Linear Algebraic Equations (Chapters 9,10,11,12)

General form of a system of linear algebraic equations

1171 + 19T + -+ * + A1 Ty = by
as21X1 + a99X9 + -+ Ao2n Ly — bg

an1T1 + oo + -+ + appx, = by,

which can be rewritten as

aijp a2 -+ Qaip X1 by
a1 A22 -+ A2p L2 - by
_anl Apo -+ - ann_ _CUn_ _bn_
or
AX =Db
Example:
201+ T9 =0

r1+ 2200 =4



can be rewritten as

where A = [2 1],X: [xl

Outline:

e Graphical method

e Cramer’s rule

e Gauss elimination

e LU decomposition

e Cholesky decomposition
e Gauss-Seidel iteration

e Error analysis



1 Graphical Method

The simplest method to solve a set of two linear equations is to use the graphical

method. For

ai1x1 + ajpry = by
a911 + A22xy = by

From (1) we have

aii bl
XTog = ——T1 +—
ai2 ai2
From (2) we have
a1 b2
Ty9 — —aT1 + —
a22 a29

where _Z_E and _% are slopes of the lines and % and ab—222 are intercepts.

Example:
200+ 29 =5 — x9=—2x1+5

1+ 209 =4 — $2:—§£E1+2

Comments:
e Not precise; and not practical for 3-dimensions and above.
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Figure 1: Example of using graphical method



2 Cramer’s Rule

AX =b.

A_:

ailz a2
a21 A22

i anp1 QAp2

ailz a2
a21 A22

An1 QAp2

Ain
Aan

ann

Cramer’s rule uses the determinant to solve a set of linear equations.

For 3-dimensional case:

a11 ap2 Aais X1
21 Q22 A23 T2 | =
| @31 a32 aszz | | L3 |
Solutions:
by a1z a3 ai; by a3
by agn a9 as by aos
b3 asp ass as; b3 ass
1 = y L2 =
a11 ai2 Aai3 a11 ap2 Aai3
a21 a22 A23 a21 a22 A23
a3; asz2 ass a3; asz2 ass

X3 =

aip aig b1
a91 G99 bo
asy asz b3

ail Qi Aais
a21 Q22 23
asyp agzz ass




2-dimensional case:

a1 CL12] [371] _ [51]
o1 A22 X2 by

Solutions:
by ay ai; b
bo a9y as by
Xl = y L2 =
a1p a2 a1p a2
o1 A22 a1 A22
Example:
201 +x9 =0
r1+ 229 =4
5 1
4 2 hbx2—1x4 6
{L’l_—: :—:2’
21 2x2—1x1 3
1 2
25
14 2x4—-—1x5 3
To = +—F = = — =1,
21 2x2—1x1 3
1 2




Comment: Cramer’s rule is not feasible for larger values of n because of the
difficulty in evaluating the determinants.



3 Gauss Elimination

Example:
a11T1 + a1 = by (5)
a1 T1 + axTs = by (6)
(5)><CL21:
a11a21T1 + a12021T2 = b1as (7)
(6)><CL112
a1102171 + a11022T2 = baaq; (8)
(7)-(8)
(CL12CL21 — &11a22>5132 = biag — baaqy 9)

b1a21 — 52041
To = (10)
12021 — A11G22

Substituting back to (7),

2 = biags — baayo (11)

120921 — A11G92




Gauss elimination steps:

e Forward elimination

— n unknowns: n — 1 rounds of elimination
The first round is to eliminate x; from equations (2) to (n)
The second round is to eliminate x» from equations (3) to (n)

The (n — 1)th round is to eliminate x,,_; from equation (n)

e Back substitution
First find x,, from the nth equation
then find z,,_; from the (n — 1)th equation

then find x5 from equation (2)
finally find z; from equation (1)

Forward elimination




Original set of equations:

anr1+ 1T+ a13r3+ ...+ a1 1T+ aT, = by (1
211+ A22To+ G3T3+ ...+ A2p—1Tp_1+ Q2,7

|
S
[\)
—~
DO
~— —

(12)
an1x1+ an2x2+ Clngilj'g—l— co an,n—lxn—1+ ApnLpn = bn <n>

The first round of elimination: (z) — (1) x 7it, where (¢) is from (2) to (n). Then
the new equation (z) becomes

