Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available ahttp://dx.doi.org/10.1109/TCOMM.2014.2367014

Flexible Symmetric Multiple Description
Lattice Vector Quantizer with L > 3

Descriptions

Zhouyang Gao and Sorina Dumitrescu, Senior Member, IEEE

Abstract

In the previous work on multiple description lattice vector quantizers (MDLVQ) with L > 3
descriptions, once the central and side lattice codebooks are fixed, the decoding quality is determined
for all numbers k of received descriptions. Therefore, it is not possible to achieve tradeoffs between the
quality of reconstruction for different values of k,1 < k < L —1. This work proposes a flexible MDLVQ
capable of overcoming the above drawback. For this, a different reconstruction method is employed and
a heuristic index assignment (IA) algorithm, which uses L — 2 parameters to control the distortions for
2 < k < L—1, is developed. Experimental results show that the proposed MDLVQ beside achieving the
desired tradeoffs, significantly outperforms the classic MD scheme based on unequal erasure protection.

The second contribution of this work is a structured IA for the case L = 3 and the derivation
of the corresponding expressions of the distortions at high resolution. The proposed IA has a simple
mechanism for controlling the tradeoff between the reconstruction quality for £ = 1, 2. The IA is able
to achieve a wide range of distortion values, while keeping the product of the distortions for £ = 1,2

the same as in the prior work.

Index Terms

Multiple description coding, lattice quantization, high resolution analysis.

I. INTRODUCTION

A multiple description (MD) coder consists of L encoders for some L > 2, each encoder

generating a separate description of the signal. Each description is sent to the destination over
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a separate channel, which either transmits the whole description correctly or breaks down.
The decoder is able to reconstruct the source to some quality from any subset of received
descriptions, while the fidelity of the reconstruction generally increases with the number of
received descriptions.

An n-dimensional multiple description lattice vector quantizer (MDLVQ) is an MD coder
consisting of a so-called central lattice A, C R", a so-called side lattice A, which is a sublattice
of A., and an injective mapping « : A, — AL, which assigns to each central lattice point an L-
tuple of side lattice points. For each \. € A, let «;().) denote the i-th component of the L-tuple
a(A.), 1 <7 < n. The encoder of the MDLVQ quantizes the input vector x = (x1, %2, ..., T,)
to the closest central lattice point A\. and outputs «;(\.) as the i-th description, for 1 < i < L.
When all descriptions Aq,---, A, are received at destination the decoder is able to uniquely
identify the corresponding central lattice point and uses it as the source reconstruction. On the
other hand, when only one description )\; is received, the decoder uses it to reconstruct the
source. When all descriptions are lost the decoder outputs the source mean. Notice that when
L = 2, only the above mentioned situations are possible at the decoder. On the other hand, when
L > 2, it is possible that the number & of descriptions received to be larger than 1 and smaller
than L. In such a case an appropriate decoding rule has to be specified.

The MDLVQ framework for L. = 2 was introduced and analyzed in [1]. The authors of [1]
propose a general method for the index assignment (IA) design and derive analytical expressions
for the distortions at high resolution, using the squared distance as a distortion measure. While
the aforementioned work addresses the symmetric case, i.e., where the rates, respectively the
distortions, of the two descriptions are equal, the asymmetric case was considered in [2]. In
[3], [4], the authors achieve the tradeoffs between central and side distortions by modifying the
encoding rule of [1]. Additionally, an extension to more than two descriptions is briefly mentioned
in [3]. A systematic study of an MDLVQ system for L > 2 descriptions, in the symmetric case,
is performed in [5]. The authors of [5] use the setup described in the previous paragraph and
for the additional situations arisen at the decoder, i.e., when the number of received descriptions
is k,2 < k < L — 1, use the arithmetic average of the received descriptions to reconstruct the
source. They propose an 1A algorithm and derive asymptotical expressions of the distortions for
different numbers of received descriptions. The authors of [6] propose a simpler and faster IA

algorithm and prove its optimality for L = 2 with any N, and for L > 2 when N — oo, where

November 4, 2014 DRAFT

Copyright (c) 2014 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available ahttp://dx.doi.org/10.1109/TCOMM.2014.2367014

N is the index of the side lattice with respect to the central lattice. They also derive asymptotical
expressions of the distortions. The work [7] proposes algorithms to improve the IA for finite N.
The work [8] uses a simpler method to analyze the asymptotical performance of the MDLVQ of
[6]. A multiple description scalar quantizer with translated lattice codebooks and the associated
optimal IA are discussed in [9]. In [10] an asymmetric MDLVQ scheme with L > 2, which uses
the weighted average of the received descriptions as reconstruction for k£ < L, is investigated.

It is worth pointing out that there are non [A-based MDLVQ schemes in the literature for
L =2 [11], [12], and for general L when only the distortions of individual descriptions and of
all descriptions are of interest [13]. In this work we are concerned only with IA-based MDLVQ,
and will omit the specification "IA-based” in the sequel.

We emphasize that the MDLVQ framework for L > 3 considered in prior work is able to
achieve tradeoffs between the reconstruction quality when all descriptions are received versus
the case when only a subset of them are received, by varying the value of NV for fixed rate R
of individual description. However, it is not possible to achieve tradeoffs between the decoding
quality for different values of k, 1 < k£ < L — 1.

In this work we propose a flexible MDLVQ system for L > 3, able to adjust the decoding
quality for various values of k,1 < k < L — 1. To this aim we use a different reconstruction
method and propose a heuristic IA algorithm, which uses L — 2 parameters to control the
reconstruction quality for 2 < k < L — 1. Our simulations for L = 3,4 not only show that the
proposed framework can achieve the desired tradeoffs, but also that it significantly outperforms
the MD scheme based on successively refinable codes and unequal erasure protection, referred
to as UEP [14], [15]. This result is very important since UEP is one of the few MD codes that
are practical and ensure flexibility in adjusting the distortions for different numbers of received
descriptions [16]. While there are theoretical constructions that outperform the UEP scheme [17]—
[19], they rely on the binning technique, which is difficult to implement in practice. Additionally,
to add to the merit of UEP as a term of comparison we point out that, even if it is suboptimal,
UEP was shown to be only at most 0.73 bits away from the theoretically optimal description
rate [20].

