay follows. By additionally
exploiting (42) and (45), one can establish relations /A\l =\,
for © = 1,2, 3. With these observations, the proof is complete.

|

> >

APPENDIX B
PROOF OF THEOREM 1

The following lemma will be used extensively.
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Lemma 3. Let S; and Sy be two finite subsets of R™. Then
> 2 AL A)] < [81]|S2]7(81)7(S2)-

A1EST A2€S2

Proof: Based on the Cauchy-Schwarz inequality, one

obtains
Z Z [(A1, A2)] < Z Z ALl A2
A1ES1 A2ES2

A1EST A2ES>
Do D HS)H(S:)

A1 ES1 A2ES2

= [51]|S2|7(S1)7(S2).

IN

|

A. Proof of Relation (7)
For each A\, € A, and i = 1,2,3, let A;(\,) =
{aP27, = Ao} Next, for every A € Ay, let M(X) £

UACGVM(A)QACVC()\C). Then Ai()\s) = UXEBIIO\S)M()\) I
is obvious that M(A) = A+ M(0) for all A € A. Combining
the above with equality (21) leads to

-Ai()\s) = Az(O) + )\57

Clearly, one has d;(L™70)) = D(Qua,,X]"), where Q 4,
is the quantizer which mapping every source sequence x} €
A;(As) to Ag, for As € A;. Now let us fix i. The rest of the
proof will be divided in two parts. Part 1 shows that, assuming

—

Vs € As. ShH

the existence of l(igl G(“i#, one has
0
D X ;(0
6 123 (6) c
In Part 2 we evaluate lién G(flgm))_
0

Part 1. This proof is similar to Part 1 of the proof of relation
(23) in [44, Appendix C], which in turn employs ideas from the
proof of [49, Lemma 1], but with some differences in the form
of the expressions involved. Therefore, we will only mention
the main steps, but provide the intermediate expressions in
detail. The key idea of the proof is that, in the limit of (6),
the pdf fx» can be approximated by a density function which
is uniform over every set .A;(\,). Specifically, let ¢ = (6, co)
and define the density function f. : R" — [0, 00) as follows.

For each \; € A, and 2™ € A;()\,), let
PIXP € A;(\)] ! )
© N - n d
fe(z™) v(Ai(Xs)) v(Ai(Ny)) /-Az‘()\s)le (y™)dy

(53)
Let X7 denote the random variable with pdf f.. The following
relation follows along the same lines as (72) in [44],

1

7| D(Qua;s X) —
3
(A

2
neg

D(Qa;, Xi')| <

HAODE [ )~ e, (54

x
(0) = Uxeg,(0)(A + M(0)), we have
1(0))+7(M(0)), Combining this with (43),
(M(0)) < Ty + T < 27 = 20Tin 0

nd

7(Ai(0)) < 7(B;

Further, since A
Ty = 3cot9rm 0 an

)
)
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9¢30Tin.0, for co large enough, which

gives 7(A4;(0)) <
= (3c%0)"Vin,0 implies that

together with v

7(Ai (0 9307, 3Fin
(A0) _ 9607, B 5
covd 3039”1?1 0 Vino

as relations (6) hold. Further, relations (54) and (55) lead to
1(1(1)‘1)1 = |D(Qa,, XZ) — D(Qua,, X)| = 0 as in [44, Proof
ch/g

of (77)]. Finally, the equality D(Q.4,, X2) = G(A;(0))vs:
follows as in [44, relations (78)]. The above two relations
prove the claim.