/ /

/ / /

where
/ a;1
1 1] J
/ a1
/ a;1
a1

fort=2,3,...,n,7=2,3,...,n.
Pivot element: aq;.
The full set of new equations after the first round of elimination 1s
anTi+ apTot aizrst ...+ app1Tp—1+ Gy, = by (1)
a/22332+ a/23:z:3+ A a;’n_lxn_ﬁr alznxn = bl2 (2/)

/

/ / / /
ApoTot An3T3+ ...+ Gy, 1Ty 1+ Gy = b (n)
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In general, the kth round of elimination eliminates xj, from the (k + 1)th equation
to the nth equation. That is,
o (k=1)
(Z(k_1)> o (k(k’—l)> > %
Ak,
where (i) is from (k + 1) to (n). Then the new equation (i) (or equation (i*)))
becomes

k k k k
ag’k)ﬂazkﬂ + ...+ a;?l)_lxn_l +a! )a:n = bg ),

where
W ey 1) Gy
Gjjm = Gy~ Ay X TR
ALk
B o1 ey ay
_ - —1 ik
b,”" = b, — b, X =y
s
foror=kFk+1.k+2,....n,7=k+1,k+2,...,n.

Pivot element: a,(flz_l).
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After the (n — 1)th round of elimination:

ari+ apTot a13T3+ ...+ Q1T+ AT, = by (1)
/

/ / / / /
AgpTot Qg3+ ...+ Ao, Ty 1+ A9, Ty = b, (2)

alt Yz, = b (=)

Back substitution

. (n—1)

From equation (n(”_l)), we have x,, = b?n—n-
ann

. b(n—Q)_a(n—Q) .

From equation ((n — 1)"=2), we have z,,_; = -~ L
an—l,n—l
In general,
! i-1) i—1) (i—1) (i—1)
i = ) [bg = Qi Tikl T T G 1 Tn—1 T Gy, xn}
i

forr=n—1,n—2,...,1.

Comment: Most operations are for eliminations. As n increases, computational
load increases.
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Example:

y

\

Solution:
(2) — (1) x a—ﬁ, and

arl

a3l

ary’

31
ail

and

(3) = (1) x

41
ail

(4) — (1) x “L, and

all

2

T+ 209 — 23+ 214 = 3 (1)
2£L’1—|-£U2-|—2£U3—$4:7 (2)
201 — o+ 13+ 204 = —1 (3)
Ty — 209 +x3 — 224 =0 (4)

X1

a1 _ 9
b

— 33y + 4z — 3z =1 (2)

K

/

—ox9 + 3x3 = —7 (3)

Ay + 2w — 3wy = —3 (4)

+2x9 —x3 414 =3 (1)
—3xy +4xs 314 =1 (2)
—5$2 —|—3$3 —7 <3/>
—dxy +2x3 —3xy = —3 (4)
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/ /

(3)— (2) x %2 and (4) — (2) x 4
@22 492
( r1 +2x9 —x3 Hx4 =3 (1)
—3xry +4x3 —3xy =1 (2/>
< _E L _% "
5Ty +Ory = —3 (3”)
R MR
(47) = (3") x 4
a33
4
r1 +2r9 —x3 +x4 3 (1)
< —3x9 +4x3 —3xy =1 <2/)
Lz +5zy = -2 (3"
39 39 i
\ 1t 11 (47)
From W), Ty = —1.
From (3"), 23 = —3(—% — bay) = 1.

/>a Lo — _%<1—4£C3—|—3£C4 = 2.
>,$1:3—23;2—|—x3—g;4:1.
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Example:

0129+ 02205 =1.1 (1)
dx1 + X9 + 3x3 = 25 (2)
T+ 2332 + T3 = 12 (3)

Cannot do elimination since a;; = 0. Exchange positions of equations (1) and
(2):

dx1 + X9 + 3x3 = 25 (1)

0.1z9 + 0.223 = 1.1  (2)

r1+ 2+ x3=12 (3

5371 + To + 32133 = 25 (1)
0.1z +02z5=11 (2)
%ZEQ -+ %563 =7 <3 )

(3) — (2) x 222, %2 — L8 _ g

a92’ a99 0.1

b1 + x9 + 313 = 25 (1)
0.1zo + 0223 = 1.1 (2)
—3.2x3 = —12.8 (3 )
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333:4,562:2,371:2.
Pivoting: switching rows so that the pivot element in each round of elimination
1S non-zero (maximum).