In the second part of this work we propose a structured IA for the case L = 3 with a simple
mechanism to control the tradeoffs between the distortions for one, respectively two, received

descriptions. We derive asymptotical expressions for Ds; for k = 1,2, where Ds, denotes the
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average distortion when only £ out of 3 descriptions are received. Our results show that a wide
range of distortion pairs (D31, D32) can be achieved even if N and R are fixed. In particular,
the proposed IA can achieve distortion pairs (Ds 1, Ds5) with ratios Ds1/Ds o = 12N 708 for
all # in some compact interval / C (0, 1), while keeping the product D5 Ds 5 the same as in [6]
as n — c0. On the other hand, the MDLVQ scheme of [6] can only achieve one distortion pair
with the ratio D3 /D35 = 4. Additionally, it is worth noting that the MDLVQ system of [10]
is able to achieve more distortion pairs by varying the weights assigned to different numbers of
descriptions in the optimization of the overall expected distortion. However, the distortion pairs
obtained in [10] are only linearly related, i.e., the ratio D3, /D5 does not depend on N or R.
Furthermore, the analytical comparison of the structured IA with UEP shows that the proposed
IA beats UEP in certain cases.

A preliminary version of this work appeared in the conference paper [21]. We emphasize that
the structured IA for L = 3 proposed in the current work is significantly different from that
developed in [21] and has a better performance. Notably, the IA in the present work achieves
the same distortion product as in [6] as N and the vector dimension n approach oo, while the
counterpart in [21] exhibits a small gap versus [6]. The present work also includes an extensive
empirical/analytical performance comparison with the UEP scheme, which does not appear in
[21].

The paper is structured as follows. The following section introduces the necessary definitions
and notations and reviews the relevant results from the previous work on MDLVQ. Section
IIT introduces the proposed flexible MDLVQ for L > 3 and the heuristic IA algorithm. The
following section presents the empirical performance evaluation of the proposed MDLVQ and the
comparison with UEP. A structured IA for the case L = 3 and the derivation of the corresponding
expressions of the distortions at high resolution, are presented in Section V. This section also

includes the analytical comparison with UEP. Finally, Section VI concludes the paper.

II. PRELIMINARIES
A. Definitions and Notations

Let v, respectively v, denote the volume of the fundamental region of the central, respectively

side lattice. Then N = Z— Let 0 denote the n-dimensional all-zero vector. For a lattice A C R"
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and a lattice point A € A, the Voronoi region of A around ), is defined as follows
V)2 {x R : [x— Al < [x— N[, VN €A},

where ||y|| £ \/(y,y), with (x,y) £ 3" a,y, for all x,y € R". We will use the subscript c,
respectively s, for the Voronoi region of A, respectively A;.

To represent a missing description at the decoder we use the symbol *. For instance, for the
case L = 3, if the triple (A1, A2, \3) is transmitted, and the second description is lost, then we
say that the triple (A1, *, \3) is received. We use L-bit sequences b = biby---by, € {0,1}F to
represent various patterns of received descriptions, where b; = 1 means that description @ is
received, while b; = 0 means that description 7 is lost. For \. € A. and b € {0,1} let us
denote by 7n,(\.) the reconstruction of A\. when the pattern of received descriptions is b. For
b € {0,1}%, let H(b) denote the Hamming weight of b, which equals the number of 1’s in
b. Therefore, H(b) equals the number of received descriptions corresponding to pattern b. The
per symbol squared error is used as a distortion measure. Thus, the distortion of the source
reconstruction corresponding to pattern b is

1
Du=r 3 [ k- mOIPEd,
ST 2£(x)

AC GAC

where f(x) = [] f (z;) is the n-fold probability density function (pdf) of the source vectors x.

j=1
Further, the distortion when % descriptions out of L are received, 1 < k < L, is defined as
1
Dpx® @l > Du. (M)
k/ be{o,1}L

H(b)=k
Notice that Dy, ;, equals the distortion of the lattice quantizer with codebook A., referred to as
the central distortion and denoted by D..

As in [1], [6] we will assume that the IA « satisfies the shift-invariance property, i.e., that
a;(Ae +u) = a;(Ne) +u, VA € Aj,u € Ay, 1 <i < L.

Additionally, since « is shift-invariant we will assume that the decoder mapping is shift invariant

as well, i.e.,

Nb(Ae + 1) = mp(Ae) +u, VAo € Ay, u € Ay, b € {0,1}E.
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As in the previous work on MDLVQ we will assume that the source is smooth and has a finite
differential entropy. Additionally, we will use the high resolution assumption in order to derive
the analytical expressions of the distortions. In other words, we will derive an approximation
of each distortion, which becomes accurate as v, — 0 and v, — 0. Thus, we assume that v, is
small enough so that the pdf of the source vectors is approximately uniform over each Voronoi
region of A.. This implies that each central lattice point is approximately equal to the centroid
of its Voronoi region. Then [1], [5], [6]

1
Dy~ D, + - Z A — nb()\c)HQ/ f(x)dx,

AEAL Ve(Xe)
for every pattern b of received descriptions with H(b) < L. Based on the above relation, on the
shift-invariance of the IA and of the decoding mapping, and on the assumption that the pdf of
the source vectors is uniform over each Voronoi cell of the side lattice, one obtains [1], [5], [6]

1 2
Db %DC—FW Z ||)\c_7}b(>\c)” .
Ac€V5(0)

Using further (1), it follows that

DuemDet iy 3 30 e ml @

A€V (0) be{o, 1}L
H(b)=

As in the previous work on MDLVQ we assume that entropy coding is used to encode each
side description. It can be easily verified that the shift invariance property of the IA ensures
that |o; '(\,)| = N, for every 1 <i < L, A\, € A, where |B| denotes the cardinality of the set
B. Based on the above observation and on the assumption that the pdf of the source vectors is
uniform over each set o 1()\5), 1 <i <L, \s € A, it follows that each description has the rate

R (measured in bits per sample) satisfying [1], [5]

1
R%h(f)_ﬁlog2(NVc)a (3)

where h(f) denotes the differential entropy of f, ie., h(f) = — [, f(z)log, f(x)dx. Let R,

denote the entropy of the central quantizer. Then, as v, approaches 0, one has [22]
Rem h(f) = - logy(oe). @
It is clear that R and R, have to satisfy the following conditions
R < R, < LR. %)
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Let us write now as in [8]
R.=R(1+a(L—-1)). (6)

Then conditions (5) are equivalent to 0 < « < 1. Recall that we require that . — 0 and
vs — 0, which in view of (3) and (4) imply that both R and R, approach occo. Clearly, as long
as relation (6) is valid for some «, 0 < a < 1, then R — oo implies that R, — oo. Thus, the
only requirement that we need to impose is that R — oo. Additionally, notice that as R varies
a does not have to be fixed. In particular, we may have a — 0.