Part 2. Recall that A;(0) = Usestoy(A + M(0)) =
Uxeu (A — Bi(X) + M(0)), where we have used relation (22).
It can be readily verified that M(0) is a fundamental cell of
Ay Thus, one has v(M(0)) = v;y,. The next equality follows
as in [44, Appendix C],

/ " |2dz" = ] / 2" 2dz”
A;(0) M(0)

i

T

+2 Z</ " dz™ N — Bi(N)

reu /M)
T2,i
+sz ”/\ ﬂz H2
AeU
T3,
Recall that v(A;(0)) = vs = Mv;,. Then
G(A;i(0)) _ Ty Ty,
c? nc%(Mz/in)H‘% ncg(Mz/m)H‘%
T3
+ (56)
neg(Muyg,)ttn

We first show that the first two terms in the right hand side
of (56) go to 0 in the limit of (6). The proof is also similar
to the counterpart in [44, Appendix C]. Let us start with the
first term. Notice that [, o, |z"][2dz™ < (F(M(0)))? vin <

492722”70%” Combining this with || = M and v;,, = 6™v;p, 0,

we have
T < 4M9277Z2n70Vin
ne2(Mv, )"t a ~ ne(Mugy,) e
4rm 0
=—— =7 —0as (6) holds.  (57)
ne2 M Vin.o

Further, it follows by the Cauchy-Schwarz inequality that

Ty <2 / ol dz™ 3 A = BV
M(0) XEU
Combining the above with [, [|2"[|dz™ < 7(M(0))vs, <

OFin,0Vins Doney |IA — Bi(N)|| < M7(8;(0)), relation (43)
and 75 = 30397’1'”70, one can readily show that, for sufficiently
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large co, [Tou| < 36¢360%vi M7;, 5. The above relation,

together with M = (3c2)™, implies
Tl 300, M
5+ <
neg(Mvip)'n = pe2pnt +71/m92V{£,0
472271 0
= "~ 0 as (6) holds. (58)
ncgym 0

Let us evaluate now V‘”’ ‘. From now on the similarity with the
proof in [44] breaks down due to the more complex definition
of the mappings f; in the current work. We will discuss
separately the cases ¢ = 1, 7 = 2 and ¢ = 3. Recall that
UL {1+ +iylT € T iy € F,A\s € L}. Notice that, if
A€ U, then Q4(Qs/3(Qf(N))) = 0. Then A\, = 0 in (17).
Using now (17) and (18), one obtains that

L= ) IA = 3ol
v Aeu

=3~ (I =3e) DI + gl + I17]1)

AU

+Z(

AeU

TGT;\feﬁﬁfe]:

DD L

TETS\feL:ﬁfEJ:

+2(1=3c0) Y Y D (ig, Ap)

TET;\feﬁﬁfe]:

2(1—300)2 Z Z s, 7)

TETS\feﬁﬂfGJ:

+2> 3N g, 7)

TETS\feL‘,ﬁfEJ:

TGT;\feL"ﬁfe]:

(59)

Consider the following quantities:

> S AP

A TGTS\fe[,ﬁfe]:
T =

X X X luglP

A TETS\fGLﬁfE}-
’ T3 = 2142 2 ;
negM*Tnyl

2
2071+2 %
negM-Trny

(60)
XX X P XX X (ag )
T€T NyeLar€F

€T N;eLurel
AN f J
T4 s T:

onfl42 2 5 ongle2 A ’
negM - "wy negM Ty

[I>

(61)
> ~Z ~Z (Afs7) > ~Z ~Z (g, )
T. 5 TET XpeL us€F T 2 TE€T XpeL@sEF
6 — 9 1+Z 2 ) 7T = 5 1+g 2
negM Try neaM"ay
(62)
Relation (59) leads to
Ts5, B )
R (Mug) 2 (1= 3c0)* Ty + T3 + Ty + 2(1 — 3c0)T5

+2(1 = 3¢o) T + 2T (63)

The following relations will be used extensively M = 3"c3?