Pivoting results in better results when a;; ~ 0, since it avoids division by small
numbers during elimination.
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4 LU Decomposition

In Gauss elimination,

e more than 90% operations are for elimination,
e both A and b are modified during the elimination process,

e to solve AX = b and AY = b/, the same elimination process has to be
repeated for A.

LU decomposition records the elimination process information, so that it can be
used later.

Consider AX = b. After Gauss elimination we have

a1+ a1pxe+ a13T3t ...+ Gl 1Tpo1t+ AT, = b (1)
/ / / / /
AgoTot Qo3+ ...+ Ao, Ty 1t A9 Tp = b, (2)

alt Va, = b (nn=1)

which can be written as
UX =d (%)
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where

al a2 ... A1n bl
1 0 a/22 e a;n B bl2
U= 0O 0 --. , @= s
0 0 ...anV bl

Premultiplying (*) by matrix L, (L is an n X n matrix)
LUX = Ld
Comparing with AX = b, we have
LU =Aand Ld =10

where L is defined as a special lower triangular matrix carrying the elimination
information as

1 0 0 ---0
a1 c. . . )
aiq /1 0 0 ( O, 1<)
a3 O L, 1=y
L — ai a/22 1 0 , Or lzy — < agj_l) | |
...... ‘., (177_1) ’ (] > ]

' \ Yjj
a1l p2 1
| an a'22 |
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Solving AX = b using LU decomposition

e Decomposition
Do Gauss elimination to find L (lower triangular matrix) and U (upper trian-
gular matrix) so that A = LU

e Substitution

— Forward substitution
From Ld = b to find d

1 0 0 0
az1 — - _ _
ar ,1 0 0 dy by
az1 %32 . d b

L= a . 1 0 : 2 | _ | b2
S a b
1 ' .

i ail Ao _
Finddy - dy — ... —d,—1 — d,.

The 7th row:
n 1 1—1
bi= Y lpdp =Y lLpdp=di+ Y lydy
k=1 k=1 k=1
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Then -
di=b;— Y lLdy
k=1

— Backward substitution
From UX = d to find X

ail @12 ... Qip 1 dy
/ /
U _ O CL22 . e a/2n .CUQ _ d2
0 0 . : : :
n—1
0 0 Cly(ln ) | Tn _dn_
Findz, - z,.1 — ... — 29 — x7.
The ith row:
n n n
di = E Ui L5 = E Ui jXj = Uiy + E Ui T
j=1 J=t J=i+1
Then

n
di — D i WijT;

(0

Xj =

20



Example: A = [a;j|3x3, find A~! so that A™*A = 1.
Let

K3 Y1 <1
A7 = |z yo 2
| L3 Y3 <3 |
_33'1 U 21_ -100_
A o Yo 29 = 010
_333 Y3 23_ _001_
(1] (0 (0]
AX=10]|, Ay =|1]|, AZ=]0
| 0 | 0 1

e Gauss elimination, A = LU, find L and U.

eb=[100].From Ld = b find d; and from UX = d find X
eb=1[010]. From Ld = b find d; and from UY = d find Y
eb=[001]. From Ld = b find d; and from UZ = d find Z
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Example:

201 — 209 44wy =2

3r1 —3xy — x4 = —18

—x1 4+ 629+ dxr3 — Ty = —26
—ox1+ Ty +06xy=7

Solution:
Gauss elimination _ )
2 =20 4
3 —30 —1
A= —1 6 5 —7
-5 1 0 6

Row (2) - row (1) x2, row (3) - row (1) x =, and row (4) - row (1) x =

(2 —20 4 |
0 0 0 —7
0 5 5 —5
0 —40 16 |

22
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Exchange positions of row (2) and row (3):