Note that equation (3) implies that
Ny, ~ 2Mh()=R), (7N
Further, relations (4), (6) and (7) lead to
N = 2ne@=DR (8)

Remark 1: Recall that the derivation of (3) relies on the assumption that the pdf of the source
vectors is approximately uniform on each set o; *(),). A sufficient condition for the latter to hold
as & — o0, is that the volume of the convex closure of the set U, -1 (0o Ve(Ac) to approach
0 for all = and ;. If we assume that the largest such volume equals Nv. x N7, for some real

value 7, then, in view of (7) and (8), the condition Nv, x N7 — 0 holds if and only if
R(1—(L—-1)ay) — oo. 9)
Since Dy, 1, = D,, according to [23] one has
DL,L ~ G(AC)VC%7

where GG(A.) denotes the dimensionless normalized second moment of the lattice A, i.e.,

1
G0 &~z [ el

nve"

Then equations (4) and (8) further imply that

Dy = G(A)22 M) —R+a(l=1), (10)
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B. Previous MDLVQ Scheme for L > 3

For every A\. € A., denote

Additionally, for any L-tuple (\;,---,Ar) € AL define its spread as follows [5]

L L 2
1
P A =) =2 DN
i=1 Jj=1

Then the decoding rule used in prior work implies that for all £,1 < k& < L —1, one has [5], [6]

1 2
Dry ~ D.+ N Z [Ae = ps(A) I +
Ac€V5(0)
1 L—k
- Ac)). 11
TNIRL =T > spla(d) (11)
Ac€V5(0)

A key factor in the IA design proposed in [6] is the so-called L-fraction lattice A /1, defined

as follows
al

AS/L 7

k
—A; = {/\S/L € R": /\S/L = ZGmk € Zn} )

where G is the generator matrix of A,. Let us denote by V, (A / 1) the Voronoi region of A, /L
around \;/r € A;/;. We will assume that the sublattice A, of A, is clean, in other words, any
central lattice point is contained in a unique Voronoi region of Ag. It is shown in [6] that, if A,
is clean then any central lattice point is contained in a unique Voronoi region of A,/;, as well.

Further, for each A,/ € A,/ consider

T(/\s/L) £ {(}\1,)\2,..., € AL Z)\ = )\s/L}

The authors of [6] prove that the procedure of assigning the L-tuples in 7 (\/z) of smallest
spread to the central lattice points in V;, ()\8 / L) , minimizes Dy, of (11) forall k,1 <k < L—1,
as N — oo.

Additionally, the asymptotic analysis in [6], [8] leads, for 1 <k < L — 1, to

L—k L 2
DLk ~ TLii(NVC) G(SLn_n)N(Lfl)" (12)

as N — oo, where G (.5,,) is the normalized second moment of a sphere in R™, for m > 1.
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III. PROPOSED FLEXIBLE MDLVQ FRAMEWORK FOR L > 3

Notice that in the previous MDLVQ schemes once A, and A, have been chosen the system’s
performance is determined. Interestingly, the IA used in evaluating the performance minimizes
the distortion (as N — o0) for every possible k,1 < k£ < L — 1. The fact that it is possible
to optimize simultaneously the distortions for all values of k is contrary to our intuition that
there should be tradeoffs between these distortions. The first insight towards solving this conflict
is that the optimality of the IA is a result of the particular way the decoder is designed. The
second insight is that the decoding rule is natural for the side decoders, i.e., when k = 1, while
for 2 < k < L — 1, it seems to be rather dictated by convenience. These observations lead to
the conclusion that distortion Dy, ; is, indeed, the smallest possible, but there should be room
for further decreasing Dy, for 2 < k < L —1, if Dy ; is allowed to increase. Nevertheless, for
this to be possible, the decoder mappings for 2 < k£ < L — 1 have to be changed.

Therefore, in order to introduce more flexibility into the system we start by considering a
different decoding mapping for 2 < k < L — 1, as follows. For any L-tuple ({1,&s, -+ ,&L) €
<AS U {*})L that has at least one component equal to * and at least two other components in
A4, we compute the reconstruction value as the arithmetic average of the central lattice points

in the set ™ 1(£;, &, -+ , &), where

a NEL G- 6) 2 e € Ar o ai(N\e) = G foralll < i < L, with§ € A}

Notice that this decoding rule is optimal assuming that the pdf of the source vectors is uniform
over the set ™ (&, &, - -+, &). Further, in order to control the performance when k, descriptions
are received, for 2 < k < L — 1, we introduce L — 2 parameters: dy, 2 < k < L — 1, satisfying
the inequalities: 0o > 03 > -+ > 6,1 > 0, and impose the following condition.

Condition A. For any k£,2 < k < L — 1, and any

L-tuple (&,&,---,&L) € (AS U {*})L having exactly L — k components equal to %, one must
have ||[\. — \L|| < & for any A\, N, € o 1(&, &, -+, EL).

It can be easily verified that Condition A guarantees that
Drr S De+03, VE2<k<L-1

Finally, when designing the IA o we attempt to minimize Dy, ; while ensuring that Condition

A is satisfied. Note that the decoding rule for £ = 1 is the same as in the previous work, therefore
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the value of Dy ; can be still computed using equation (11), leading to

1 2
D, = Dc+n_N Z [ Ae = ps(Ae)||* +
Ac€V5(0)
1
—7 2 splalh). (13)
Ac€V5(0)

The proposed IA algorithm first selects a set F of L™ L-fraction lattice points A,/ € A;/,NV(0),
such that the difference of any two such points is not in A,. Let us define C £y AoyLEF (V; /L(Asyr) N AC).
Notice that it is sufficient to specify the IA for the central lattice points in C and then extend
it to A. via shifting. Guided by (13), for each \,;;, € F we assign the central lattice points
in V;,(As/) to L-tuples in T (A1), to minimize the first sum in (13). However, we can no
longer select the L-tuples of smallest spread to be assigned as in [6], since this would lead to
violations of Condition A. Having in mind the need to keep the last sum in (13) as small as
possible we proceed in a greedy manner as described next.