_ 2n _
vy = nginv Vg3 = C() Vin, Vs = 3nc() Vin, ‘T| =

http://dx.doi.org/10.1109/TCOMM.2020.2987565

— — — 2 —
L] = ¢, |F| = c§. Tf = cobTino and 7y)3 = c§b7in 0,
Ts = 3¢30Tin.0, Vin = 0"Vin0. Based on Lemma 7 in [44],
one obtains

nM 2 2
Ty = —=— (G(Ca, a, )b, — Gp)hvs )
InMcSv
1 1
9 a2 G(CAS/’i:Af) - 72Gf ’ (64)
nM 2
T3 = z (G(CAf )0(2)1/1n - Gi””i%)
9nMc0
— L G(C ) iG, (65)
- 903 Ap:Nin C(2) mn | o
nM
T, = ——— (9G(CA As/a)co’/ - Gg/gcéu”>
InMcyvr,
1 1
=2 G(Chrn, 5) — 9Gsrs ) - (66)

Note that scaling preserves the normalized second moment.
Therefore, one has G, = Gs/g = Gy. This result, in
conjunction with Lemma 8 in [44], implies that

(1 —3co)(Ap, ) +2(1 — 3eo) (g, dig) + 2(7, @if) (ig)lg(cAs/3 ay) = hm G(Ca,n,,) = hmG(CA A.s) = Gs.

=300 > =3’ IM P+ D] D0 D g |

Further, Lemma 3, together with #(F) <7y, 7(£) < 74/3 and
7(T) < 7, leads to

> X g Ap)l

T€T NyeLure€F

|T5| < —)
ng My
M7 7, .
LB _ml (68)
neg My 9ncd l/m 0
ZT;: ZF|<>\f,T>|
TET N;eLus€
|Te| < : 2
ncMitwy
M7, 57, 2.,
< e = —5, (69)
nAMitwy 3nco im0
ET~Z ZF|<ﬂf,T>|
TET N;eLus€
|T7| < ! —
neg My
M7, 7
< TfT; _ in, o2 . (70)
nc%M”?Vi Snco im0
Based on relations (65)-(70), one obtains that
ImT3 = lim Ty = lim 2(1 — 3¢q)T:
T =l T =20~ 30)Ts
—lim2(1 — 3¢0)Ts = lim2Ty = 0.  (71)
(6) (6)

Further, relation (64) implies that 1(ir§1(1 —3c0)*Ty = Gq.
6
Combining the above relation with (63) and (71) gives

131
lim
241

—_ = (,.
() anM1+ v

(72)
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T
Let us evaluate now >,

= >IN =3¢y’

AeU

=3 (I =sed)asl + 112 + Iir)?)

AeU

+Z( g, 7)

el
+ (1= 3) iy, 7).
The above equality, together with (60)-(62), leads to

T3
2(Mvy;,)* +2

+2(1- 380)<Uf, >\f>

+ 2T + 2(1 — 3¢2) T+
Using (65) and (67), one obtains
lim(1 — 3¢3)*T3 = G.
(lgl( o) T3
From (64) and (66)-(70) it follows that

lim Ty = lim Ty = lim2(1 — 3¢2)T:
T =T = im 2 - )Ty

= 1(1r§1T6 = 1(1m 2(1 — 3¢3)T7 = 0.

Relations (73)-(75) imply that

=T+ (1 - 300) Ts+ T4+ 2(1 — 3CO)T

(73)

(74)

(75)

(76)

T:
lim 3’3 T = Gs
(6) nch1+ﬁV"
Let us evaluate now ,T/“
T ~
22 = N " IA = 37 + Beo ks + Bediig|?
M xeu
= 3 (12 + 3eo)(5I + 111+ 3eR)iag 1> + fl2r )
xeu
+ 3 (40 +3c)(As7)
xeu

+2(1 4 3¢o) (1 + 3¢2) (s, Af))
— 4(1+ 3c3) (@g, 7)) ).
Invoking (60)-(62) yields

T33 _ 2 242
2 (Vv E (1+3c0)"T2 + (1 + 3c5) T

+ 4Ty 4+ 2(1 + 3co) (1 + 3¢2)Ts
—4(1 + 3¢o)Ts — 4(1 + 3¢2)T.

It follows by (64), (65) and (67) that
lim(1 + 3c)*Ty = lim(1 + 3¢3)*T3 = G.
(lg)ﬂ( +3c0)" T3 (lgl( +3¢5)° T3
Further, according to (66), (69) and (70) one has

1(111)1T4 = 1(111)1(1 +3c0)T6 = 1(111)1(1 +3¢3)T7 = 0.