220 4 °
0 5 5 —5
00 07
0 —40 16 |

row (4) - row (2) x =2,

2 20 4]
0 5 5 -5
00 07
0 0 412

Exchange positions of row (3) and row (4):

(2 20 4 |
05 5 =5
0 0 4 12

00 0—7]
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LU = PA, where P is the permutation matrix

(1000 | (1000 | (10
0100](2)«<B)|0010[B)«<(M4) |00
0010 N 0100 00
000 1] 000 1] 101
1000 [ 2 =20 4 ] 2 —9
0010 3 =30 —1 —1 6
PA = 0001 —1 6 5 —7 —5 1
1 0100]|-5 10 6 3 -3
and

1 0 00][2-20 4] 2 -2
ol 100 0 5 5 =5 —1 6
LU = ls1 30 1 0 0 0 4 12 ~5 1
Iy lp iy 1] |0 0 0 =7 3 =3

Row 2 and column 1: [o; X 2 = —1, [91 = —é.

Row 3 and column 1: [31 X 2 = =5, [31 = —3

Row 4 and column 1: [;; X 2 =3, l41 =
Row 3 and column 2: I3; X (—
Row 4 and column 2: Iy x (

[\ [GV)

24

2)+l32><5=1,l32:—%
—2>—|—l42><5:—3,l42:0

O = O O

o O Ot O




Row 4 and column 3: I5; X (0) +lyo X 5+ 1ly3 x 4=0,1l43=0

Then L 1s } i}
1 0 00
7 —1/2 1 00
| =5/2 —=4/5 10"
_3/2 0 01
Ld=0b,d="
1 0 00] [d;] (2]
7 —1/2 1 00 dy | | —26
| —=5/2 —=4/510 ds | |7
_3/2 0 01 _d4_ | —18
dy = 2,
—éd1+d2=—26,d2:—25,

5 —ddy 4 dy =7, dy = —8

di +dy = —18, dy = —21.

] [V)
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UX =d, X =7

O O O DO
o O Ot

—75[34 = —21, Ty — 3
dos + 1224 = —8, 3 = —11

0 4 |

5 —9D
4 12
0 =7

bxo + dxy — Oxy = —25, 19 =9

201 — 2209 + 4y = 2, 1 = 4.

26
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S Cholesky Decomposition

Cholesky decomposition is another (efficient) way to implement LU decomposi-

tion for symmetric matrices.

Consider AX = b, A = [ai;]nxn, and a;; = a;; (A" = A).

Chokesky decomposition: A = LL', where

L:

ly 0 ... 0|
l21 l22

0
lnl ln2 lnn_

Let [;; be the k£th row and sth column entry of L, then

f07

k<1

L i

1—1 19
l]m' = < Aii — Zj:llkja

1 (CLM — Z;;ll lzjlk]) ; 1 < k

k=1
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Orders for finding [;’s

e Row by row e Column by column
1). I D.lyg =l =l — ... — 1y
2). ly1 — oo 2). log — l30 — ... — o
3). l31 — l39 — 33 I R
e 1), Lyt et — b
n).lyy —lp—...— ln n). lyy

Using Cholesky decomposition to solve AX = b, where A = A’

oFind Land ', A= LI

e Forward substitution
Ld =0, find d

e Back substitution
L'X =d, find X

28



Comments:

e Cholesky decomposition fails when
i—1
Qi — Z ZZQJ <0
j=1

e Sufficient condition:

When A is a positive definite matrix, a;; — 23;11 lizj > 0.