The algorithm maintains a list 7 of candidate triples to be assigned. The assignment is built
up gradually such that at every moment Condition A to be satisfied for the assignment obtained
by extending via shifting the partial assignment built so far. The set 7 is initialized to 7 =

Un, e 7T (As/). At each iteration the L-tuple of smallest spread from the set 7 is selected

as the current candidate to be assigned. Let (\;,---, ) denote this L-tuple. Next the value
L )
s/ = % is determined and for each A. in V1 ()/z) which has not yet been assigned an

n-tuple the algorithm tests whether assigning the L-tuple to ). preserves Condition A for the
assignment extended by shifting. For this, it is checked whether ). satisfies Condition B stated
next.

Condition B. Given \. € A., we say that )\, satisfies Condition B if and only if for every
A € C assigned so far and for every k, 2 < k < L — 1, such that there are s, € A; and k
different positions 4y,4y,--- 4, € {1,---,L} with the property that a;, (\,) = a;;(A) + sz,
1 < j <k, the inequality ||\, — s, — A.|| < dx holds.

If a point \. satisfying Condition B is found then the L-tuple is assigned to it and removed
from the list 7. Otherwise the L-tuple is simply removed from the list 7~ without being assigned.
When all central lattice points from the set V, (A / 1), for some A /L are assigned, all L-tuples
in T(As/) N'T are removed from 7. Finally, the algorithm stops when 7 becomes empty.

We point out that when ¢, = oo for all k£,2 < k < L — 1, the algorithm produces an IA as in
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Fig. 1: Performance of the proposed heuristic IA and the comparison with the UEP scheme.

IV. EXPERIMENTAL RESULTS

In this section, we assess empirically the performance of the proposed IA algorithm for L = 3
and L = 4. In both cases n = 2 and the central lattice A, is the hexagonal lattice A, i.e., the
lattice generated by the vectors (1,0) and (—1/2,/3/2). Thus, v, = ‘/75 The side lattice Ay is

a clean sublattice of A..
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(a) (b)

Fig. 2: Three description IA for the A, lattice with N = 31. In (2a) the small hexagons are the
Voronoi regions of the central lattice and the big hexagon is the Voronoi region V,(0). Each
lower case letter labels a sublattice point, with ”a” labelling 0. The sublattice points and their

corresponding labels are shown in (2b).

For L = 3 we consider the following values for the index N, N = 31,73,133,307. We use
various values for the parameter s, starting at 0. The step size used to increment d, depends
on the particular value of N. For each NN, once d; reaches a particular value no change in
performance is observed by further increasing Js.

Fig. 1 plots the value of —10log,, D3 versus —10log,, D3, for each N, and various values
of d5. The distortions are computed using relation (2), which holds if R is sufficiently large. For
this, in view of (3), we assume that h(f) is sufficiently large.

As 4y decreases towards 0, the value of Dso decreases towards D., while the value of Ds;
increases. The leftmost point in each plot (corresponding to the smallest D3 ; and the largest
Dj ) is achieved for the largest do. Its corresponding pair of distortions (D32, D3 1) is the same
as in [6]. As we see in the figure, the proposed MDLVQ achieves the desired tradeoffs between
D31 and Ds .
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In Fig. 1 we have included for comparison the plots of the distortion pairs (in dB) obtained
using the UEP scheme for a Gaussian source, with the same description rate R and the same
value of D33 as the proposed scheme. We assume that the variance of the Gaussian source is
large enough so that R is sufficiently large.

Recall that the UEP scheme [14], [15] uses a successively refinable source code (SRC)
along with unequal erasure protection to obtain the descriptions. To generate L descriptions
the bitstream output by the SRC is divided into L consecutive segments called layers. Let Ry
denote the rate of the prefix formed out of the first £ layers, 1 < k& < L. The distortion achieved
when k& descriptions are available equals the distortion obtained when the first £ layers of the
SRC are decoded, denoted by D,(Ry). Additionally, the description rate Rypp satisfies the

following relation

L—-1
3 T

We consider two different situations for the UEP scheme, labelled in Fig. 1 as n = 2, respectively
n = 0o. The label n = oo corresponds to the case when the vector dimension used in the SRC
approaches co. Then one has

1
Donoo(R1) = 2—m22<h<f>-Rk>. (15)

Based on equations (14) and (15) and letting Rygp be equal to R from (3) and D, ,,—o0(R3) =
D. = G(As)v,, one obtains that the pairs (Ds;, Ds5) corresponding the UEP with n = oo
satisfy the relation

Nv,
2me’

1 1 1
ID logy (D3, Ds3,2) = 5 log, (G(A2)ve) + 5 log,

which is the basis of the plots for UEP with n = oo in Fig. 1.

On the other hand, the label n = 2 corresponds to the case when the vector dimension
used in the SRC is 2. More specifically, we assume that the SRC consists of a sequence of
three embedded quantizers, where each quantizers has a scaled version of the A, lattice as the

codebook. Then, under the high resolution assumption, one obtains that
Do n—z(Ry) = G(A)22")=Fk), (16)

for 1 < k<1L,as Ry - oo and R, — R,_1 — oo for 1 < k < L. Further, it follows that the

pairs (D51, D3 ) corresponding to UEP with n = 2 and the same description rate R and value
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TABLE I: L =4, N =31 TABLEII: L =4, N =173 TABLE III: L =4, N =133