Next we prove that

1(1551(1 +3c0)(1 4+ 3¢3)T5 = 0.

(77)

(78)

(79)

(80)
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For this, we need first to introduce more notation. Let F;
denote the set of points which are in F and on the boundary
of V;(0) and let £, denote the set of points which are in £
and on the boundary of V,3(0). Moreover, let My, = || and
= |L;|. Note that F \ F;, is symmetric about the origin.
Thus, 3 ;e\, U = 0. Likewise, 35 cr\ 2, A = 0. Then
based on the linearity of the scalar product, it follows that

Do D lap ) =0 Y0 Y lapAg).

TETS\feLﬂfE]‘— TeTS\fELbﬁ‘fE}—b

Thus, one obtains

D2 D laphy)

TeTxfeL‘,'l_LfEJ:

oD D (apdy)

TeTS\fEﬁb uyEFy

2.2 2|

TET)\fGLb Uy EFp
< 3" Ny My7y7g )3,

IN

Uf,)\f

where the last inequality follows according to Lemma 3. Using
further 7y = ¢oOFin,0 and 7s/3 = c§0Tin o leads to

(14 3co)(1 + 3c8) 750 3" Ny M,

14 3¢o)(1 4 32 Ts| < .
|( + CO)( + CO) 5|— Sncg, c(r)z

(81)

2
9,n’CO in,0

Clearly, the first factor on the right hand side of the above
relation is bounded. Next we will show that % — 0 and
0

N 2
L = v L. Now denote N £
s

~ o
Us, ez, Vr(Af). It can be easily verified that

N C ¢1Vs/3(0) \ ¢2‘/s/3(0)7

where ¢ = 14 —- and ¢ =
Nyvy = v(N) < (ng” ¢2)Vs/3. Now let us show that
l(igl(qﬁ? — ¢%) = 0. Note that

For this, note first that

(&% = ¢5) = (61— d2) (@1 + 1 Pda+ -+ d37)

< (¢1 — g2} !

Since ¢~' — 1 as (6) holds, it is sufficient to show that
(¢1 — ¢2) — 0 as (6) holds. We have

Ty _ 20cTing _ 2 0 (82)

77
$1—p=1+—L —1+ T
C()erin,o Co

Ts/3 fs/S

as (6) holds. We conclude that 1(111)1 M — . Similarly, it can be

shown that 1(131 = 1(1;1)1 Mf;j’" = 0. Consequently, relation
(80) is valid. Relations (77)-(80) imply that
T:
lim 3,3 = 2G,. (33)

(6) anMlJr 7 1/7+1
Finally, relations (56)-(58), (72), (76) and (83) lead to
lim G430 _ i, G100 G gng Limn G450 — 96

(6) < © % (6) ”
which concludes Part 2. Combining Part 1 and Part 2 leads to

).

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

B. Proof of Relations (8)

Denote A; sup £ SUp,nega |2 — 27|, for i = 1,2, 3. The
following result will be needed.

Lemma 4. There is some constant k1 such that for cg
sufficiently large, one has

1
Ai,sup < Kicovst, ©=1,2,3.

Proof: Assume that cg > 5. According to equation (43),
for i = 1,2, 3, one has

7(8;1(0)) < 3c,Ts.

Let 27 € R™ and consider the notation in Proposition 1. Using
the fact that A.; = A; + u; and the triangle inequality, one
obtains

(84)

27 = &2l = 2 = Xeyi +ws + X — 27|
<wei = Aesill + [lwall + [[Xi — 22,
< T+ Tin + [N — 22,4l
< Tt N — (85)

:Ec,i”‘

If condition (26) is violated, then &7, = A, ;, leading to ||A; —
2% = A — Asill < 7(B;71(0)) < 3coFs. By combining this
with (85), one further obtains that ||z} —27 ;|| < (3co+1)7s <
46073.