29



Example: In the above figure, R1 = Ry = R3 = R4 =5, Rs = Rg = R; =
2, ‘/1 = ‘/2 = 5, find il, ig, ig and i4.
R Ry
—VWH VWV
2 GO
Vol =/ R
R2 R,
| SAVAVA ¢ VN ®
VJE i §R4 @
R1 Re
—VWWH ® VN

Figure 2: Example

Solution: Using Kirchoff law,

30
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Rewrite the equations,

(Rl + Ry + R4)i1 — Roto — Ryty = —V)
—Ryiy + (Ro + R3 + Rs)ip — Ryiz = Vs
—Ryio + <R5 + R7 + Rg)ig — R4 =0
—Ry11 — R + <R4 + Rg + R7)i4 =3

i R+ Ry + Ry — Ry 0 — Ry
A — — Ry Ry + R3 + R; — Rs 0
0 — Rs R; + R7 4+ Ry — R~
i — R4 0 — Ry Ry + R¢ + Ry 1
15 =5 0 —5 [ —5 |
| -5 12 =2 0 h— 5
0 —2 6 =21\’ 0
i -5 0 =2 9 | i 0 |

Decompose A = LL:

111 = \/Q11 = \/E = 3.873
l21 — iagl = —1.291

l31 = ia?ﬂ =0
141 = iazﬂ = —1.291
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122 — v/ a99 — l%l = 3.215

132 = é(&gg — 121131> — —0.622
lio = ll (a2 — 121141) = —(0.518

l33 = \/&33 31 l%Q = 2.369

lag = 72 S (aug — lgrlyy — lpoleo) =

lag = \/ 44 — l?u 14212

Ld=10b,—,d
L'X =d —, X

- 3.873

—0.980

0 0

—1.291 3.215 0

0

—0.622 2.369

32
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6 Gauss-Seidel Iteration

Example:

a11T1 + a19%2 + a13x3 = by (1)
a9171 + A22%2 + G233 = by (2)
3171 + A39%2 + a33xr3 = by (3)

From (1), 71 = b1—a1az2—ai3e3 (4)

ail
From (2), z, = 2=ttty (5
From (3), z3 = b3_a31§;3_a32x2 (6)

Steps:
1. Initial guess xo, x3
2. Update x1 using (4)
3. Update x5 using (5)
4. Update x3 using (6)
5.If €; < epresnorg for all © = 1,2, 3, end; otherwise, repeat step 2.
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Comment: The Gauss-Seidel method does not always converge.
Example: (a).
11xy + 929 = 99 (U)

112y + 1329 = 286 (u)
_ 999y

2861171

From (v), x;

From (u), o =
286—1127
13

The Gauss-Seidel method converges.

99—9z
11

5131—0—>5132— > L1 —

(b).
112y + 1329 = 286 (u)
1121 + 929 =99 (v)
From (u), 2, 2861113562
From (v), 29 = P-lln
99— 114 286— 1319

5131—0—>332 > L1 —

9
The Gauss-Seidel method diverges.

11

Sufficient (NOT necessary) condition: If |a;;| > » ', ;; |a;;| for all i, the Gauss-
Seidel approach converges. That is, the diagonal coefficient in each equation
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must be larger than the sum of the absolute values of all other coefficients in the
equation.

a11] > |aia| + Jaiz] + ... + |aw,)
]a22| > ]a21| -+ ]a23| + ...+ \a2n|

(@nn| > |an1| + |an] + - -+ |ann-1]
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7 Error Analysis for Solving a Set of Linear Equations

Consider AX = b,

e When |A| # 0, A is non-singular, there is a unique solution.

e When |A| = 0, A is singular, there is no solution or an infinite number of
solutions.

e When | A| = 0, the solution is sensitive to numerical errors.

“A,xn 18 non-singular” is equivalent to

e A has an inverse. Then X = A1,
o [Al #0
e A has full rank, or rank(A) = n.

e All n rows in A are linear independent, and all n columns in A are linear
independent.

e Forany 7,1 # 0, AZ # 0.
If A, 1s singular, then
o |[Al =0
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e A does have an inverse
o rank(A) < n
e There exists 7,1 # 0, so that AZ = 0.

e For AX = b, either there is no solution or there is an infinite number of

solutions.

Proof: If A is singular, then there exists 7,1 # 0 so that AZ = 0. If there
is Xy sothat AX; = b, then A(X; +~v7) = AXy1 +~vAZ =b,or X1 +~Z
is a solution for AX = b. Since 7 can be any scaler, AX = b has an infinite
number of solutions.