Dy |Da2|Dasz| AR Dyi1 |Dao|Das| AR Dy | Do |Das| AR
31.4510.07]0.07 | 0.27 163.07|0.07 | 0.07 | 0.3 636.46 | 0.07 | 0.0710.23
24.080.1010.07{0.32 91.07 10.74|0.07 | 0.22 334.08 | 0.64 | 0.07]0.20
21.3310.2210.07|0.27 55.82 12.11]0.07|0.27 185.71| 3.78 [ 0.07{0.20
13.45|0.67 | 0.07 [ 0.30 31.32 14.78 | 0.07 | 0.38 101.08 110.04 | 0.07 | 0.30
8.08 [1.69(0.07|0.38 21.57 16.69]0.07|0.47 49.83 |16.09|0.07 [ 0.50
6.83 [1.9210.070.42 57.82 10.8510.28 10.28 257.831 0.84 |10.33/0.17
10.58 | 1.07 | 0.07 [ 0.33 32.57 12.03]0.4710.35 108.83 | 3.77 1 0.66 | 0.26
7.58 11.09]0.10 |10.43 19.20 |1 2.9210.5910.49 75.08 | 5.86 |0.71(0.33
5.58 10.960.29 |0.49 15.07 | 3.5510.68 | 0.54 42.96 | 8.43 [0.9710.47
4.58 | 1.06 | 0.33 [0.54 13.20 | 3.80 | 0.73 | 0.58 31.33 | 9.76 |1.17 [0.56
8.08 [1.69]0.07|0.38 55.82 12.11]0.07|0.27 151.58 | 6.79 [ 0.07{0.20
5.70 11.38 1 0.10 | 0.50 50.95 | 2.0110.09|0.29 10 114.58 | 6.44 | 0.14 |0.27
4.70 | 1.14 1 0.34 [ 0.52 45.70 12.10]0.1310.31 10 75.08 | 5.86 |0.71(0.33
3.83 [1.10]0.40 | 0.59 32.57 12.03]0.4710.35 10 52.08 | 6.09 |1.39(0.42
3.58 [ 1.10]0.40 | 0.62 32.32 12.09]0.550.34 10 41.70 | 6.69 [1.93]0.47
6.83 [1.82]0.07/0.43 31.32 [4.78 | 0.07 | 0.38 12 101.08 110.04 | 0.07 {0.30
5.58 [ 1.58 | 0.10 | 0.50 19.45 | 4.0710.25(0.49 12 74.33 | 9.94 |0.18 | 0.36
4.58 | 1.2310.34 [0.52 15.07 | 3.55(0.68 [ 0.54 12 42.96 | 8.43 |0.97(0.47
3.83 [1.10]0.41 | 0.59 12.70 | 3.44 | 0.97 | 0.59 12 26.83 | 7.29 | 2.02|0.62
3.58 [1.09]0.41 | 0.62 10.95 | 3.42|1.14 | 0.63 12 23.46 | 7.41 |2.5310.65

S8 RS ®e8 g ®e oS

SN NN S I B N N B A O N =N
B WO WY = OwNn - oo oo oo
0 00 00 WDDDADDY 0 TDRR 0D O
A WO W - OWwwWwwwwo oo o o
0D DO DR DO A RO OO O oS

of Ds 3 as the proposed scheme, satisfy the relation

1 1 1
12 log, (D§,1D3,2) 7% logy (G(Az)ve) + ) logy (G(A2)Nve).

The results in Fig. 1 demonstrate that the proposed MDLVQ with the heuristic IA not only
significantly outperforms the UEP with the same vector dimension, but it is also better in almost
all cases than the UEP with n = ooc.

We point out that we did not compare directly the heuristic IA with the TA of [7], but we
can draw some conclusions regarding the comparison based on the results reported in [7]. As
the authors of [7] show their IA slightly outperforms the IA of [6]. Therefore, we expect that
by applying the algorithm of [7] to obtain a distortion pair slightly better than the pair in Fig. 1
corresponding to the largest d5. On the other hand, the IA of [7] still produces only one distortion
pair, thus not being able to achieve tradeoffs between D3 and Ds .

Fig. 2a illustrates the IA obtained with the proposed heuristic algorithm for the case when
n=2 L=3,A. = Ay and N = 31. The small hexagons in the figure represent the Voronoi
regions of the central lattice, while the large hexagon is V;(0). The figure shows the IA for the
central lattice points in the set C. Fig. 2b shows the side lattice points and their labels, with ~a”

labelling the point O.
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The results for L = 4 are presented in Tables I-III for N = 31,73, 133. From the simulation
results, we see that by varying d» and d;3 we achieve tradeoffs between D, Do and Dy 3.
The tables also contain the value of AR, which is the additional description rate needed by the
UEP scheme with n = 2, in order to achieve the same distortion quadruple (Dy)1<k<4 as the

proposed scheme. According to (14), (16), (3) and equation D44 = G(A2)v., one obtains that

1 3 1
AR = 3 log, N + 3 log, (G(A2)v.) — B log, (D2,1Di2D473) :

The results illustrated in Tables I-III demonstrate that the proposed MDLVQ is far superior to
the UEP with the same vector dimension. Furthermore, the difference between the description
rate needed by the UEP with n = oo, and the rate of the proposed scheme with n = 2, can
be computed by subtracting the value 1 log, (G(As)2me) ~ 0.2251 from AR. Thus, we see that
in most of the cases the proposed MDLVQ remains superior to the UEP even when the vector

dimension of the latter approaches oc.

V. STRUCTURED INDEX ASSIGNMENT FOR L = 3

The IA proposed in Section III lacks structure and therefore it is difficult to analyze theo-
retically. In this section we propose a structured IA for a flexible MDLVQ in the case L = 3
and derive its asymptotical performance. For this we assume that N — oo. In view of relation
(8), the above condition is equivalent to R — oo, which implies that R — oo. Notice that for
aR — oo to hold, o does not need to be fixed, but it can vary in the interval (0, 1] as R varies.
We point out that the condition N — oo is ubiquitous in all prior work on MDLVQ that derives
its analytical performance.

We first develop an IA ensuring D3, = D, and then proceed to the case D39 > D..

A. Case D35 = D,

Consider the set 4, consisting of the N side lattice points that are closest to 0. Further, let 7
denote the set of triples (A, 0, —\) with A € Ay. The central lattice points in V;(0) are assigned
to the triples in 7; in a one-to-one manner. Further, the IA is extended via shifting to all points
in A.. Thus, the central lattice points in V,(v), for v € A, are assigned triples of the form

(A4 v,v,—A+0). It is easy to see that any two components of any assigned triple (A1, A2, A3)
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uniquely identify the corresponding central lattice point A\, = a~'(\1, A2, A3). Therefore, one

has

2

D372 = DC ~ G(AC)I/CTL

In order to proceed with the derivation of D3 ; we need the following result, which follows from
[1].

