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Interpolation

Definition

Interpolation is a method of constructing new data points within the
range of a discrete set of known data points.
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Nearest-neighbour Interpolation

@ Use the value of nearest point

@ Piecewise-constant function

f(x)
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Linear Interpolation

@ Straight line between neighbouring points

@ Piecewise-linear function

f(x)
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Linear Interpolation

f(x)
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Linear Interpolation

f(x)

@ Normalization
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Linear Interpolation

f(x)

@ Normalization
e Model: f(z) = ajz! + apx®
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Linear Interpolation

f(x)

@ Normalization
e Model: f(z) = ajz! + apx®
@ Solve: ag, ay

{ f(O):a1-0+a0-1
f(l):a1-1+a0-1
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Linear Interpolation

{ f(0)=a1-0+ap-1
f)=a;-14ap-1

o Lety = [f(0) f(l)]T, B = [(1) ﬂ anda=[a; ap

@ Then the equations can be written as y = Ba
@ Thus f(z) = ba=bB 'y, where b = [zt 2]

@ Example:

]T

0o 11"

11 Y
-1 1

(0.5 1] [1 O]y

(0.5 0.5]y

=5/(0) + 5/(1)

£(0.5)=[0.5" 0.5°] [

X. Shu (ECE @ McMaster) Bicubic Interpolation March 25, 2013 6 /24



Cubic Interpolation

@ Piecewise-cubic function

f(x)
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Cubic Interpolation

@ Piecewise-cubic function

f(x)
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Cubic Interpolation

F(x)
#1(2)

)
o) O

e Model: f(z) = Z a;rt = azx® + agx® + a1zt + ag
i=0
F(=1)=as - (=1 +a> - (=1)% +a1 - (~1)! +ag - (~1)°
3:05  +ax-02  +4ap-0'  +ap-0°
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Cubic Interpolation

oy=[f-1) f0) r) f@]"

o Let
(—1)°
3
o B == ?3
23

(—1)?
02
12
22

(D' (=1)°
0! 00
1t 19
21 20

e a= [(13 a2 ap 0,0}

-1

o = O
>~ = O =
e

@ Then the equations can be written as y = Ba
@ Thus f(z) = ba=bB 'y, where b = [ 2?2 z! ¥

o Example:

f(0.5)=[0.5> 0.5 0.5' 0.5%]

—0.167
0.5
—0.333

0

0.5 —-0.5 0.167

~1 05 0
—05 1 —o0167|Y
1 0 0

=[-0.0625 0.5625 0.5625 —0.0625]y
==[-1 9 9 -1y
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Cubic Spline Interpolation

@ Piecewise-cubic function

f(x)
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Cubic Spline Interpolation
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Cubic Spline Interpolation

@ Model:
3

o f(zx)= Zaixi = as3x® + asx® + a1z! + ag
i=0

3
o f(x)= Ziaixi_l = 3asz? + 2a02t + a4
i=1

( f(()) =as- 03 “+asg - 02 +as - 0ot “+agp - 09
f(l) =as - 13 “+asg - 12 “+aq - 1! “+ag - 10
®Y f(0)=as-3-02+as-2-0' +a; - 1-0°
| /() =a3-3-124ag-2-1' +ay-1-1°
f(0)=£(0)
o ) =11
f0)y=5f(1) - %f(—l)
()= 5f(2) = 3£(0)
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Cubic Spline Interpolation

o Let
o z=[f(0) f(1) f'(0) f(1)]

T

03 02 ol 0 00 01

13 12 1t 10 11 1 1
e B= 2 1 1 =

3-02 2.0t 1-0 0O 0 01 0

3-12 2-11 1-1' 0 3210

e a—= [ag az aj CL()}T

@ Then the first set of equations can be written as z = Ba

o Let
oy=1[f(-1) f0) r) r2)]"
0 1 0 0
0 0 1 0
e C=
-+ 0 10
o -+ 0 1

@ Then the second set of equations can be written as z = Cy
e Thus Ba=Cy, and a=B~!Cy
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Cubic Spline Interpolation

o f(z) =ba=bB 'Cy, where b = (2% 2? 2t 2

@ Example:

f(0.5)=[0.5% 0.5* 0.5 0.5°] (B~'C)y

-05 15 —15 0.5

1 -25 2 =05
05 0 05 o |Y
0 1 0 0
=[-0.0625 0.5625 0.5625 —0.0625]y

=&[-1 9 9 —1]y

=[0.125 0.25 0.5 1]
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Bilinear Interpolation