Example:
201 + 3xy =4
dx1 + 629 = 8

A= [2 3], |A| = 0. X; =[2 0] is one solution.

o) [2)=10)

Find Z so that AZ = 0.
then Z =[—-3 2 and X = X, +7Z =[2—3y 29].
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Example:
2x1 + 319 =4 (1)
4oy + 69 =7 (2)

|A| = 0, no solution.

Linear dependent

Consider n vectors, Vi, Vo, ..., V),
o If there exist o, o, . .., a, (not all zeros), such that
alVi+asVo+...+a,V, =0
then Vi, V5, ..., V), are linear dependent. That is, at least one vector can be
derived linearly from others.
o If V1, V5, ..., V, are linear independent and
aVi+aVo+...+a,V, =0,
thenao; =ar=... =, = 0.

Example: A3y3, AZ =0,

A| = 0. There exists Z # 0 so that AZ = 0.

1] a1z @13 21 0
91 Q92 (923 2| =10
a3y asz ass | | 23 0
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Then

asi

21—|—

as32

29+ | Q93
ass

3 columns vectors in A are linear dependent.

Vector Norms

. /
Consider vector X, «1 = |1, %2, . . ., Tp)

The p-norm of X is defined as

11, = (z

where p is an integer.

l-norm: || Xy = >0, |

2-norm: || X[z = (S0, Joif?)
Special, co-norm: || X ||, = maxi<;<p |2

Example: X = [1.6 1.2].
| X1 =]—1.6]+1.2]| =2.8

1

| X2 =+/| — 1.6]2+]1.2]2 =2

1=1

39
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1X||oo = max{| — 1.6], 1.2} = 1.6

Properties:

o If X #0,||X]|| > 0.

e Forany X, [|X[|; > [[X][> = |[X]|w.
Special: X = [z o). [| X[} = |zi| + |za], || X]]2 = V]21]? + |2z2]%

X||oo = maX{|«fU1’> |552|}-
o [[vXI| = I~]-[IX]]
o [| X +YI[| <[IX]|+[]Y]

Matrix Norms
p-norm of matrix A is defined as

|AX]],
All, = max

|| Al|, represents the maximum ratio that the p-norm of vector X can be changed
after multiplying by A.

Special:

|A]|; = max; > ", |a;;|, column-sum norm
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[ Alloe = max; > 5

Example:

-Sum norm
(2 —1 1]
A=11 0 1
3 -14

|A||; = max; 307 Jag| =max{2+143,1+0+1,1+1+4} =6
|A]|oo = max; ) 35 Jagj| = max{2+1+1,14+0+1,3+1+4} =8.

Properties:

o If A £ 0, then ||A|| > 0.

YAl = [v[ - I[A]], 7 is any scalar.

vAX X
’YAH — mMaxx-£o HHXHH — mMaxXx-£( —MHHXH | ‘7| ' ||A||
AX|| < ||A]] - || X]|| for any X # 0.
AX AX
Al = maxy 0 B2 — (14| > B — (jAx|] < 14| - 1X]].

Matrix Condition Number

The condition number of matrix A is defined as

cond(A) = [JA][ - [[A1]]
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When A is singular, A~! does not exist, and cond(A) = oo.
Typically, consider 1-norm and oo-norm.

Example: i
2 —11]
A=11 0 1
3 -14
[ 0.5 1.5 —0.5'
Al =1 -05 25 —0.5
| —0.5 —0.5 0.5 |

JA7H[) = max; 307
45

A Yo = max; 327 |as;] = max{0.54+1.54+0.5,0.5+2.5+0.5,0.5+0.5+0.5} =
3.5.

condi(A) = [|A|1 - [|JA |1 =6 x 4.5 = 27

condoo(A) = ||A|oo - ||AZY|1 = 8 x 3.5 = 28

Condition number and eigenvalues:

X and ) are eigenvector and corresponding eigenvalue of A

| A A
o AX = AX, [JAX|| = [\l [IX|], [\l = 555 and Aoy = maxx bl
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e X = MIX, |A] # 0, then \'X = ALX, XU | X]| = ||[A71X]|,

A1X X
A = LA A1 = ey LA 4

AX|| [ATHX]]

d(A) = []A]| - ||A™ H
cond(4) = [JA]| - |A7|| = max X[ Wé o [1X]

JAX|

 Alax N0 TR

| - JAx]]

P\‘mm HllHX;éO 1X]]

Comment: Condition number of matrix A is the ratio of the maximum change
and the minimum change to vector norm when multiplying A to a vector.