Lemma 1: Let A’ be a lattice in R” with ¢/ denoting the volume of its fundamental region,
and let N, be a positive integer. Denote by S(Ny, A’) the sum of the squared distances to 0
of the Ny lattice points that are closest to 0. Additionally, let r(Ny, A’) denote the radius of
the smallest sphere centered in 0, whose convex closure' contains the NN lattice points that are

closest to 0. Then one has
S(No, A') = Ny (Not/)" nG(S,)(1 + o(1)),
r(No. ) = (No')7 /(n+ 2)G(S)(1 + o(1)),

as> Ny — oo.

Relation (13) implies that

1 2 2 2
D31~ D, + — g Ae — E AllZ. 17
3l +nN H H +3nN ” H a7
Ac€Vs(0) AeAp

We will first prove that

1 2 2
Do+ — > NP & GA)(Nv) . (18)
Ac€V5(0)
Let D, denote the distortion of a quantizer having A as a codebook. Then, according to [23],
as v approaches 0 one has
N fvs(o) HXHQdX
- nNv,

The above relation together with the fact that A\, approximates the centroid of V,(\.) further

2
n

D = G(A)(Nve)

imply that

Z,\CEV;(O) fVC()\C) % — A + Ac[[Pdx
nNv,

N Jy 0 IXIPdx . > evi(o) 1Ael®
nNyc niN ’

D

Q

"We point out that the convex closure of a sphere equals the union between the sphere and its interior.

“For an arbitrary function f(n), relation f(n) = o(1) holds as n — oo if and only if lim, o f(n) = 0.
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which proves (18) since [23]
Jv.o) I[P

nv,

Further, notice that > [|A||* = S(IV, A,), and based on Lemma 1 and equations (17), (18),
AeA
one obtains the following ’

D, =~

3o

D31

)

Q

G (NU) + 26 (5,) NE (W)

Q
I

§G (Sn) N7 (N7, (19)

where the last relation is obtained by keeping only the dominant term as N — oo.

Let us now express the distortions in terms of the rate [2. Let us first verify if condition (9) is
satisfied. Clearly, for A\, € Ay, the set a; '(\,) is most spread out if i = 1 or i = 3. It is sufficient
to analyze the case i = 3. It can be easily seen that the set a5 '(),) contains a central lattice
point from each Voronoi region V;(v), with v € A, + Ag, where A, + Ay 2 {\, + A : X € A}
Then we may approximate the volume of the convex closure of U Aeca; AS)VC()\C) by the volume
of the set Uyex,+4,Vs(v), which equals Nv,. Then the value of v in Remark 1 is 7 = 1, and
relation (9) is equivalent to

R(1 — 2a) — 0. (20)

Note that both conditions a/R — oo and (20) are satisfied if o remains in some compact interval
I € (0,1/2), while R — oco. Additionally, note that (20) implies that o < % which is not a
restriction, but rather a natural condition for the requirement D3, = D, to hold since 2R cannot
be smaller than R..

Using further relations (7), (8), (10) and (19) it follows that the following hold
Dyy ~ 2G(S,)220n—R1-20) 21
b 3 n )
D3y = D33 =~ G(A.)2XN)-RO+20) (22)

for 0 < a < 1 and R — oo such that «R — oo and R(1 — 2a) — 0.

B. Case D3y > D,

Let 1 > 0 and let U denote the set of side lattice points in the convex closure of the n
dimensional sphere of radius p, centered at 0. Let A denote the set of the closest (%} side

lattice points to 0. Assume that 1 < || < ' N. Then we can write [U| = N 3 for some
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B € (0,1). We require that |/| — oo, which is equivalent to the condition that «fR — oo, and
which also implies that N — co. Notice that for SR — oo to hold, o and 5 do not have to be
fixed. They may vary as R varies. Additionally, note that, as |/| — oo, one has |A|lU| ~ N.
Therefore, we will assume that |A| = N -5

Consider now a mapping ¢ : U4 — A, which assigns to each u € U a side lattice point denoted

by ¢(u) such that § € Vi(—¢(u)), or, in other words, § + ¢(u) € V,(0). Define the set
T(0) = {(A+ ¢ (u), ¢ (u), ~A+utp@): A€ AueclUl
It can be easily verified that for any two distinct ordered pairs (A, u), (N, u’) € A%, one has

A+e W), (u), =A+u+teu)#
N+ (), (u), =X +u' + ¢ (u)).

It follows that | 7(0)| = |A||U| = N. Then the central lattice points in V;(0) are assigned triples
from the set 7(0). To perform the assignment the set V(0) N A, is first partitioned into |/
subsets £,, © € U, such that L%J < L] < [%1 and £, contains at most one point \. for
which —). is not in £,. A moment of thought reveals that such a partition is possible since
Vs(0) N A, is symmetric with respect to 0. The latter condition ensures that

>

Ac€Ly

< (23)

as N — oo, for each u € U, where ¢ is the covering radius of Ay, i.e., ¢ = max{||x|| : x € V;(0)}.
Finally, for each u € U the central lattice points in each £, are assigned triples of the form
A+ (u), ¢ (u), —A+u+¢ (u)), where A € A. Further, the IA is extended to A. using shifting.
It can be easily verified that the IA mapping obtained this way is injective.

Let us now derive D3 5. To simplify the analysis we assume the following suboptimal decoding
method. For every (A1, Ay, A3) € A3, let n(\;, Ao, %) 2 X\g, (%, A2, A3) = Ay and n(Aq, %, A3) 2
’\1;2)‘3, where 7 denotes the decoding mapping. It is easy to see that this decoder is shift invariant.

Then, according to (2), the following holds

1

Dyo ~ Do+ 5 3 (e = muoo) I + e = QIIF + A = mar (0 7). - @4)
Ac€V5(0)

To proceed with the derivation we need the following lemma, which is proved in the appendix.