Consider now the situation when condition (26) is obeyed
and case 1 is in effect, i.e., a; = Ooras = 0O oraz = 0.
Recall that ‘i‘?z = S\iJru,;, where 5\1 is evaluated by the decoder.
Then

IAi = 22l < A = il + luall < 1% = Al + 7in. (86)

Let us consider ¢ = 2. Using (32) and the triangle inequality
then invoking (30) and (31), one obtains

A2 = Aall < A2 = Al + 17 ]+ A+ [zl
< H)\2 - )\5,2” + ||)\s72 - )\SH + ||’f'||
1 ~ 1 -
— || As.1 — As —|[As2 — sl
+ 300” ,1 H + 3C%H ,2 ||

Applying further || Ao — X, 2|| < 7(8;1(0)) < 3coFs, ||| < 7,
ﬁglandﬁglleadsto
(0]

X2 — Aol < 3coFs + Ao — As|l + 2 A2 — Asll. (87)

The relation 5\5 = 5\5 /3 — 7 (from (29)), together with the

triangle inequality, implies

s = Asll < Mg = Asyall + 171 < s = Xgsll + 7, (88)

for 7 = 1,2,3. Combining (28) with the triangle inequality

yields

- 1 1 -

IXsn = Aspsll < gllAs s = As2ll + 3 llAsn = Asiall + ol Ac]l-

(89)

According to (26), one has |[As1 — Ag ;|| < 6coFs + 3in.

Plugging this in (89) leads to

s, = Asall < dcoTs + 27 + cBl|Ac]- (90)
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Now we will derive an upper bound for ||\.||. Note that
Ae = Qin(uz — uz) = (uz — ug) — (uz — uz) mod Q.
Then

Al < Nuall+ l[us]|+ | (ue — us) mod Qi (us —uz)|| < 3Fin.

(29)
Plugging (91) in (90), then (90) in (88) and using the fact that
Ts = 3C3Tn gives

[As1 — As|| < deoFs + 27 + 27, < BeoFs. (92)

Similarly, one obtains [|[A,2 — Af < 5coTs. Plugging the
previous inequality and (92) in (87) yields ||[Aa—Az2|| < 18¢(Ts.
By combining the above inequality with (85) and (86), we have

||.’E§L — .’13'671” S FS + 186(]75 + Fin S 190()?5,

for ¢y sufficiently large. The proof for the rest of the cases
proceeds similarly. [ ]

Let us denote by P, sy the probability of failure of the
Slepian-Wolf decoder. According to Proposition 1 we obtain
that, for i =1, 2, 3,

D(Qe, X]') < dei (L))
< (PX1X2X3 (TO) + ,Pe,SW)Alz,sup
+ D(Qe, X7). (93)

According to [1], the value of P, gw can be decreased
arbitrarily by enlarging the block size used by the Slepian-
Wolf encoder. Leveraging the fact that A; ,,, is bounded, we
conclude that the effect on the distortion of the Slepian-Wolf
decoding failure can also be diminished arbitrarily. Combining
this observation with (93) and with Lemma 4, it follows that,
as the block size of the Slepian-Wolf coder goes to oo, the
following holds

D(Q., XT) < dc,i(g(n,m))
2
< Px,x, x5 (ro)ricavy + D(Qe, XT).  (94)
According to Lemma 1 in [49], one has D(Q., X)) =

chc’%(l + o(1)) in the limit of (6). Plugging this result in
(94) leads to (8).