Example:

0.87 0.5 1 0
1)141: [_05 O87],X1: [O],XQZ [1],Cond<A1):1.
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2)Ay = [O 0.5 ] , cond(As) = 4.

= [1] ) [1] -

o[22 8]

[ 1.73 0.25 |
3)A;3 = 1 043 cond(A3) = 4.
[ 1.52 0.91 |
Ay = 047 0.94 | cond(Ay) = 4.
Comments:

e A matrix with a large condition number 1s nearly singular, whereas a matrix
with a condition number close to 1 is far from singular.

e cond(A) = cond(A™1) for |A| # 0.
o If A is close to singular, A~! is also close to singular.

Error Bounds and Sensitivity in Solving AX = b

Sensitivity: If there is a small disturbance in b, e.g., truncation errors, how much
solution X 1s affected?
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Figure 3: Distortion of a circle into an ellipse (by multiplying a matrix)

Q\
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AX =b — AX +AX)=b+Ab
AAX = Ab — AX = A'Ab
|AX]|| = [[AT"Ab] < [[ATH] - [|AD]

b
JAX]| = [[bl] < [JAI - [|X]], or [IX]] > 13

AX — A — Ab
SR < AT Nl -t = DAl (1A
[AX]] [1Ad]|
. < cond(4) gy

As cond(A) increases, the effect of change in b will be high in solution — more
sensitive to disturbance.

Example, if % = 1074, cond(A) = 10%, then HI\A)?TIH < 1.

A 1ll-conditioned System is a system where a small change in coefficients can
result in large changes in solution.

Example:
(1)

x4+ 2x9 =10 (1)
1121 + 220 = 10.4 (2)
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10 2

_10x2—-10.4x2 __ 4

. ‘ 10.4 2
Using Cramer’s rule, x; = o] IxLixz
‘ 1.1 2 |
|1 10 ‘
7y = 1'11 1(;'4 = ot =3
‘ 1.1 2 |
(2)

r1 + 2x0 = 10 (1)
1.0521 + 220 = 10.4 (2)

10 2
10.4 2
Using Cramer’s rule, x1 = i 110;22__11.8'54;22 =38
1.05 2
| 110 |
_ L0 1041 0410510 1

L2 = | 9| | Ix2-105x2
1.05 2
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8 Singular Value Decomposition

Eigen values and eigenvectors
For A, «, and X,,1(# 0), if

AX =)X (%)

then ) is called an eigenvalue of A, and X is the corresponding eigenvector.

How to find A and X 1n (x)?

(1) AX=DX
= (A-X)X =0 = [A—=X| =0
There are n roots for |A — AI| =0: Ay, Ag, .., A

(2) Let X, be the corresponding eigenvector to \;, then
X; has an infinity number of solutions. (why?)
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Example:

[ 12 6 —6 |
A= 6 16 2
| —6 2 16 |
(12 6 —6] [A0OO]
A=X=1]|6 16 2 | —=|0XDO
62 16| |00 X
12—X 6 —6
A= X|=| 6 16—X 2 |=-X+44)2 564\ +1728=0

—6 2 16— A

A = 4.4560, Ay = 18.00, \g = 21.544

Find eigenvector corresponding to \;: (A — A\ 1) X; =0

[ 12 — 4.4560 6 —6 T11 () ]
6 16 — 4.4560 2 To1 | = | 0

—6 2 16 — 4.4560 | | 23 0
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_7544 0 —0 X111
i —6 2 11544_ _$31_ i
[ 7.544 6 —6
6
2)— (1) x =S5 | 0 6.772 6.772
B) = (1) X==z | 0 6772 6.772
(7544 6 —6 | [ a2
(3)-(2) i 0 0 0 | _3731
_7544 § —6_ _3311_
0 I 1 921 =
26721 5 o | e
[ 7.544 0 —12] [ zp
(1) o (2> X 6 0 1 1 Toq
i 0 0 0 | _5631
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1 0 —1.59 T11 0
= (1)/7.544 01 1 ro1 | = |0
00 0 31 0

Let 211 = 1,231 = 775 = 0.6287, 191 = —0.6287

1
X = | =0.6287 | , | Xillo = /2%, + 2§, + 2, = 1.3381
| 0.6287 |
Normalized eigenvector: V; = H))file — [0.7473  —0.4698 0.4698], ||V]| = 1.