November 4, 2014 DRAFT

Copyright (c) 2014 |EEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



Thisisthe author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available ahttp://dx.doi.org/10.1109/TCOMM.2014.2367014

19

Lemma 2: Lety,y; € R* for 1 <i<m.Lety 2 mle Then the following relation holds

Doy =yill? =mlly =517+ >y - vill*
i=1 i=1

Recall that for A, € £,, one has a(A\.) = (A+¢ (u), ¢ (u), —A+u+ ¢ (u)), for some A € A.
Then 7110(Ae) = Mo11(Ae) = ¢ (u) and N1 () = § + ¢ (w). It follows that

Mmio(Ae) + Mo11(Ae) + 1101(Ae)
3

Relation (24) and Lemma 2 imply that

= % + o(u).

D32%D —+

3nNZ Z ( (%+¢(U)>H2+é||u|yz> —
Dot gm0 3 (33 -

u€U Ac€Ly

6 (Ao S ) + éuuH?) -
1
Dot S I ST S

Ae€V:(0) weU AeE€LY

w2 3 g +ew]

uEU AcE€Ly

Zr (5 wtean). e

ueU )\c el:u

To rewrite the third term in the last relation in (25) we use Lemma 1 and obtain that

TN 2 2 lull* = o [AlS (U], A) =~

UEU N ELy,

2 2 2
LG(S,) (Nvo)™ U7 = £G(S,) (Nve)™ N (26)
Plugging (18) and (26) in (25) leads to
2 1 2
Dy~ G(A,) (Nvo)™ + 50(8) (Nv.)* N% + T, 27)
where
A _
T =N Z Z H g Tl
UEU A€
2 U
n_NZ< Z )\C76+S0(U)>-
u€eU \c€Ly
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Next we will show that the second term dominates in (27) when || — oco. For this we will

derive an upper bound for 7. Recall that § 4 ¢ (u) € V;(0). Therefore, one has

| +ew| <e (28)

Further, using the Cauchy-Schwarz inequality along with (23) and (28) one obtains

< > Ac, + ¢ (u > > A
Ac€Luy Ac€Ly
Relations (28) and (29) imply that

|Z1H" L| 2 ‘Zi| 2 § A 2 3“
< AL R - ~ — n —|—

e 29
[+ < @)

where
52
k(Ay) & — 31)

nvg

is a constant that does not change as /N increases (it does not change if A, is scaled). Finally,
using (30) we conclude that the second term in (27) is dominant as |U/| — oo, therefore one

obtains

1 2
Dz~ 15G(S,) (Nvo)» N=. (32)

Let us now evaluate Ds ;. According to (13) one has

1 1
D3y ~ D, + N Z HAC_,US()‘C) _N Z Z”O‘J ,Us()‘C)HQ' (33)

Ac€V5(0) AcEV5(0) j=1

We will first evaluate the last summation in (33). Note that for \. € £, one has
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Then the following equalities hold

3nN Z ZHaJ Hs C)”2:

Ac€V5(0) 7=1

2u
T (b3t -3)-
e S5 (21 + Zll? - 200,00 =
ueU AeA
1 p
3nN <2|U|Z I+ §|A|Z ||u||2) _
AeA ueU
1
2 /2 9 2 )
G(S,)(Nve)= (gIA\E n §|u|;) _
G(Sn)(NVC)Z@Ni(l—g)+§N§>, »

where the second last equality follows from Lemma 1, while the third last equality relies on the
fact that > > (A u) = > (A, > u) = 0 because U is symmetric with respect to the origin.

u€U Ae A €A ueld
For the remaining portion of (33) we will derive an upper bound as follows.

1 2
DC+7”L_N Z H)‘C_H's()‘c)n -

Ac€Vs(0)
U 2
<§+80<U)) =
UEU €Ly
Dot m T (Il + 5+ o0 -
ueU A\e€Ly

(Geg+e@))<
DC+5< > ||AC||2+|A|%ZUH§+w<u>HQ+

AcEVs(0)
2y <ZAC,§+¢(u>>> (35)
uel Ac€LY
). (36)

Using the inequality |ly; + y2/> < 2 ([ly1]*> + |ly2|*) and (28) one gets
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Applying further (23), (36) and the inequality 2|(y1,y2)| < |ly1||* +|/y2]|* for y1,y2 € R™, one

obtains that

2 < 2+H§+go(u)H2§2H%H2+3é2. 37)

<Z Ac,%+¢(U)>

Ac€ELY
Relations (35), (36) and (37) imply that

2 A
Ac€Ly,

1 2
D — E Ao — A <
C+nN [ Ae = s (A" <

Ac€V5(0)

1 A+ 1
Dc T c 1o AT s 4ds
b D IR+ s A +
Ac€V5(0)

el
(Nv)* (G(A,) +

o AllU| + 3U]) ~

THL 18 A] U] +

where the third last relation follows from Lemma 1 and (31), while the second last relation is
obtained by keeping only the dominant term as |/| — oo. Corroborating with (33) and (34)
and keeping only the dominant term in the expression of D3 ; leads to the conclusion that when
a,B € (0,1) and afR — o0, the following holds

2 2 2 5 2
Dy, ~ §G(Sn)(Nuc)5Nﬁ(1’§) (1 + 1—8Nn<1/3>) : (38)

Furthermore, if we impose the additional condition that /(1 — 3)R — oo, so that N« (=% — 0,

we obtain
2 2 2(1,§)
D371 ~ §G(Sn)<NVC)”N" 27, (39)

Let I be some compact interval included in (0, 1). Then for N sufficiently large relations (32)
and (39) hold for all 8 € I. Interestingly, as 3 varies in I, the product D3 D34 is constant, i.e.,
it does not depend on 3, achieving

1 4 2
D31D35 ~ E(G(Sn))Q(NyC)%NZ. (40)
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On the other hand, according to (12), the distortion product for the MDLVQ in [6] is

1 4 2
D31D35 =~ 27(G(52n))2(Nyc)ﬁN;' (41)

It can be seen from (40) and (41) that the proposed IA achieves the same distortion product
D;31D;5 as in [6], as n goes to oo, since lim,, oo G(Sa2,) = lim, o G(S,) = 2%@ However,
the MDLVQ scheme of [6] can only achieve one distortion pair (D3, D3o) with the ratio
Ds1/D; 5 = 4, while the proposed scheme can achieve a wide range of pairs (D31, D32) with
ratios Dy /D3y = 12N for all § € I.