®

f(1,1)
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Bilinear Interpolation

X

(1)

e Model f(z,y) as a bilinear surface
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Bilinear Interpolation

e Model f(z,y) as a bilinear surface

o Interpolate f(3,0) using £(0,0) and f(1,0)
Interpolate f(3,1) using f(0,1) and f(1,1)
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Bilinear Interpolation

@ Model f(z,y) as a bilinear surface

)
o Interpolate f(3,0) using £(0,0) and f(1,0)
Interpolate f(3,1) using f(0,1) and f(1,1)
(2

@ Interpolate f ,%) using f(%,o) and f(%,l)
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Bilinear Interpolation

f(o,‘l_)
11 o
e Model: f(z,y) = Z Z a;;r'y" = anxy + a10x + a1y + aoo
i=0 i=0

£(0,0)=ai1 - 0+aio-0+ap1 - 0+ago - 1
o f(0,1)=ai; - 0+aio-0+ap1 - L +agpo - 1

f(l,O) =ai11-04ai0-1+aop1 - 0+agy - 1

f(1,1)=ai1-1+ai0-1+ap - 14ag -1
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Bicubic Spline Interpolation

I
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Bicubic Spline Interpolation

@ Interpolate

° (%7 0) using £(0,0), f(1,0), 9, f(0,0) and 9, f(1,0)
o f(3,1) using f(0,1), f(1,1), 9, f(0,1) and 0, f(1,1)
° 8yf(%z 0) using 9, f(0,0), 9y f(1,0), Oz, £(0,0) and 9y f(1,0)
o J,f(5,1 )USlnga f(0,1), 0y f(1,1), 92y f(0,1) and Oy, f(1,1)
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Bicubic Spline Interpolation

@ Interpolate

o f(L,0) using £(0,0), f(1,0), 9, £(0,0) and 0, f(1,0)
o f(3,1) using f(0,1), f(1,1), 9, f(0,1) and 0, f(1,1)
° J f(% 0) using 9,(0,0), 9, f(1,0), 0 f(0,0) and 9, f(1,0)
o 0yf(3,1) using 9, f(0,1), 9y f(1,1), Ouy f(0,1) and 9y, f(1,1)
@ Interpolate f(3,1) using f(3,0), f(3,1), 9,(3,0) and 9, f(3,1)
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Bicubic Spline Interpolation

@ Model:
3 3
o f(z,y) :ZZaljxiyj
z:O
o Opf(x,y) = ZZWUZl
= 1] 0
° 0 fx y ZZ‘]GUI yJ !
= O] 1
myfx y ZZ”GW - 1
i=1 j=1

@ Approximation:
° ayf(l’,y) = [f(xvy+ 1) - f(xay_ 1”/2
wyf(xvy) = [f(x+1,y+1)—f(ac—l,y)—f(x,y—l)—i—f(a:,y)]/4
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Examples

Figure: Nearest Neighbour Interpolation
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Examples

i

Figure: Bilinear Interpolation

X. Shu (ECE @ McMaster) Bicubic Interpolation March 25, 2013 19 / 24



Examples

—

Figure: Bicubic Spline Interpolation
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Examples

B

Figure: Bilinear Interpolation
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Examples

i

Figure: Bicubic Interpolation
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Properties of Linear and Cubic Interpolations

e Linear: f;(0.5) = %f(()) + %f(l)
1

cwmjuumz—ig—n+§#my+%fﬂ%j%ﬂ%

@ The absolute difference between the results of linear and cubic
interpolations

:‘_mﬂ—n+uﬁmyymﬂw—uj@)
|—0+1+1-0]

- 16
= 0.125
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Properties of Linear and Cubic Interpolations

f(x)1

[ ]
(]
4
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