Find eigenvector corresponding to Ao, (A — A\o1) X5 = 0

L12 9 v 0
Xo=|22|=|wn|, V= HX22H2 = | 0.7071
T3 % | 0.7071 |

Find eigenvector corresponding to A3, (A — A\31) X3 =0
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[ Tq3 | 1 [ 0.6644 |
Xg= |z | = | =07955 |, V3= HQHQ = | 0.5285
ws3 || 0.7955 | —0.5285 |
0.7473 0 0.6644
V=[WV Vo 5] = | —=0.4698 0.7071 0.5285
| 0.4698 0.7071 —0.5285

[ 0.7473 —0.4698 0.4698 |
Vl=Vy = 0 0.7071  0.7071
| 0.6644  0.5282 —0.5285 |

e Orthonormal:

<‘/i7‘/j>:‘/;/‘/j:{Vilv}'l‘i‘vﬂ‘/ﬂ‘i"”"“/mv}n:oa L F ]

Vit Vit +Va=1 i=
Find eigen-decomposition of A:

AX, = )2X;, = AV, =\V, fori:1,2,...,n

A 0 ... 0
0 X ... 0
00 ... A
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A 0 ... 0
Define D = 8%2 8 = diag (A1, A2, -+, \y), then
00 ...\

A=VDV~'=VDV (why?)

SVD
SVD is a general way for eigen-decomposition.

/
Amxn = Umxm X Smxn X ann

e U, «m and V, ., are orthonormal matrices.

® S,.xn 18 a diagonal matrix
g _ 0, fori =
Yl S, fori=7
S; 1s a singular values of A, 57 > Sy > S3- - -
cU=[Uy Uy - Un, V=[V Vo - V]
U, : left singular vector corresponding to S,
Vi : right singular vector corresponding to 5,

How to find \S;, U; and V;?
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Apin=U SV = (A)m =V SU
{ (AA)ym =U SV VSU =US?U, U =U""
(AA) =V SUUSV =V SV, V =V-!
e The singular value of A is the square root of the eigenvalue of (AA") or (4" A).
e The left singular vector of A (Uj)is the eigenvector of (AA').
e The right singular vector of A (V})is the eigenvector of (A A).
Applications of SVD

e Euclidean norm (2-norm)

|AX][2
Alls = max — A\ax
A1l 20 || X

e Condition number: cond(A) = 2max

)‘min
e Determinant .
Al =X Aua
i=1

A=VDV™t = A =|VDV Y =|V]-|D|- |V =|D|=XMX -\,
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e The rank of A is the number of non-zero eigenvalues.

e Approximate A to a lower rank (for image compression)

Amxn — Umxm Smxn |74

: r =rank(A), r < min(m,n)

nxn?
Ul Ui - Uy S1 0 0
Us1 U9 -+ U9 0 0 /
A = m Vi, S;1>8>--->8,
S, 0
Uml Um2 * Umm 0 0 0
Srupp Souyy -+ Spup 0 oo+ 0 V11 V21 *tc Upl
| Stuar Sougg - Spuge 0 -+ 0 V12 V22 " Up
i Sluml 52um2 v S?“umr O e O 1 L Ulp UVon * - Upp _
Then

Aij = o1 SkUikVjk
A =>"_ SUVi

/ /
where Uy, = [uyy ugp -+ Umi| s Vi = [k Vo -+ Upg
when r; < 7,

A =31 SV
Instead of storing the n x n elements of A, Sy, U, and Vj, fork =1,2,...,1r
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are stored, and A* is the compressed version of A.

Compression rate:
r+ri1 Xm-+n7ryXn

nxXxm
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