C. Proof of Relations (9)

Let us first denote P; = P[Qin(Q.(X!)) € W] and
Bi £ PQun(Qu(X™)) € SIQin(Qu(X1) € W], where W
and S are defined in Section V-B. Additionally, for 0 < z < 1,
let Hy(z) £ —zlogy 2z — (1 — 2) logy (1 — 2). Further, note that
the rate needed to transmit 3;()\;) is = H(Q .4, (X")). The rate
needed for a; is 1 Hy(P;), while the rate for encoding A,
equals 2P; log, |£| = P; log, ¢o. Since b; is transmitted only
when a; = 1, the rate needed for b; is %75le(751) The rate
used for encoding 7; equals %72@ log, |T| = PP log, 3.
Finally, the rate used for encoding uj,us and w3 with a
Slepian-Wolf coder, i.e., %H(Ul, Us, Us), is equally divided
among the three encoders. It follows that

Rl(ﬁ(nTo)) — %(H(QAL(XZL)) + éH(UlaU% Ug) + Hb(ﬁi)

+ 751Hb(75z')) + P;(logy co + Pi log, 3).
(95)
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Since l(igl 7(A;(0)) = 0, as proved in Part 1 of the proof of
relation (7), we can use Lemma 2 from [49] (proved by Csiszar
in [51]) and the fact that v(.A;(0)) = v, to obtain that

lim © (H(Qu, (XP) + logy (1)) = h(X,).

o (96)

Lemma 5, proved next, states that l(ir1)1(73i logycg) = 0.
6

This implies that 1(111)1 P =0 = 1(111)1 P, and further that
6 6

1(in)qu(Pi) =0 = 1(m§1 Hy(P;). The above considerations,
6 6
together with equalities (95) and (96), imply relations (9).

Lemma 5. Fori=1,2,3, one has l(in)rl(?si log, ¢p) = 0.
6

Proof: Let us fix <. Denote
W) & {af € R : Qin(Qe(a)) € W(Af)}

and W £ U,\feAfW()\f). Thus, P; = P[X}* € W]. A moment
of thought reveals that

W(Ap) € (Ar +mVp(0)) \ (Ar +12V5(0)),
FintPe _ | _ AFint7e

A Tin+Te L
where 7 = 1+ > and 2 =7 > "

The above relation implies that

vW(Ay)) < (ff —n3)vy- ©7)
Since fx, has finite variance, it follows that E[||X”|] € R.
Let p1(co) = E[|| X7||](logy co)?. Markov’s inequality implies
that P[|| X7 || > p1(co)] < m. It follows that

Pi <PX! € WN By, (co)] + PIXT ¢ By (eo)] -

T

T
Since 15 < m, in order to prove the lemma it is suffi-
2

cient to show that l(ig(Tl log, ¢o) = 0. For this, let us denote
By £ sup{fx,(«")|z" € R™)}, which is finite since fx, is
bounded. Note that if 7 € B, (c,) then Qf(Qin(Qc(}))) €
By, (co)» Where pa(co) 2 p1(co) +Fe +Fin + 7. Then one has

T <
ArEASNB,, (cy)

< )
ArEANB

(a)
< Bo(ni" —n3)

p2(co)

>

ArEA;NB

vy
p2(co)
(b)
< BO(U? - W?)V(sz(co)wf),
where (a) is obtained using (97), while (b) holds since
Vi(Ar) C Bp2(60)+ff. Further,

(98)

UXreAsnB,, ey

(0 = n3) = (= m2) (0~ +0f' 0z + 0y 03 +
< (m —m)ny " (99)
Relations (98) and (99), together with lirgl m = 1 and
6
V(Bpy(co) ;) = v(B1)(p2(co) + 7¢)", imply that, in order
to conclude the proof, it is enough to prove that

m((n1 — n2)(p2(co) +75)" logy o) = 0. (100)

li
(6)

o
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14
Let 7 £ 7, + 7, + 27y. Then
(m — m2)(p2(co) + 7)™ logy co
507, 207, \n
— 220 ¥ 20 (gl X7 ] log, co)? + 7) " logs o
009?”m,0
571'”_0 +2FC70 n (log CO)2+% _ log Co. 1
= =S | E[|XP—2= +(—2=)n
in,0 e Co

Using further the relations l(irglf =0, l(irgl(lo%co)% =0 and
6 6

1

1(111)1 % = 0, (100) follows. This completes the proof
6 e

of Lemma 5. |
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