Let us now express the distortions in terms of the rate R. First let us see when (9) is satisfied.
For this we need to determine the value of + from Remark 1. It is easy to see that for fixed
As € A, the set a; *(\,) is most spread out for i = 3. Notice that the set a3 (\,) contains central
lattice points from each set V(v), with v = Ay + A — v — ¢(u), for some A\ € A and u € U.
Recall that ¥ + o(u) € V,(0). It follows that, as N — oo, one has o' (As) C Uyen,+a-u/Vs(v),
where A —U = {\ —u: )\ € A u € U}. Notice that the set U, 4 4_/Vs(v) is included in a

sphere of radius
=r(|Al, As) + (U], As) + L.

Using further Lemma 1 and (31), the volume of the n-dimensional sphere of radius r given

above becomes

v, N2 <1+N1n’3+ RSN ”k()/g() )Niaﬁ)) _

_8
2,

When a(1 — 8)R — oo one has vol =~ v,N'"2. According to the above considerations, the

volume of the convex closure of UAE@;(AS)VL(AC) is smaller than or equal to vol. Then the

value of v in Remark 1 satisfies v < 1 — 8 and a sufficient condition for relation (9) to hold is

R(1—a(2—B)) — oc. 42)

By replacing Nv., respectively N, from (7), respectively (8), in (39) and in (32) one obtains

that, for 0 < < 1,0 < a < and R such that relations «SR — oo, a(l — )R — oo and

26’
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(42) hold, the following are satisfied

2
Dy % SG(S,)2 (MR (72)), (43)
1
D&ingcmagfmUFR“ﬂmX (44)

C. Comparison with UEP

In this subsection we compare the performance of the proposed structured IA with the UEP
scheme for a Gaussian source. In both cases we assume that the block dimension of the source
code approaches co. Let us denote by Ry gp the description rate needed by the UEP scheme to
achieve the same distortion values as the proposed MDLVQ with the structured IA, i.e., such

that D,(Rx) = D3, for 1 < k < 3. Then
1
Ri =h(f) — 3 log,(2meD3 ), 1 < k < 3,

and

R, Ry, R 1 1
Rypp = 71 + FQ + ?3 =h(f) - 2 logy(2me) — 19 10g2(D§,1D3,2D§,3)- (45)

Consider first the IA introduced in subsection V-A. According to [24] there is a sequence of
lattices A,, C R” such that lim, ., G(A,) = ﬁ Then applying this result in (21), (22), one

obtains that, for n — oo,

Ds, =~ ELQQ(h(f)—R(l—M))
’ 3 2me ’
D3y =D33 = LQQ(h(f)*R(1+2a)).
7 ’ 2re

Applying further (45), leads to
1 3
RUEP =R + Z log2 5 ~ R + 01462,

results which demonstrates that the proposed MDLVQ with the structured IA for the case D35 =
D. is strictly better than the UEP scheme.

Consider now the IA in subsection V-B. Recall that under the conditions 0 < S < 1,0 < a <
525 and R — oo such that afR — oo, a1l — B)R — oo, (1 — (2 — B)) R — oo, relations
(43), (44) and (10) hold. Further, by letting n — oo and using (45) one obtains that

LTI W OIS

Rypp = R = R=—=" "+ 7 logs

-+ 0.4937. (46)
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Clearly, as a(1l — B)R — oo, one has Rypp < R, which means that the UEP performance is
better. On the other hand, relation (46) suggests that the proposed scheme may outperform UEP if
R@ < 0.4937. However, the latter relation contradicts the requirement that a(1— )R — oc.
Therefore, let us turn our attention to the performance analysis in the case when «(1 — )R
equals some constant value ¢ while afR — oo and (42) hold. Under these conditions equations

(44) and (10) still hold, while (38) implies that

Dy1 ~ g <1 N 1%2_40) G5, )22(h-R(1-2a(1-4))) “n
By letting n — oo it further follows that
R R~ 04937 — £ = Diog, (14 2o 48)
— R=~0. ———Z1lo = )
UEP 3 1 29 13

The value of Rygp — R in (48) is positive for ¢ € (0,1.45), reaching values up to 0.4. We
conclude that the structured IA proposed in subsection V-B outperforms the UEP scheme when
aR — o0, (1 —a)R — oo and § — 1, while a(1 — S)R = ¢ € (0, 1.45]. Notice that condition
(1—a)R — oo is needed in order for (42) to hold. Additionally, notice that the above conditions

are satisfied, for instance, when « is fixed in (0,1), R — oo and =1 — %.

VI. CONCLUSION

In the previous work on multiple description lattice vector quantizers (MDLVQ) for L > 3
descriptions, once the central and side lattice are fixed, it is not possible to adjust the decoding
quality when the number of received descriptions is higher than 1, but lower than L. This work
proposes a flexible MDLVQ that overcomes the aforementioned shortcoming. For this a different
reconstruction method is adopted and a heuristic index assignment algorithm is developed, which
uses L. — 2 parameters to control the distortions when £ descriptions are received, for 2 < k <
L—1. Extensive simulations show that the proposed technique achieves the desired tradeoffs and,
additionally, is significantly superior to the MD scheme based on unequal erasure protection.

Furthermore, a structured index assignment, amenable to theoretical analysis, is proposed for
the case L. = 3. By deriving the asymptotical expressions of the distortions at high resolution,
we show that a wide range of values can be achieved for the distortions when £ =1 and k£ = 2.
Notably, the product of distortions for £ = 1,2 is the same as in the previous work. Future
research efforts will be directed to further improving the performance of the flexible MDLVQ

and designing structured index assignments for general values of L.
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APPENDIX A

PROOF OF LEMMA 2

The following sequence of relations hold
Z ly — Yi||2 =
i=1
Yly-y+y-vyill*=
i=1
SMly=3IP+d lIy-vilP+2> (y-5.y-yi) =
i=1 i=1 i=1

mlly =yIIP+ D Iy —willP +2(y—y.my - i
i=1 =1

The definition of y implies that the last term in the above expression is 0. Thus, the conclusion

of Lemma 2 follows.
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